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Preface 


This standard work, which has already reached a third Russian edition, 
should be well-received in its translated form. The author is a mathe- 
matician of international reputation in the field of differential and integral 
equations. The present work deals mainly with the linear partial differen- 
tial equations of mathematical physics, and should be a valuable text 
for mathematicians and mathematical physicists alike. 


Chapter | 


Introduction: 
Types of equations 


1, DEFINITIONS. EXAMPLES 


1. An equation containing partial derivatives of the unknown 
functions 4,, 4,, . , Uy is said to be ana th order equa- 
tion if it contains atleastone a th-order derivative but con- 
tains no derivative oforder higher than the nth. The order of 
a system of partial differential equations is the highest order 
of any of the derivatives contained in any of the equations he- 
longing to the system. 

A partial differential equation is said to be linear if it is 
linear with respect to all the unknown functions and their 
derivatives that appear in it. A partial differential equation 
is quasilinear if it is linear with respect to all the highest- 
order derivatives of the unknownfunctions. Thus, the equation 


Gu o?n , Ou O7u 2 
oe oyop ie 


is a second-order quasilinear equation with respect to the 
unknown function yu. The equation 


O*u 07u 
ye 2 (x, Ly ai 


is a second-order linear equation with respect to the un- 
known function uw. On the other hand, the equation 


(5) +(55) = 


1 
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is neither linear nor quasilinear with respect to that function. 

A solution of a partial differential equation is any system 
of functions that, when substituted for the unknown functions 
in the equation, reduces the equation to an identity in the 
unknown variables. A solution of a system of equations is 
defined analogously. 

In the present book, we shall deal primarily with linear 
second-order equations with one unknown function. The 
following are examples of such equations: 


Ou O*u 
Uh eee ean 
= Sa + 


one He a (heat-flow equation); 
Ox; x5 


07u ; : 
, (the wave equation); 
Xx 


O71 O78 O7u 
2) — = 


Ox? O 


2) 


1 
Ox; 23 


(3) 


—( (Laplace’s equation). 


0 0 


O7u O'u 
+- 
xi x 
Many physical problems lead to partial differential equa- 
tions, including those just listed. 


2. Example 1. The heat-flow equation Suppose thatwe 
have a body G whose temperature atthe point (x,, x,, x,) at 
the instant ¢ is expressed by the functionu(¢, x,, x,, x,).We 
shall assume that the function u(f, x,, x,, *,) has continu- 
ous second-order derivatives with respect to the variables 
x,, x, , and x, and that it has a continuous derivative with 
respect to ¢. 

The derivation of this equation, which describes the pro- 
cess of heat flow, is basedon the following law. Suppose that 
a surface S is located within a body G and that a continu- 
ously varying vector n normal to this surface is defined at 
every point on it. The amount of heat g passing through the 
surface S to the side of the normal a in theinstantof time 
from ¢, to ¢, is given by the formula 


3 
g=— SIF ele te oe} ay 
Ou 


Here, > is the derivative at the point (x,, x,, x,) on the 


surface S in the direction of the normal”. The inner in- 
legral is taken over the surface S. 
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The positive function &(x,, x,, x,)1s called the coefficient 
of thermal conductivity of the body at the point (x,, x,, ~,). 

Formula (1.1) is equivalent to the fact that an amount of 
heat equal to 


a 
dqg—=—k(x,, x,, x.) SH dS dt. 


passes through an infinitesimal area dS in an infinitesimal 
interval of time ad? . 

The physical law of thermal conductivity is usually ex- 
pressed in this form. 

If the area S lies on the boundary between the body and 
the surrounding medium, the following law holds. Suppose 
that u(t, x,, x,, x,)denotes the temperature of the body G at 
the point (x,, x,, x,) Just as before, and that uw, (t, ¥,, x,, x,) 
denotes the temperature at an arbitrary point (x,, x,, x,) In 
the interior of the body. Then, the amount of heat entering 
the body through the area S on the boundary of the body in 
the time from f¢, to ¢, is given by the formula 


t, 


=V{ [leu x du —m Spa, 


where the inner integral is taken over the surface. S. The 
functions u, and uw are defined on S by passing to the limit 
from the outside and inside respectively. In thiscase &, (x,, 
x,, x,) is the coefficient of thermal conductivity of the given 
medium (of which the body is made). 

Let uS consider a body that is isotropic with regard to 
thermal conductivity; that is, let us assume that the func- 
tion k(x,, x,, x,) does not depend on the direction of the nor- 
mal to the surface S at the point (x,, x,, x«,). In addition, 
let us assume that this function has continuous first deriva- 
tives with respect to all the coordinates. 

To derive the heat-flow equation, let us pick out some 
subvolume PD within the body G , thatis boundedby asmooth 
surface S, and let us examine the change in the amount of 
heat within that volume during the intervalfrom ¢, to ¢,. 

From formula (1.1), an amount of heat equal to 


ty 


j {Slee X,, x) 5, a5 | dt, (1. 2) 
Ay 


t; 
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where =A denotes the derivatives in the direction of the 
fi 


outer normal to the surface S, enters this subvolume. 

On the other hand, this same amount of heat can be de- 
termined by the temperature change in the volume D qdur- 
ing the interval from ¢, to ¢t,. The change in the amount of 
heat is equal to 


Ver, Kgs IO (es, ge) (u(t, X1» Xp. *Xq) a 


—u(t,, x,, X,, *,)] dx, dx, dx,, 


where 4(x,, x,, *,) is the density and c(x,, *,, ¥,) 1S the 
specific heat of the body at the point (x,, x,, x,), and the in- 
tegral is taken over the region D*. When we equate (1.2) 
and (1.3) we obtain 


IV cp [4 (f,, at) Xo, x,)— alt, xy Xo x,)| dx, dx, dx, 
D 


ty 
0 
=| \\ R(x,, X,, X,) = as dt. 
fics 


By Ostrogradskii’s formula, 
Ou 4.0 Ol 
\\ k 5, 48 = \\\ AG oa ax, dx, dx.. 
Ss DD tS1 


The integral on the left side of equation (1.4) can be written 


(1.4) 


* The values of the physical characteristics of a body at a particular 
point P (e.g. the density, specific heat, etc.) are always to be under- 
stood as a sort of limit. Specifically, take a sequence of cubes with 
centres at the point P such that the dimensions approach zero. For 
each cube, consider the ratio of the magnitude in question to the 
volume of that cube and take the limit of this ratio as the side of the 
cube tends to zero. Then, the density, for example, at the point means 
the limit of the ratio of the mass of the cube to its volume. Analog- 
ously, the surface density at a point on a plate means the limit of the 
ratio of the mass of a square with centre at that point to its area. 
The linear density at a point on a rod is the limit of the ratio of the 
mass of a segment with centre at that point to the length of the seg- 
ment. Specific heat, thermal conductivity at a point, etc. are defined 
analogously. 
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in the form 


Ff Ifo dx, dx, dx, \ at, 


since t, 


u(t 


6] 
xi Xo) x,)— ult, Xi Xo, x,) = dt. 


oe Ot 
t, 


Thus, for an arbitrary volume D within the body G, we 
have 


FS Serger dx, dx, dt 
- SS oa G om) a, dx, dx, di ==0 


(=1 


my |< re eS (4 al dx, dx, dx, dt =0. 


Since the integrands are continuous and the volume D and 
the interval (¢,, ¢,) are arbitrary, the following equation is 
valid for an arbitrary point (x,, x,, x,)in the body G at an 
arbitrary instant of time ¢: 


“POE 7 => (4 x) (1.5) 


This equation is known as the heat-flow equation; it is 
valid in general for a nonhomogeneous but isotropic body. 
If the body is homogeneous, we have 


or 


R(xX,, X,, x,)—=const, c(x,, x,, x,)==const, 
p(x,, X,, x,)==const 


and equation (1.5) is reduced to the equation 


eS 
kk Hye (1.6) 


i=) 


If we set =? equal to ¢t’ and then denote this quantity by ¢ 
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(instead of #'), we reduce the above equation to the form 


Ou Ou O7u 
ot Ox? + Ox} a 


07 
Ox , (1.7) 

Equations (1.5) and (1.7) have many solutions. To identify 
one particular solution from the entire set of solutions, we 
must have supplementary conditions, playing the same role 
as the initial conditions play in ordinary differential equa- 
tions. Most often, supplementary conditions are what are 
known as boundary conditions, that is, conditions that are 
given on the boundary G of the space (x,, x,, x,), for which 
the partial differential equation is applicable, and initial 
conditions applying to some particular instant of time. 

It is physically clear, in the first place that knowing the 
temperature of the body at some instant of time and the 
temperature distribution on the boundary of the body must 
completely determine the temperature at any subsequent in- 
stant and, in the second place, that this temperature distri- 
bution canbe givenina variety ofways. If the region G is all 
of space, we can show that a bounded solution of the heat- 
flow equation is uniquely determinedfor any ¢>f?, by thein- 
itial conditions alone, that is, by the values of the function 
u(t, x,,*,,*x,) at the instant ¢=?,. For a bounded region G, 
it is possible, for example, to give the value of the tempera- 
ture at every point of the body at some instant ¢=7, and, 
in addition, to give the value of the temperature at every 
point on the boundary of the body at all¢>/#,. It turns out 
that these conditions are enough to determine uniquely a 
bounded solution for ¢>?, and (x,, x,, x,)€G. 

Instead of givingu (tf, x,, x,, x,)on the boundary of G for 
t>>1?,, 4 unique solution to the heat-flow equation willbe de- 
termined if we give the value of (i.e., the derivative of 
the unknown function y inthe direction of the outer nor- 
mal to the boundary of the region G) for points on the 
boundary of G . We arrive at such a mathematical problem 
if we study the temperature within the body G when we 
know the amount of heat passing from outer space to the 
surface of the body G through an arbitrary area S$ on the 
boundary of the body during an arbitrary instant (t,, ¢,) 
This amount must be equal tothe amount of heat transmitted 
from the area S to the interior of the body. From for- 
mula (1.1), this quantity is equal to 
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ty 

On 
\ hj & 5, aS dt, 
t, oS 


where k>O is the thermal conductivity at the boundary 
point in question. 

Thus, knowing the law for the transmission of heat for 
each area S on the boundary of the region G, we may find 


the value of oe on the boundary of G. In particular, if there 


O 
°* —0Oon 


is no heat exchange through the boundary, we have > 


the boundary. 
Finally, as our boundary condition, the linear combination 


Ou 
k aH. + ku, 


where &, is the thermal conductivity upon transmission 
from the surrounding space to the body G and e is the 
thermal conductivity of the body, maybe givenon the bound- 
ary G for t>1?#,. These coefficients are assumed known. 
We arrive at such a mathematical problem if we study the 
temperature within a body G when we know the temperature 
u, of the medium surrounding the body G. Then, in setting 
up a balance between the amount of heat passing through an 
arbitrary portion of the boundary G, we find from formulae 
(1.1) and (1.1’) that (1) the amount of heat passing through 
the area S from the surrounding space to the surface of the 
body during an interval of time (¢,, ¢,) is equal to 


f, 
\ V4 &, (@, — a) aS at. 


(2) the amount of heat transmitted from an element of area 
S on the surface to the interior of the body during this same 
interval of time is equal to 


l, 
\ {i bk dSat — (k> 0). 
rs} 
t, S$ 
Since (f,, #,) and S are arbitrary, it follows that 


Ou 
ku--k—~-=k,u,. 
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In particular, if u,=:0, this condition becomes 


Let us suppose that the temperature at each point (x,, x, 
x,) within the body G is constant with respect to time. Then 
St =0 and equations (1.5) and (1.7) become respectively 


3 3 
) Ou 07 
Date (* ae) =0 -_ (1.8) 


2 
i= Ox; 


This time, no initial conditions of any sort are necessary 
for determiningu(x,, x,, x,). It will be sufficient to give just 
the boundary conditions, which must be independent of time. 
Physically, this can be easily interpreted as follows. If the 
boundary conditions do not depend on time, then, no matter 
what the initial temperature may be, the temperature u(t, 
X,, X,, x*,) at every point (x,, x,, x,) of the body approaches 
some limit u(x,, x,, «,) aS f—+oo. Thelimitfunction u(x,, 
Xx,, x,) satisfies the steady-state equations (1.8) and the 
original time-independent boundary conditions. 

The problem of finding the solution of either of equations 
(1.8) from the values given on the boundary of the region in 
question is known as the Dirichlet problem or the first 
boundary-value problem. 

In addition to the flow of heat in space, we often need to 
examine the change in temperature alongarodor in a plate. 
If the thickness of a homogeneous rod is such that the tem- 
perature can be assumed the same at all points of a single 
cross-section and if there is no heat exchange with the sur- 
rounding medium through the lateral surface of the rod, then 
the temperature u will depend only on the time ft and one 
space coordinate x. In this case, the equation thatthe func- 
tion u(t, x) will satisfy will, with a suitable choice ofunits, 
be of the form 


Ou Orn 

7 Sear Fo (1.9) 
This equation would also be satisfied by the temperature 
u(t, x,, x,, x,)inside a three-dimensional body if this tem- 
perature depended on only one space coordinate, for exam- 
ple, on x, =x. This would be the case if the temperature of 
the body is the same at all points of each individual plane 
x,==const. Analogously, if we study the flow of heat ina 
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homogeneous thermally insulated flat plate, we arrive atthe 
equation 


Ou 07u O7u 
od ea ee e 1 e 1 0 


3. Example 2. The equations of equilibrium and vibra- 
tion of a membrane. A membrane is a stretched film that 
resists further stretching but does not resist any sort of 
distortion of its shape; that is, it does not resist any change 
in its shape that does not cause a change in the area of any 
portion of the membrane. The work of anexternal force that 
does cause a change in the areaofsome portion of it is pro- 
portional to that change. The positive proportionality con- 
stant 7 does not depend either on the shape of this portion 
whose area is changed or on its position. It is called the 
tension of the membrane. 

We note for future reference that the work of the internal 
forces of elasticity is equal in absolute value to the work of 
the external forces that cause the change in area but has op- 
posite sign. 

Suppose that in a state of rest the membrane lies in the 
x,, x, ~plane and occupies some plane region G with bound- 
ary L. 

Let us suppose that some force whose density at the point 
(x,, x,) is equal to I (x,, x,) (see footnote following equation 
(1.3)) is acting on the membrane and that this force is di- 
rected perpendicularly to the x,, x,-plane. The membrane 
is bent under the action of this force and it takes the form 
of some surface whose equation we write inthe form 


us=u(x,, X,). 


The u ~axis is perpendicular to the x,, x, ~plane. 

We shall devise an equation that the function u(x,, x,) 
satisfies under the following restrictions. In the first place, 
we assume that the surface of the membrane is not bent 
excessively in the equilibrium position referred to above, 
that is, that it is almost a plane surface. In other words, 
we assume that the derivatives ie and x are small, and 
in our calculations we shall neglect the higher powers of 
these derivatives. In the second place, we assume that, 
under the action of the force f/(x,, x,) the points of the 
membrane move only along lines perpendicular to the 
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x,, x,-plane, so that their x,, x, -coordinates donot change. 

Derivation of the equation will rest on one of the funda- 
mental assumptions of mechanics, namely, the principle of 
possible displacements. According to this principle, at a 
state of equilibrium, the sum of the elements of work done 
by all forces acting on a system under any possible dis- 
placement (that is, allowed by the relationships that are im- 
posed) must be equal to zero*. 

To calculate the elements of work, we find the work done 
by forces acting on the membrane when itis displaced from 
its original plane position into the position given by the 
function u(x,, x,). The work of a force whose density is 
f(x,, x,), is given by the integral 


VV rex, xX,) u(x,, x,) dx, dx,, 
G 


Since a force of /(x,, x,)dx,dx, acts on an element of the 
membrane dx,dx,. A change in the area of the membrane 
resulting from such a displacement is equal to 


\ (y Iu tu — 1) dx, dx., 


and the work that the internal forces do when such a change 
in the area is made is equal to 


—T\\(y btu + ue — ee dx,. 


Let us expand this integrand in a series of powers of ut’. 
i 


and u, . Remembering our assumption that these quantities 
are small, we discard the terms of higher powers in the 
expansion. Then, we get the following expression for the 
work done by the internal elastic forces 


T /2 y2 
-—> iy) Ea -- u dx, dx,. 
G 


Therefore, the combined work**of all the forces acting on 
* See SUSLOV, G.K., Theoretical mechanics, Gostekhizdat (1946). 


**The integral (1.11) is equal in absolute value to the potential energy 
of the membrane in its equilibrium position. Thus, we may add that 
our derivation is based on the fact that the potential energy of any 
mechanical system has its minimum value in its equilibrium position. 
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the membrane and of the force f that results from dis- 
placement of the membrane from its position of rest into 


some position u(x,, x,) is equal to 


—_ (| |— - ( uw" +. u ) LL fu dx,dx, (1.11) 
G 


Let us now make some possible displacement of the 
membrane; that is, let us add to u(x,, x,) some function 
du(x,, x,). The work that all the forces on the membrane 
perform when this displacement is made is equal to the 
variation of the integral (1.11), which is not difficult to 
compute. We have 


CA = A (u-+ du) — A (u) 
~ \) E T ( u Ou,. +u’ tu’, ) +- fou dx,dx,. (1.12) 
This variation must, by the principle of virtual work, be 


equal to zero. 
Integrating the first two terms by parts, we obtain 


Ul (4, Ou) aru, ou, _) ax, dx, 
G 


Ox! Ox; 
so that 
ae TS bu ds +({ (7au+/ Sudx,dx,, (1.13) 
G 
where Au ica the sum of the second derivatives a 
Hy ee nd an ~ denotes the derivative in the direction of the 


2 
outer normal to the boundary ZL. As was pointed out above, 


6u is a possible displacement, that is, a displacement al- 
lowed by the relationships imposed on the membrane. These 
relationships are usually stated for the edge of the mem- 
brane; therefore, the function éu(x,, x,)for the interior points 
of the membrane is an arbitrary continuous function. Con- 
sequently, from the fact that 6A is equal to zero, we may 
conclude that for the equilibrium position, the function 
u(x,, x,) at any interior point satisfies the equation 


TAu +f/= Q. (1.14) 
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This equation is known as Poisson’s equation. 

The relationships referred to show up in the boundary 
conditions, and they may be of quite varied forms. We shall 
examine separately the cases that are most commonly en- 
countered. 


(a)The fastened membrane Suppose that the edge of the 
membrane is fastened along some space curve that is pro-~ 
jected into ZL. Suppose that the parametric equations for L 
are x,=x,(s), *,=x,(s). Then, we require that the mem- 
brane pass through some curve x,==x,(s), *,==x,(s), u 
=vy(s).In this case, the only restriction imposed on éu, is 
that éu=0O on L. As a result of this restriction, the line 
integral in formula (1.13) disappears. 

The problems that we have obtained, that of finding the 
solution to Poisson’s equation with the boundary condition 
u==(s) on L, is called the Dirichlet problem for that equa- 
tion. 

lf f=0 Poisson’s equation reduces to Laplace’s equa- 
tion, which we have already encountered in the preceding 
example. 


(b) A free membrane if we do not impose any restric- 
tion at all on the position of the membrane, its edge may 
move freely along the lateral surface of a cylinder whose 
base is L. In this case, éu is arbitrary both in the interior 
of the membrane and on the boundary G. We then obtain for 
equation (1.14) the condition on L 


(c) The case is often encountered in which, in addition to 
the force f that acts on the interior points of the mem- 
brane, there is a vertical force of linear density f, acting 
on its edge. Therefore, a force f,ds acts on an element ds 
of the boundary. lf we seek the equilibrium position of the 
membrane under these conditions, we must add 


a 


(Mv du \as 


L ‘o 
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\f Ou ds 


and 


to the integrals (1.11) and (1.12) respectively. 
In this case, the line integral in formula (1.13) takes the 
form 


\(- Th) bu ds, 
L 


and we obtain for Poisson’s equation a boundary condition of 
the form 


Ol 


on the curve LZ. This problem is known as the second bound- 
ary-value problem (or Neumann’s problem) if f, does not 
depend on ug. 


(d) Sometimes we need to consider the case of what is 
called ‘elastic fastening of a membrane’. This is the case 
in which the force acting on the edge of the membrane is 
proportional to the displacement from the equilibrium posi- 
tion: 


SF, (S) == Ru (s). 
Here, the boundary condition for Poisson’s equation takes 


the form gn Tr 9 
On 


Let us now turn to the derivation of the equation for the 
motion of a membrane. We shall consider only small trans- 
verse vibrations of the membrane. The smallness of the 
vibrations means that ug, “Hand =, are also small. We have 

1 2 
already taken advantage of the smallness of the vibrations in 
a direction perpendicular to the x,, x,-plane. Thus, the .co- 
ordinates (x,, x,) of a fixed point on the membrane do not 
change with change in ¢. The only change is in the value of 


the function 
uu(t, X,, X,). 


The velocity of the point whose coordinates are (x,, x,) is 
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ou (Z, Xp Xo) O*u (¢, Xy» Xo) 


Ot? 

To get the equation for the motion of the membrane, we need 
to calculate the initial force of the membrane according to 
d’Alembert’s principle. 


equal to . The acceleration is equal to 


Q? 

The density of this force is — p(x, x,) => where p(x, x,) 
is the surface density of the membrane at the point (x,, ~x,). 
We shall obtain the equation for the transverse vibrations 
of the membrane if we replace the second term in equation 


(1.14) with —p 2%, 


O7u , Ou 62u 
T (Sat Sa) — Poe =O. (1.15) 

The possible boundary conditions remain the same here 
as for equation (1.14) except that the given functions defined 
on the boundary may now depend on the time. Most fre- 
quently encountered are the problems of a membrane whose 
edge is fastened along a curve L (so that u(t, x,, x,)==0 on 
L, and the problem of the free membrane (so that) ou (Fs Zu 
==0 on J)% 

As in the case of the heat-flow equation, it is physically 
obvious that the boundary conditions alone cannot determine 
uniquely the motion of the membrane since it depends large- 
ly on the initial position and velocity. In fact, it will be 
shown later that the solution of equation (1.15) is uniquely 
determined if we give the initial conditions 


ub (Los X,, X,) =, (x,, x.) 
Ur(t,, x, X,)=, (x,, Xo) (% *,) eG (1.16) 


and boundary conditions of any of the types that we examined 
above. 

Theoretically, we might consider the so-calledunbounded 
membrane, that is, vibrations of theentire x,, x, -plane that 
obey equation (1.15). We shall encounter such a problem if 
the membrane in question is so large that we may neglect 
the effect of its boundary. 

In such a case, as will be shown later, initial conditions 
are sufficient by themselves to determine the solution to 
equation (1.15) uniquely. On the other hand, if only condi- 
tions (1.16) are given for a finite membrane, this will de- 
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termine the solution uniquely not for all keg of ¢ but only 
for each point (x,, x,) insomeinterval (—1, ¢,), that depends 
on the point. Here, the closer the point (x, x,) is to the 
boundary of the region G, the shorter will this interval be. 

If p is constant, we can reduce equation (1.15) to the 
equation 


=, (1.17) 


by a change of the independent variables. 

If we consider small vibrations of a gas (sounds waves) 
we may show that, under certain physical hypotheses, the 
function y(t, x,, x,,*,), which characterises the deviation 
from the normal pressure at the point (x,, x,, x,) at the in- 
stant ¢, satisfies the equation 


lo ae eter (1.18) 


b 
a? Ox? 


where a> 0 is a constant (the velocity of sound). 

An equation of the form (1.18) is known as the wave equa- 
tion in space. Many other vibrational processes (for exam- 
ple, electromagnetic processes) are also described by equa- 
tion (1.18). Equation (1.17) is called the wave equation for 
a plane. 

In the one-dimensional case (the vibration of astring, the 
vibration of a gas in a tube), the corresponding function u 
satisfies the equation 


O7u O71 
Poe —* Ox’ (1.19) 


This equation is known as the equation for a vibrating 
string. Here, p(x) is the linear density at the point x and 
7 is the tension in the string. The initial and boundary con- 
ditions for equations (1.18) and(1.19) are completely analo- 
gous to the corresponding conditions for equation (1.19). 

We note again that equations (1.15), (1.18), and (1.19) 


4 
can be obtained only if we neglect the quantities (se 
rf 


ak If we do not do this (that is, if we 
: 

do not assume that the vibrations are small in ampli- 
tude), the equations for the motion of the correspond- 


ing elastic bodies will be much more complicated and 


comparison with ( 
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they will not be linear equations. 

Remarks 1: If we treat ¢ as another space coordinate, the 
function u(t, x,, x,) describing the vibrations of the mem- 
brane will be defined in a cylinder C whose generators are 
parallel to the ¢-axis and pass through the boundary of the 
region G over which the membrane is stretched. The prob- 
lem that we examined above consisted in determining the 
values of this function within the cylinder from certain 
conditions given on its lateral surface and from the values 
of u(t,, x,, x,) and uz(t,, x,, x,) when the point (x,, x,)€G lies 
in the base of the cylinder, If we treat the problem this way, 
we no longer consider the initial conditions at t= ?#, as 
something significantly different from the boundary condi- 
tions, Both now become boundary conditions given on the 
boundary of the cylinder C, 

2; When we considered the heat-flow equation and the equa- 
tion for vibrations in an isotropic medium, these equations 
contained the expressions 

Ou , OFu Ou , Ou , du 
ox® Toe ” Oxt ott ox! oe 

These expressions are known as Laplacian operators (op- 
erating in this case on the function uw ) or simply Laplacians, 
They always appear in linear second-order two- or three- 
dimensional equations for a homogeneous isotropic medium 
because, up to a constant factor, they are the only linear 
combinations of the second partial derivatives of uw that 
remain invariant under an arbitrary orthogonal transforma- 
tion, that is, under a rotation of the orthogonal coordinate 
axes in two- or three-dimensional space. 


2. THE CAUCHY PROBLEM. THE KOVALEVSKY THEOREM 


1. Statement of the Cauchy problem. Consider the fol- 
lowing system of partial differential equations in the un- 


known functionsu,,u,,...,u,,0f the independent variables 
b XypNah. eee 4M 
O7tu, OFu | 
SE Mi scniy Megan git ee ee 
ort ona si " atkoaxk gaxha?" 
(2,1) 


ko+&,-+... +2 =k Sn; Ro< ny; 6, /=1,2,...,N). 


Introduction: Types of equations 17 


As one can see, for each of the unknown functions u,, there 
is an integer n, such that the highest-order derivative of 
u,; appearing in this system of equations is n,.~The inde- 
pendent variable ¢ plays an especial role among the other 
independent variables because (1) among the derivatives of 


highest order (i.e., of order n,) of eachfunction u, appear- 
ing in the given system is the derivative “— and (2) the 


system is solved explicitly for derivatives of this type. As 
a rule, ¢ plays the role of time in physical problems and 
X,, X,,...,%, are the space coordinates. The number of 
equations is equal to the number of unknown functions. 

The values of the unknown functions u, and their deriva- 
tives with respect to ¢ of order n,—1 are given for some 
particular value t=¢#, (these are the ‘initial values’), 
Suppose that, for t=tf, 


Oru; 
= of (x,, Noy eee » Xn) (A=0,1,2,... 1; — 1). (2.2) 


All the functions 9!” (x,, x,, ..., x,) are defined on the same 
region G, of the space(x,, x,, ..., x,).The function u, is 
treated as its own derivative of zero order. 

The Cauchy problem consists in finding the solution to the 
system (2:1) that satisfies the initial conditions (2.2) at 
L=—T 

The solution is sought in some region G of the space 
(t, x,,...,*,) contained in the region G, on the hyperplane 
¢==t, on which the conditions (2.2) are given. 

A particular case of the Cauchy problem is the problem 
(referred to in the preceding section) of determining the 
vibrations of an infinite homogeneous membrane from the 
initial conditions, that is, of finding the solution to the equa- 


tion 


if, at t==t, 


u(t,, X,, X,) =P (X,, *,) (initial deviation), 


ur(t,, X,, X,) =" (x,, x,) (initial velocity). 
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If N=1,n,=1,and n=0, the Cauchy problem as for- 
mulated earlier is reduced to the problem of finding the 
solution u(t) of the ordinary differential equation 


du 
Gat it), 


that satisfies u(t,)==u,. This problem is studied in detail in 
the theory of ordinary differential equations. 


2. The function F(z, z,,...,2,)0f m complex variables is 
said to be analytic in a neighbourhood of the point 2}, 23, 
Zm,if it can be expanded in a power series 


— 0\k k 
= > Abiky 1. Rm (2) — 21) | (2, — 29) 7... (Zz, — 2° yen 
a a 


that converges for sufficiently small |z,— 2;|. It is easy to 


show that, under these conditions, F (z,, 2,,...,2,) has deri- 
vatives of all orders at the point 2}, 23,...,z5, and that 
| gkitksz+... + kmP 
Abihs bm = FURIE | “Soke a) 0 0 
gr arse Mame NO 02 6 sua O21 Zp EZ yee y Lm 


Suppose that oy” (x,, X,,.-.,,) are the initial conditions of 
the Cauchy problem for the system (2.1) (see formula (2.2)). 
We introduce the abbreviated notations for the derivatives 


of these functions at a point (x{, «2, ...,x2): 
kR—k R 
( rs) 0 ool 0) _ o° 
——_— = Yi, ko, ki, ko, we. 
Ox), Ox %n w=. bare {n= x, er . 


(== 1, 2,.004-41V; ktA, +... -L&, = p= n,). 


For this we have the following fundamental theorem. 


Kovalevsky Theorem, If all thefunctions F, are analytic 
in some neighbourhood of the point Cais core a eee 
-+Dj.ko, ki, -.. kp +++) and all the functions os? are analytic 


in some neighbourhood of the point (xj, x}, ... ,x?), then 
the Cauchy problem has an analytic solution in some 
neighbourhood of the point (7°, xf, x3,...,x,) and this so- 
lution is unique in the class of analytic functions. 
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3. We shall prove the Kovalevsky theorem for arbitrary 
linear systems. The Cauchy problem for such systems is 
easily reduced to the Cauchy problem for first-order linear 
systems with the help of a technique that we shall, for sim- 
plicity of exposition, illustrate with the example of the single 
second-order equation 


07 07 
on Ss) ai; (t, Xi Xo) eee , x,) an oe 


Ou 0 
AY 8; (ty ty) +e. Xn) Fg Oo Kay ees Xn) 55 1 


geo a eae 0 ies ae ae a (2.3) 
where a,,=a,,, 6,,¢, and f are analytic functions of their 
arguments in a neighbourhood of the point (?’, Seen oo 


The Cauchy problem for this equation consists in finding 
the solution satisfying the following initial conditions: 


UNE OR ay te ge) aOR chee) 
(2 4) 


‘740 
ur (t » X1) eee »X,) =, Ca arene »x ); 


where y, and g¢, are analytic functions ina neighbourhood 
of the point (x°, x2, ... ,x%,). We may assume without loss of 
generality that 


0 0 
t =f SS, SO, 


since the case of arbitrary ?¢°, xi, ...,%*, reduces to this 
case by a Change of independent variables that does not 
change the form of the equation. 

If the function u(t, x,, ..., *,) satisfies equation (2.3) and 
the initial conditions (2.4), then the functions 


6) 
u, =o, u, = — (a= 12a 
will obviously satisfy the equations 


n 


au au; Oh 
cid am ke ea ee 
{=1 ° 


“j= i=1 
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Cup __ Olle — 2.5” 
Ot OX, (R==1,2,...,4); (2.9°) 
Ou ” 


and the initial conditions 


BO) pico Sagi (Maye nede ge), (2.6) 
8, (0, X yy 202 Xp) HY, (Ky oe ey Xp)s (2.6’) 
ly (Oy Xp vos 5 Xq) = Mn na (2.6”) 


(R= 1, ...,7). 


Let us prove the converse: If thefunctions u, u,u,...,4u, 
satisfy equations (2.5), (2.5’), and (2.5”) or, more briefly, if 
they satisfy (2.5) in some region G of the space (ft, x,, 
X,,...,%x,) contained in the region G, of the space (x,, 
X,,...,%,) and if they satisfy the initial conditions (2.6), 
(2,6’) and (2,6”) in the region G,, then, throughout the region 
G, the function u(t, x,,x,,...,x,) satisfies equation (2.3) and 
the initial conditions (2.4). 

It follows from equation (2.5”) that throughout the region 


If we substitute % for u, on the right side of equation 


(2.5) we obtain 7 
Ou, ou gu] 
kA | = 
Ot Ot Ox, OX, ot OX, (2.7) 
Therefore, the quantity 
paeses Ou 
t —~ dx, 


is independent of ¢ throughout the entire region G. 
It follows from condition (2.6”) that, for t==0, 
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in the region G. Therefore it follows* from (2.7) that, for 
all ¢, 


ieee 
e OXp (2.8) 
throughout the region G. If we make the substitutions 


Ou Ou . 
uy =; and eer equation (2.5), we see that equation 
(2.3) is satisfied everywhere in G. 
Thus, we have shown that the system (2.5) is equivalent 
to equation (2.3) if, at ¢=0, 


However, with arbitrary initial conditions, the system (2.5) 
is, in a certain sense, richer in solutions than is equation 
(2.3) since arbitrary initial conditions forthe solution u, u,, 


u,..., 4, are not necessarily related by the relations 
u, — on 
OXp 


Problem 1. Show that the Cauchy problem for an arbitrary 
system (2.1) can be reduced tothe Cauchy problem for some 
first-order system of the form (2.1). 

2. Show that the Cauchy problem for a nonlinear first- 
order system of the form (2.1) can, by differentiation of the 
equations in the system and introduction of new unknown 
functions and supplementary equations, be reduced to the 
Cauchy problem for a quasilinear system of first-order 


* Strictly speaking, all that follows from what has been said above is 
that the difference u, — du/dr, 1s independent of t on every segment 
of a straight line parallel to the t-axis that lies entirely within G. 
Consequently, u, — du/dx, = 0 in that portion of the region G that 
is covered by straight line segments parallel to the t-axis lying 
entirely within G and intersecting Go. However, since the functions 
that we are considering are analytic, it follows from a well-known 
theorem in the theory of analytic functions that these functions vanish 
identically throughout G. 

Obviously, the Cauchy problem for equation (2.3) can be reduced to 
the Cauchy problem for the system (2.5) by the procedure shown 
without assuming analyticity of the coefficients of the equation for 
the initial conditions if the region G is convex with respect to ?, 
that is, if a straight line parallel to the t-axis intersects the boundary 
of G at not more than two points. 
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equations, that is, for a system that is linear in all deriva- 
tives. 


4, Thus, the Cauchy problem for the linear second-order 
equation (2.3) is reduced to the Cauchy problem for the lin- 
ear first-order system (2.5). In exactly the same way, we 
can reduce an arbitrary system of the form (2.1) to a sys- 
tem of first-order equations that are solved explicitly for 
the derivatives of all the unknown functions with respect to 
¢. Therefore, we shall prove the Kovalevsky theorem for an 
arbitrary linear system that can be writteninthe form (2.1) 
if we can prove it for an arbitrary linear first-order sys- 
tem of the form 


N on N 

Ou; ny OU > 
a De = aij Dey bi TS (2.9) 

j= 


jo=1k=1 
(¢==1,2,...,N) 
with analytic coefficients under arbitrary analytic initial 
conditions 
(0, Xi. 000 5 X,) ==, (%X,, Loy 0s X,) 


(¢{==1,2,... ,» N). 


The case of arbitrary analytic functions 9, is easily re- 
duced to the case in which all the functions 9,(x,,... »X,) 
are identically equal to zero. To do this, we introduce new 
unknown functions 


(2.10) 


U; (t, Kiyeee »X,) =u, (t, Mis TY reas 1 X,)— 9; (%, ais »X,,) (2.11) 


in place of the original unknown functions u, (t, Nie ssqX%,,) 
The functions v, satisfy both the system of equations " 


N n N 
Ou: p) OU; 
= de deal se Du bist; 
J=1k=1 k j=1 
N n 3 N 
; (k) OPS 
+ (<, + 2 p» ay; it 2 bi; | ; 


which is completely analogous to the system (2.9), and the 
initial conditions 


(2.12) 


U;(O, X,, %,, 26. ,%,) = 0. (2.13) 
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When we prove the existence of a solution to the Cauchy 
problem for the system (2.12) with zero initial conditions, 
we shall automatically prove the solvability of the original 
problem. 

For simplicity of writing, we shall assume thatthe origi- 
nal functions u;(t, x,,...,x,) satisfy the initial conditions 


u;(0, x,,...,%,) =0. (2.14) 


5, Let us first prove the uniqueness of the solution to the 
Cauchy problem for the system (2.9) with the initial condi- 
tions (2.14) in the class of analytic functions in a neighbour- 
hood of the point Owith coordinates t==0, x, = 0,...,*x,=0. 
That is, let us show that in no neighbourhood whatever of 
this point do there exist two analytic solutions of the system 
(2.9) satisfying the same initial conditions (2.14) at t=0. 
The functions u;(t, x,,...,x,), which are analytic in aneigh- 
bourhood of the coordinate origin, can be expanded close to 
the origin in series of powers oft, x,,...,x,. The coefficient 


Deak, ... Rn of 1" x — xin in the expansion of the function 
u,{t, X,,...,%,) is equal to 


1 Groth +... Pay, 
Roi ky... F,! ( ata... Axia 


t=x,;=... = X¥n=0 

We shall show that the solution to the Cauchy problem is 
unique if we can show that the initial conditions (2.14) uni- 
quely determine the coefficients of the expansion (in powers 
of t,x,,...,*,) of the functions u,, that satisfy the system 
(2.9) or, what amounts to the same thing, if we can show 
that these conditions uniquely determine the values of all 
the derivatives of u; at the point O withcoordinates ft==x, 
=...=x,=—0.Let us determine these derivatives succes- 
sively. The initial conditions uniquely determine the values 
at the point O of all derivatives of the form 


(a (2.15) 
k, Rn e 
Ox, as OX, t=x,=...=x*n=0 


All these derivatives are equal to zero since the identities 
(2.14) can be differentiated with respect to x,, x,,...,%,. 
Let us assume that there exists a solution to the Cauchy 
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problem. In equation (2.9), let us replace u, with the func- 
tions constituting this solution. We differentiate all the re- 
sulting identities &, times with respectto x,, k&, times with 
respect to .«x,,..., and &, times with respect to x,. 
Then, on the left sides of these identities, we shall have de- 
rivatives of the form 


esl eee (2.16) 
at dx™ ©... Axi 


and, on the right sides, we shall have derivatives with re- 
spect to x,, *,,...,%*, Of the unknown functions and the co- 
efficients of the equations. That is, we shall have quantities 
that are uniquely determined at the point O by the equations 
and the initial conditions. The identities obtained determine 
the values of the derivatives of the form (2.16) (where only 
one differentiation was with respect to ¢) at the point O. 

Let us differentiate each of the identities (2.9) once with 
respect to ¢, &, times with respect to x,,..., and &, 
times with respect to x,. Then, on the right sides of the 
identities we shall obtain expressions consisting of deriva- 
tives of u, of the form (2.16) and (2.15) and derivatives of 
the coefficients al, b;,and c; On the left sides, we shall 
obtain derivatives of the form 


_ Oa (2.17) 
Ot?Oxm ... axkn 


(two differentiations with respect to ¢). Since we have al- 
ready shown that derivatives of the form (2.16) and (2.15) 
are uniquely determined at the point O by the equations 
(2.9) and the initial conditions (2.14), it follows that all the 
derivatives (2.17) are uniquely determined at the point O. 
Repeating this process, we see thatallderivativesof u,; are 
uniquely determined at the point O by equations (2.9) andthe 
initial conditions (2.14). However, the values of all deriva- 
tives of the analytic function y;(t,x,,...,x,) at the fixed 
point O determine uniquely the values of the coefficients in 
the power series in ¢,x,,...,x, in which this function is ex- 
panded about the point O, and hence they completely deter- 
mine the values of this function in some neighbourhood of 
the point O. Thus, two analytic solutions of the system (2.9) 
with the same initial conditions (2.14) must necessarily 
coincide in some neighbourhood of the coordinate origin. 
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This proves the uniqueness of the solution to the Cauchy 
problem for the system (2.9) in the class of analytic 
functions, 


6. In subsection 5, we showed that the initial conditions 
completely determine the coefficients in the expansion of the 
functions u; in powers of t,x,,...,x,. To prove the exist- 
ence of a solution to the Cauchy problem, it will be suffi- 
cient for us to show that the power series whose coefficients 
were determined in subsection 5 converge in some neigh- 
bourhood of the point O. This is true because if these series 
converge, the analyticfunctions u,(f,x,,...,.x,) that arede- 
fined in terms of them all their partial derivatives with re- 
spect to x,,x,,...,x, Vanish at the point O (cf. (2.15)). 
Consequently, they are identically equalto zeroat t=0 for 
all values of x,, x,,...,%,, and therefore these functions 
satisfy the initial conditions (2.14). If we substitute the thus 
determined functions uw, and their derivatives with respect 
to t, x,,...,%x, into equations (2.9), the left sides of these 
equations will, because of the way in which these functions 
were constructed at the point O, coincide with the values of 
the right sides of these equations and their derivatives at 
that point. Consequently, the left sides of these equations 
are identically equal to the right sides in some neighbour- 
hood of the coordinate origin, so that these functions satisfy 
the system (2.9). 

To show the convergence of the different powers series 
that we have obtained for the functions u,, we will use the 
method of majorants. 


7. A oo (or majorising function) of a function y(t, 
x,,..+.,,) that is analytic in some neighbourhood of a point 
(f°, x°,...,x,) is any function $(f,x,,...,x,) that is analytic in 
tne same neighbourhood such that all "coefficients in the 
series in powers of t—?°,x,—xj,...,X, —%n are nonnega- 
tive and at least equal in absolute value to the corresponding 
coefficients in the expansion of the function 9(¢, x,,...4,). 

Let us translate the coordinate origin to the point (2°, 
xi,...,%Xn) and let us construct for the function 9g(f, x,,..., 
x,,) which is assumed analytic in a neighbourhood of the 
coordinate origin, a majorant of a special form which 
we shall use in what follows. 
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coordinate origin, a majorant of a special form which we 
shall use in what follows. 
Suppose that 


P(t, X4,.-., x)= > Cok, 20 Rp phox cee xen, (2.18) 
The series on the right converges absolutely at a certain 
point 


t=a,, X,=—4,,...,*x*,=4,, 


where |a,| >0 


for alla, . Then. there exists a positivenumber M such that 


for all non-negative integers&,, &,,...,&, 


Ry _R k 
| Ceok, cee kno 21° eee a," = M, 


Consequently, for all &,,&,,...,2 


n 


M 
Ceo, ... kn | <——_z;-_ _—_—__. 
la, |F la, |"... | a,,[* 
Therefore, the function 
$= —_—_ 4a _____— 
On tar) ter) (ey) 
| 2, | | a, | |a,, | 
ore) . o-@) r 8) ; 
=M | raai)” rai) = (7) 
* | 46 | ~. a4 ~ an 
2.19 
= 2 a et nee 
a ee ee ee *... fan] 
is a majorant of the function 9(f, x,,...,x,). 


We may employ a different technique for constructing a 
majorant of a series. For example, the function 


OM 
pte bee En’ 
Qa 


where a=min(|a,|, |a,|,..., j@,]), where a,540 (for /=0, 
I,...,) and where (a,,a,,...,a,) is some point at which 
the series (2,18) converges, is also a majorant of the func- 
tion p(t, x,,...,x,) defined by the series (2,18). 

To see this, not that, if |¢t|/+]«,|+...+ |+,|<a, this 
function can be expanded in the series 
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my (States)! 


k=0 
00 
; (2,20) 
=My + > cee tosh, xin. 
k=0 


a’ Ropthi ti. pkneer Ro! Ry! ae Rp! 
But 
(eth+.telt oy 1S ! 
Rol Ril. Ry! a fay oj ay|Ar. Ja, [PO 


that is, the coefficients of our series are positive and at 

least equal to the corresponding coefficients of the series 

(2.19). Thus, the function (2,20) isalsoa majorant for (2.18). 
Similarly, the function 


where a has its former value and 0<a<1, is also a ma- 
jorant of the function ¢(f, x,, 5 Me) 


If we again expand (= rn 4. .+x, in powers of ft, 


X,, +++, x, , we Shall obtain a series whose coefficients are 
positive and greater than the corresponding coefficients in 
the expansion (2.20) in powers of ¢, x,, ..., x, since the 
coefficients of the first of these series are obtained from 
the corresponding coefficients of the second series when we 


multiply the latter by (+)" where 0<a< 1. 


Remark 1: Suppose that the power series 


_ ki k 
9(Z,, .«., Z2,)= >, . Ande be ei ee sae 


R,, Rk, eaey m 


converges for|z,|<d,+e,..., |z,|<d,-+6,where e>0 
is some positive number, Suppose that M* is the largest ab- 
solute value of the functiong(z,, ..., z,)aS 2,, --+ 5 2, aS- 
sume real and complex values satisfying the conditions 


2 eer er ae 


It can be shown (see V.I, Smirnov. Kurs vysshei matematiki 
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(Course in Higher Mathematics), Vol. HI, Part 2, Section 83, 
Fizmatgiz, 1958) that the function 


Z, Zz. _ zm 
ee ee an ae 
majorises the function 9(z,,..., z,). It follows that the 
function 


M* 
pa bate 2m 
d 


where d=min(d,, ... , d,), also majorises 9(z,, ..., 2,). 


8. We now proceed to prove the existence of a solution to 
the Cauchy problem for the system (2.9) with initial condi- 
tions (2.14). We shall call this ‘problem I’ and we shall 
call the system (2.9) ‘system I’. 

Let us assume that we have majorised the coefficients of 
the system and the initial conditions of the Cauchy problem. 
We shall obtain a new system and a new Cauchy problem 
(which we shall refer to respectively as ‘system JI’ and 
‘problem II’). Let us show that an analytic solution of 
problem II will be a majorant of an analytic solution of 
problem J. If the solution to problem I is represented in a 
neighbourhood of the origin by the power series 


p= Donk, tn Brot so x88, (2.22) 
and the solution to problem II by the series 
U, = Dy Abaya tn Cet. xh, (2.23) 
we need to prove the inequality between the coefficients 
| one, ee Bn J< Abn, seus (2.24) 
In the case of k,==0, these inequalities follow immedi- 


ately from the fact that the initial conditions of problem II 
majorise the initial conditions of problem I. For the case 


in which k,>0, the coefficients af, 4, (resp. Abe tar) 
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are obtained trom the coefficients a (resp. A) that have 
smaller subscript k, and from the values ofthe coefficients 
in the system I (resp. II) andtheir derivatives at the point O. 
Therefore, it is easy to see that if inequalities (2.24) hold 
for k,<.k, they hold also for k, =k. This means that they 
hold for all coefficients in the expansions (2.22) and (2.23). 

Consequently, solvability of problem II (convergence of 
the series (2.22)) implies solvability of problem I (con- 
vergence of the series (2.23)). However, problem II can be 
constructed with a great degree of arbitrariness since we 
can arbitrarily choose majorants for the coefficients and 
initial conditions of problem I. Let us choose problem II 
sufficiently simple for use to be able to find its solution 
easily. We take numbers M>0 and a>0 such that the 
functions 


M 


<4 x, +...¢%, 

eas ee 
a 

where 0<2<_1 will majorise all coefficients of the system 

except the free terms. For the free terms, we take a gener- 

al majorant of the form* 


M, 
oe ee ee 


[ix 
a 


This is possible since a majorant of this form exists for 
every coefficient and, to construct a general majorant, we 
take M and M, equal to the largest and a equal to the 
smallest of all their values corresponding to the different 
coefficients. Now that we have chosen the numbers M, M,, 
and a as described, we write the majorising system in the 
form 


au; 
= U 
Ot ea acidey bE Teas +E tm] (2,05 
Ee, ae eae ea 
a 


where the number « (such thatO<a<_1) will be chosen 


* The fact that we can choose M, independently of M will be very useful 
to us in what follows (see remark 2 at che end of this section). 
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later and m =% ; 
Without at the moment fixing the initial conditions, let us 
seek a solution of the system in the form 


CAG) 2X Ge wing We Nae LNs ahi, Datars 
doit EG Xia ait ay MeN OE Ny ate any Oe) 


=U (+e 4...+2,) =U, 
where gz ibx te. tx, 


If we substitute the postulated solution into the system (2.25), 
we see that the function U(z) must satisfy the equation 


1dU dU 
TFTA) (NaS +-NU-+-m), a 


where A(z) 


The variables in this equation are separable, so that we 
may write 


dU ss MA (2) dz 


oS = B8(z) dz. 
—U+1) ——NnA(z) 


We now choose a positive number a sufficiently small 
that, in some neighbourhood of the point z=0 


~—NnA (z) > 0. (2,27) 


Then, 8(z) will be an analytic function in this neighbourhood. 
Let us show that the particular solution of equation (2.26) 


4 
fae a 
es = 
U (2) =—____—| 


yields the desired majorant for the solution of problem I, 
Since the function 


Oty Xa sae x)= U( S++. + 2,) 
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satisfy the system (2.25), which majorises the original 
system, all that we need to do to prove this assertion is to 
show that U(z) can be expanded in a seriesinx,, x,, ..., x, 
with positive coefficients at t=O that is, that it majorises 
the identically-zero function (the initial conditions of 
problem I). 

To show this, note that 


A(z) = 
| eee 


a 


is a function whose expansion in powers of z has non- 
negative coefficients. Consequently, 


maA& (z) 
1 —aA(z) Na 
= maA (2) [1 -- aNnd (2) 4-0? N'A? (2) +, | 


B(z)= 


also has non-negative coefficients when it is expanded in 
powers of z. Therefore, 


2 


C(2y=~ I Biz) dz, FO) — T= Czy S94 ., 


also possesses this property. Therefore, the coefficients of 
the expansion of U(x,-+-x,-+...+.x,) in powers of ~,, x,, 


--.,%X, are also non-negative; thatis, U(0, x,, x,, ..., x,) 
is indeed a majorant of zero. This means that the functions 
t 
COAG) Bes. Brag x) = U(x, 4. x, | 


are the solution of some problem II. The analyticity of this 
solution follows from the fact that, as was shown above, 
U(z) can be expanded in a series of powers of z and, con- 
sequently, in a series of powersof ¢, x,, ..., x,. Andfrom 
this, aS was shown above, follows the convergence of the 
power series (2.22) that represent the solution of the original 
problem. This completes the proof of the Kovalevsky theo- 
rem for linear systems. 

Remark 2: It is clear from the proofs of the theorem that 
the series representing the solution to the Cauchy problem 
for the system (2.9) always converge in the region in which 
the series representing the solution of the majorising prob- 
lem converge. It follows from this that the solution of the 


32 Partial differential equations 


original Cauchy problem for the system (2.9) and the origi- 
nal functions »,, not necessarily equal to zero, always 
exists in Some region 


<P, 1X, 1<p, --- > [eal <p, p> 9, 


t 
a 


if the coefficients of the system (2.9) and the original func- 
tions are holomorphic in the region 


|t]<R, |x;|<R (i=1, 2, ..., a2, R>O). 


Here, 9 and 2 depend only on R and the number ™; they 
do not depend at all on the values of the original functions 
y, or the free terms of the equations since neither a nor 
the region of variation of z in which inequality (2.27) holds 
depends on these values. 

Remark 3; The Kovalevsky theorem is not generally ap- 
plicable for systems that are notoftheform (2.1), as can be 
seen from the following example. exhibited by Madame 
Kovalevsky herself. Consider the equation 


Ou O71 
at Ox? ao) 
with initial conditions 


(0, =r, Ix] <1. (2.29) 


It is easy to see that if an analytic solution u(t, x) to the 
problem (2.28)-(2.29) exists, it must be representable in a 
neighbourhood of the coordinate origin by the series 


oO 
(2n)! t? 
ni (1 ze xt ’ 
nmn==0 


However, this series diverges at every point such that t£0. 
Problem. Prove the Kovalevsky theorem for a quasilinear 
system of first-order equations. 


3. GENERALISATION OF THE CAUCHY PROBLEM. 


I. Consider a system of N equations with N unknown func- 
tionS U,, u,,..., UN 


For each of these functions u,, there is an integer 7,; re- 
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@.(x. x ae = 
: eee x : u eee ul i: % eee _ 
F 0? 1? ’ n> 4 » HN, ’ ax*og Rd kn? ) 


S12 he oe 


presenting the highest-order partial derivative of uw; with 
respect to the independent variables x,, x,, ..., x,, that 
appears in the system (3.1). Suppose that a sufficiently 
smooth n-dimensional surface S is given in the region in 
question of the points (x,, x,, ..., *,)and that at each point 
of the surface there is some line /, not tangent to S, that 
changes sufficiently smoothly from point to point along S, 
for example, the normal to the surface. Suppose that all the 
functions u, and their derivatives in the direction of the line 
/ up to order a,;—1 are given on that surface. These condi- 
tions on the surface S constitute a generalisation of the 
Cauchy (initial) conditions that we examinedinthe preceding 
section. We are required to find a solution u,, u,, ..., un 
of the system (3.1) in some neighbourhood of the surface 
that will satisfy the conditions given on S. 


2. Let us try to reduce this problem to the Cauchy problem 
formulated in the preceding section. For simplicity, we 
shall at first confine ourselves to examining not the system 
(3.1) but the following linear system: 


>, Affe «+ « he) (Xjp Xyy vee) Xql— ae 
rf Ro, k,, vee y An veo z xr (3.2) 
+S; (x, Xi eee 4 x,)=0 
CE, fa 2 kein ANY: 


Here we have written only the terms with highest-order 
derivatives of the unknown functions. 

In a neighbourhood of the surface S, we introduce new 
curvilinear coordinates €, €, ..., §, in such a way that the 
equation of the surface S will take the form €,==0 and the 
lines / will coincide with the coordinate curves 


== C.; EC. @e6e6 9 E,=C,. 


To do this, we shall make more precise the assumptions 
made regarding the smoothness of the surface S and the 
lines 4. We assume that on the surface we may introduce the 
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parameters §, ..., §,' 


; (3.3) 


oe ee oe 6 ge @® @ @¢@ @ @® @ 


such that the rank of the Jacobian matrix 
Ox; 


E, (i==0, 1, ..., 2; R=Hl, 2... , A) 


will be equal to nm at every point of S and such that the 
right sides of equations (3.3) will be sufficiently smooth 
functions. 

Suppose that the lines / are givenby the parametric equa- 
tions 


ee ee ee a ee (3.4) 


where &, is the parameter of the point along the line / and 
a ie are the parameters of the point of intersection of 
l with S. Then, the right sides of equations (3.4) are as- 
sumed to be sufficiently smooth functions of all their argu- 
ments. 

With regard to the parameter §, we assume that at least 
one of the derivatives af (fori=0, 1, ..., m)is nonzero 

0 

and that the value €,=-0 corresponds to the point of inter- 
section of the line / with the surface S (that is, that equa- 
tions (3.4) coincide for §,—0 with equations (3.2) of the 
surface S). 

Let us now show that the Jacobian determinant 


aX, OX, OX, 
OE, og, eee “OE 
OX, OX, 0X, 
/=| 08, 08, dt, (3.5) 
aX, OX, aX, 
| Of, 8, 0s, 


iS nonzero in some neighbourhood of the surface S. On the 
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surface S, that is, for €|=0, we have 


OX, OX, OX, 
0, of) o€, 
Gk_ OX, OXn 
f==| 0&, Of °°° OG |. (3.6) 
OX, Ox, Ox, 
of, 0&,, 0&,, 


The last a rows of the determinant (3.6) are linearly in- 
dependent since, by hypothesis, the rank of the matrix 


| Ox; 


ag, | =O 1, ee, me R= I, os 2) 


is equal to a. If the determinant (3.6) were equal to zero, 
its first row, representing a nonzero vector tangential to /, 
would be a linear combination of the remaining ” rows, But 
this is impossible since these last a rows are vectors lying 
on the hyperplane tangent to S and the lines / areassumed 
not to be tangent to S. 

Because of continuity, the determinant (3.5) is nonzero in 
some neighbourhood of S. Therefore, in this neighbourhood 
we may _ Ey &» +++, &, aS our new coordinates of the 
point (x,, x,, ..., *X,): 

Let us now turn tothe independent variables§,, €, ..., &, 
in equations (3.2). In the transformed equations, we shall be 
especially interested in the terms containing a;th-order 
derivatives of the u, with respect to § (i.e. the highest- 
order derivatives). If we write only these terms, we obtain 


ony; _ tN (Fs) ie 
axPoaxt ... axkn gM \OxX)/  \ Ox, * \ Ox, _ 


Therefore, if we write only the terms containing the highest- 
order derivatives of the functions u, with respect to §, in 
the equations obtained from the transformation of equations 
(3.2), we obtain 


~ (3.7) 


Si Aget (Bah (Se Mite... 0 
‘J OX, 


j=) o%n ogy? 
Rot... tkn=nj 
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For these . to have a unique solution (for the 


derivatives / ) close to the surface S no matter what 


Osu 
ogy 
the remaining "terms of the equation (which we have not 
written out) maybe, it is necessary and sufficient that the 


determinant 
ee) of \Fn 
tf OX, """ \ Ox, 
Rot... +hnmn; 
(a c——7 © eileg AV) 


be nonzero at all points of the surface S. Then, because of 
the continuity of the coefficients Ae? -*n) and of the deriva- 


tives So , this determinant will also be nonzero in some 
k 


neighbourhood of the surface 5S inthe space (x,, x,,..., x,). 
The equation 


Da Alt 9 (x, re BY aint) 0 
kote bhn=nj (3.8) 
UE J aly. 2 -aneed: WV) 


is called the characteristic equation for the system (3.2), 


Here, a,, @,,..., &, are parameters and >) a7=-40. The di- 
i=o 


rection of the hyperplane 


> a, (xX, — Xr) =0 
k=0 


is called the characteristic directionat the point (x}, ..., xn) 
for the system (3.2) if* 


* ® e ° ® 
Since equation (3.8) is homogeneous with respect to the unknowns 
Qo, 1,..., &,, these unknowns can be normalised if we take, 
for example, 


Then a, will be the cosine of the angle between the nomal 


to the 
characteristic hyperplane and the X,-axis. 
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(Ro we Rn) , ..0 ) 0, _R k 
Ary (Xo, Xi) oe oy x4) 2 a «ee an" — Q 


Rot. ° phan, 


The Surface y(x,, x,, ..., x,)==Ois called the characteris- 
tic surface for the system (3,2) or simply the characteristic 
if at every point of this surface 


» Aon eee Rn) (<; Xs aa x.) 
Roan thn=nj 
Og \Fo / ag \ki Op \Fa| 
x (ae) (ae) (st) "[=2 
and if at least one of the derivatives <* (A=0O, 1,..., mis 
k 


nonzero. 

It follows from these definitions that the direction of 
every tangent hyperplane to the characteristic surface, or, 
as we Shall say for brevity, the direction of the character- 
istic surface, is everywhere characteristic. 


3, It is clear from what was said above that if the direction 
of the surface S of which we were speaking in the formu- 
lation of the generalised Cauchy problem is nowhere char- 
acteristic for the system (3.2), then, after the coordinates 
So) Si ++) § are introduced in place of x,, x,, ..., X%,, as 
described in Section 2, the transformed system (3.7) can 
always be solved for the highest-order derivatives of the 
u, with respect to 5, close to the surface S. We obtain the 
system 


Ou; (Ro ... Rn) O*u ; 
_— B; R eee mest See PAG. 5 cian 
ogni 2. : (E nl OF opm T iy ea) 
(3,9) 
(i. fe Ve. 2 wang aN, kk, tk, +... tk, <a ky <Nj). 


The conditions given on the surface S then become the 
conditions 


Oru: rn Ra==0). |. weg Hee, 
( @ | = (E,, veey Sade ; ‘ 
fo>=0 i= I 2, ce ey N. (3,10) 


Thus, if the surface S had no characteristic direction any- 
where, the generalised Cauchy problem would reduce to the 
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original Cauchy problem, The change from the first of these 
problems to the second is completely reversible: to every 
sufficiently smooth solution* of one problem there corres- 
ponds a unique smooth solution of the other. 

However, in the preceding section, we were speaking of 
the solution of a system with analytic coefficients and analy- 
tic initial conditions. For the system (3.9) and its Cauchy 
problem to satisfy these requirements, it is sufficient that 
the following supplementary conditions be satisfied: (a) The 
coefficients of the system (3.2) are analytic functions of 
Xy, +++, X, (b) The functions x, =X; (&,, &, ..., §), for 
i= 0,1, ..., 2,are analytic functions of their arguments. 
The possibility of choosing analytic functions X, is con- 
nected with the nature of the surface S and of the family of 
lines /. We shall call a surface S anda familyof lines/ for 
which this is possible an analytic surface and an analytic 
family of lines. 

If the surface is defined by the equation F(x,, x,,.. gh) 
=0Q, it will be analytic in the case in which the function 
F(x,, x,,..., x,) iS an analytic function of its arguments and 
the surface does not contain singular points (that is, points 
at which all the first-order derivatives of the function F 
vanish). The family of normals to an analytic surface is an 
analytic family of lines. (c) The initial conditions are analy- 
tic functions of §,, ..., &. 

According to the Kovalevsky theorem, we can assert that 
when conditions (a), (b),and(c) are satisfied, the generalised 
Cauchy problem always has a unique solutionin some neigh- 
bourhood of the surface S if this surface has no character- 
istic direction anywhere. 

On the other hand, if the surface S has a characteristic 
direction at some point A, that is, if the equation 


Ai Aa) ( 20 \*e Ob \Fn 
Ox,/ — \ Ox, = 


holds at a point A on the surface 


Roe. +ha=ny (3,11) 


Ey (Xo sag a= 0 


* It 1s sufficient to require that the functions u, have continuous deriv- 
atives of order n, and that the functions defining the transformation 
of coordinates have continuous derivatives of order max (7.) 

4 
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then we Cannot in general give arbitrary values to the func- 
tions u, and their derivatives on the surface S and still 
be sure that the generalised Cauchy problem hasa solution. 
To see this, let us leave on the left sides of equations (3.7) 
all terms containing derivatives of order n, of the function 
u, with respect to €, and let us transpose all the remaining 
terms to the right. By virtue of condition (3.11) at the point 
A , there will then be a linear dependence between the left 
sides of the equations so formed. This means that the same 
linear dependence must exist between the right sides of these 
equations, which are completely determined by the given 
values of the functions yu, and their derivatives on the sur- 
face S . But this imposes a definite dependence on these ini- 
tial conditions provided the required linear dependence be- 
tween the right sides of the equationsis not identically satis- 
fied for all values of the functions uw, and their derivatives 
on §S. In the latter case and also in the case in which the 
conditions of the Cauchy problem givenon the characteristic 
surface S are such that the system has a solution for the 
highest-order derivatives with respect to ¢,, which are 
treated as functions of the unknown variables 


Oru 
toes Bey Uy eee Ly 
50) > Snr 1 ™ agke ... agkn 
(R= Vko<n,, ky<n,, f=, ..., N), 
such a solution may not be unique in a neighbourhood of the 


point A. 

We shall give some examples for finding the character- 
istic directions for the equations and systems of equations. 
Here, we shall always assume that 


Dal, (3.12) 


that is, that a, denotes the cosine of the angle between the 
x, -axis and the normal to the hyperplane having the char- 
acteristic direction, 

Example 1. For Laplace’s equation 


0711 O71 
Ng 


— —-= 0 
Ox* Oxe 
equation (3.8) takes the form 


ap-tart... tan. 
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Keeping equation (3.12) in mind, wesee that Laplace’s equa- 
tion does not have real characteristic directions. 
Example 2. For the wave equation 


equation (3.8) takes the form 
a? —ai —a,==0. 
Since by virtue of (3.12) 


ap ta;ta;=I], 


it follows that 2a;—1,so that a, = = This means that 
the tangent planes to all characteristic surfaces makea 45° 
angle with the x,-axis. By using this property of the char- 
acteristic surfaces, we easily see what form the charac- 
teristic surfaces passing through certain curves on the 
(x, == const)-plane must have, For example, the plane pas- 
sing through / and forming a 45° angle with the (x, = const) 
~plane is a characteristic surface passing through an arbi- 
trary straight line / lying inthatplane, The lateral surface 
of a circular cone with axis paralleltothe wx, -axis and with 
generators making a 45° angle with the (x, = const )-planeor, 
what amounts to the same thing, withthe x,-axisis a char- 
acteristic surface passing through any circle K in the 
(x, == const )-plane, 

It is easy to see that completely analogous results hold 
for the so-called wave equation in n-dimensional space: 

eu —? 


u 07u O71 
a abo hon 


0x5 Ox! 
3. For the heat-flow equation 
2 2 
equation (3.8) takes the form 
at... +a,=0. 
On the basis of (3.12), it follows from this that a?—}, 
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Therefore, the hyperplanes X,==const are characteristic 
surfaces. 
4. For the equation 


Ou Ou 
2 6 ee Xn) Ge 1 22 (My sees X,) a 
are 
a) 
+a, (Rig Xn) 5 0 
the relation (3.8) takes the form 


oes X,)%, a, (x,, rer x,,) a, 
fa (is. wae OLS, 


a(x 


Therefore, all hyperplanes passing through the point (x,, 
99.) and ped the vector originating at this point with 
components (a, ..., @,)have a characteristic direction at 
that point. 
Example 5, For a system of equations with two inde- 
pendent variables 


n 


¥ ay (x, £) LADS by ie 4S ey te x,) 4, ==0 
f= j=! j= 
(a= 25. Sey ID 


equation (3.8) takes the form 


| ey (X x) 2,0;; (x 1’ x,)| = 0. 
The curves along which OX: , that is, — Ai au , 1S equal to 
dx, Ox,/ Ox, 


some root & of the equation 
| — ka;, ( x) + 5;,(x,, x,)|=0 


will be characteristic curves. 

Here, we assume that o(x,, x,)==constis the equation of 
the characteristic line. 

Problem. Show that for a smooth nondegenerate trans- 
formation of coordinates the characteristic surface of 
the system (3.2) becomes a characteristic surface of 
the transformed system; that is, show that the char- 
acteristics are invariant under nondegenerate trans- 
formation of coordinates. 
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4. For nonlinear systems of the form 


, 0"uj = 
OF (x. ekg ee. Ts eg ag Ses aaFoxh Oxia? — 
(3,13) 
(i, joel, ..., M RA 24+... +8, <4) 
the equation 
(Dp: 
se Gee —QO0 
Rotkit..tkn=N3 Q ou2uj (3,14) 
ORO ons 0C 


is called the characteristic equation. The surface 


DAN jemi X gO (3.15) 


is said to be characteristic for the system (3.13) and for the 
given solution w,, u,,..., Uy, of this system if the following 
identity holds on this surtace forthe functions u,, 4,, 


6M; ( ap )* 
On su; \ OX, 


kethiucePepseny gj) a oe 
Axke sack Oxin | 


oy Uay- 


Or \Rn 
(ae) |= 


The characteristic equations for the system (3.13) are de- 
fined analogously at the point in space (x,,..., x,) for the 
given solution u,, u,, ..., 4, In the case of nonlinear sys- 
tems, it is meaningful to speak of the characteristic direc- 
tion of the hyperplane 


D a, (x, — xz) = 0 


at the given point only for a definite solution u,, u,,.., uy of 
the system (3.13) since the coefficients of equation (3.14) 
generally depend in this case on the functions u, and their 
first n;; derivatives. 

By analogy with what we did in subsection 3, we may say 
the following: Suppose that the Cauchy conditions are given 
on some analytic surface as was done in the preceding case 
and suppose that all the functions involved are analytic, 
Since the system in question is not now assumed to be linear, 
after changing to the coordinates §,, §, ..., §.,as was done 
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in the preceding case, we obtain for 


oniy, ; 
‘a nonlinear sys- 
ag 
tem of equations. Let us denote it by ». In general, this 
system does not have a unique solution for the cas 
nj 
(where {= 1, 2,..., N), which are treated as functions of 


of the independent variables 


where 


(for j= 1, 2, ..., N).Let us assume that close to the 
hypersurface §,==0 and approximate to the values of u, 


and their derivatives that are given on it, we have chosen 
for the oe (where (= 1, 2,..., N)Some system of analytic 


7 0 
functions of 


E 3 a k= Nk. <n,k 
0? eeey np eee) Ur, oe ey ako... agen’ => 5S oN; 
(for j= 1, 2, ..., NM) satisfying equations >). Thus, we de- 


; Oo”. ee: 
termine the values a on the surface S from the initial 


conditions of the generalised Cauchy problem that are 
given on it. If we now return to the coordinatesx,, ..., 
we obtain the values of all the functions u, and their first 
n, derivatives with respect to x,, ..., x, on the surface 
S. If we replace the uw, and their derivatives in equation 
(3.14), with these values, we obtain a completely determined 
equation fora, a,, ..., 4, Consequently, we may thus 
determine the characteristic directions at every point 
(x,, X,, .--,*,) of the surface S. Let us suppose that the 
surface S has no characteristic direction anywhere. Then, 
we may show that the generalised Cauchy problem that is 
thus posed for the system (3.13) has a unique analytic solu- 
tion for the choice made for the values of the a 
0 


on S. 
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4. THE UNIQUENESS OF THE SOLUTION TO THE 
CAUCHY PROBLEM IN THE CLASS OF 
NONANALYTIC FUNCTIONS 


1. The existence and uniqueness of the solution to the 
Cauchy problem in the class of analytic functions follow 
from the Kovalevsky theorem if analytic Cauchy conditions 
are given on an analytic surface S thatnowherehasa char- 
acteristic direction. It follows from the constructions made 
in Sections 2 and 3thatifallfunctions appearing in the given 
equations and in the initial conditions assume real values for 
real values of the arguments, the solutions to the Cauchy 
problem will also be real, The question then arises: in this 
case, are there not other solutions to the Cauchy problem 
besides Kovalevsky’s analytic solution? Note that forasys- 
tem of functions (u,, ..., uv) to be a real solution to the 
Cauchy problem, it is not necessary to require that all the 
functions u, be analytic. For this, it is quite sufficient for 
them to possess derivatives of all orders that appear in the 
equations in question, Despite the efforts of many outstand- 
ing mathematicians, this question has not as yet been com- 
pletely solved. 

As far back as 1901, Holmgren showed thatthe solution of 
the Cauchy problem with initial conditions (3,10) for linear 
systems of equations of the form (3.9) with analytic coeffi- 
cient is unique in the class of functions possessing contin- 
uous derivatives of all orders that appear in the system in 
question, 

We shall now prove this theorem, For simplicity in ex- 
position, we shall assume that the number of independent 
variables is two although essentially the same proof is ap- 
plicable for an arbitrary number of independent variables. 
We also assume that the system in questionis of first order. 
From what was said in Section 2, the general case can be 
reduced to this one, We denote the independent variables by 
x and y and we assume first that the Cauchy problem is 
stated for an interval of the straight line x==0 that con- 
tains the coordinate origin. 

Thus, suppose that we are given the system of equations 


8 typ ; 

az 2 A Nay DY Byles Wey + Gre, ») 
js j= 

4.1 

(¢==1, 2, ..., a) ~— 
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and the initial conditions 
z;(O, y)=¥,;(y). (4.2) 


Ais, B: i, and C, are analytic functions of their arguments in 
some neighbourhood of the coordinate origin. Suppose that 
close to the coordinate origin two solutions of the system 
(4.1) are given that satisfy these same initial conditions 
(4.2) and that these solutions consist of the functions z,, ..., 
z, (first solution) and z,, ..., z, (second solution) pos- 
sessing continuous first-order partial derivatives. We need 
to show that these solutions coincide in some neighbourhood 
of the origin. 


Let us set 


Then, all the ul, are continuously differentiable functions 
close to the origin and they satisfy the equations 


os = Aye y) +34, B(x, yt, (G=1, 2 sey) 
: — 
and the initial conditions 


u.(0, yy=O0 (=I, 2, ..., 2). 


Let us show that all the us, are identically equal to zero 
close to the point O (0, 0). Instead of x we introduce a new 
independent variable 


x=exty’ 
and we set 
U(X, y) =u; (x, yy=u;(x—y’, y) ie= 1, 2; oe ey n). 
Then, the functions u, satisfy the system of equations 
t os 
a 


ey By(x—y", y)u 


{=A 


(4,3) 
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or, after solving for the derivatives with respect to x and 
introducing new notations, we have 


> ai (% 9) au 4 iy (% Vy 4 ay 


j=} 
(¢==1, 2, eeey Nn). 


(The possibility of solving the system (4.3) for these deri- 
vatives follows from the non-vanishing of the determinant 
of the system close to the origin O of the x y-plane. The 
reader should verify this.) The coefficients a;; and b,, are 
analytic close to the origin. The functions uz; are continu- 
ously differentiable close to the origin and they do not 
vanish on the parabola y* =x. We shall show thatall the uj 
are identically equal to zero close to the origin when x>y’. 
This will automatically prove that all the uw; are identically 
equal to zero close to the origin when x>0. The case in 
which x <0 reduces to the case in which x >0 by replac- 
ing x with —x. 

Let us draw the Straightline x =a (for a>0 (see Fig. 1)) 
and let us denote by AH, the region bounded by the segment 
la of this straight line and the portion K, of the parabola 

==x. If a is sufficiently small, all the functions u, and 
their first-order partial derivatives will be continuous up to 
the boundary of H,. (We say that a function defined in a 
region H is continuous up to the boundary H* of this region 
if it is possible to extend this function onto H* in such a 
way that the extended function will be continuous in H U H*. 


Ftg. 1 
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For brevity, we introduce 


Ou Ou j 
es ae Py 1 Oy a2 Thad 
jJ=1 jz 
(§Q== 1, 2, » M), 
G; (v) 
___ Ou; - OQ - 
=e Sy (4%) + De b {Vv 
jJ=1 j=. 
(2 a ere aro 


Suppose that two systems of functions u, and v; are defined 
in H, and that these functions and their first partial deriva- 
tives are continuous up to the boundary of H,. Then, inte- 
gration by parts yields 


jj (> , 


rs 


={\ix >> [ume > aaa site 7 
: 


=} 


PS ao vidy -P 1p oe ay +) 3 >> a, ,tt,v,ax, 


F,(u) + u,G; el} dx dy 


lt 


where we go around the curve bounding H, (thatis, K, U /,) 
in the positive direction. In particular, if u; is the system 
of solutions of equations (4.4) that was defined above and if 
the system of v,, ..., v, satisfies the equations 


G,(v)=0 Gay sean); (4.6) 


then we obtain from (4.5) 


p> u,v dy = 0. (4.7) 


igi zi 


Now, we shall proceed to prove the Kovalevsky theorem 
for a system of linear equations. Let us use Remarks 1 and 
2 to Section 2 and let us solve the system of equations (4.6) 
close to the point (a, 0) giving as initial conditions on /, 
all possible systems of polynomials, Since, for the constant 
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M, we may take the constant M* defined in Remark 1 to 
Section 2 and general for all points (@, 0), we may, on the 
basis of Remark 2 to Section 2, assert that if a is suffi- 
ciently small, all functions constituting asolutionof the sys-~ 
tem (4.6) under such initial conditions will, as we know, be 
defined and analytic in HAH, and, consequently, that they and 
their partial derivatives will be continuous up to the bound- 
ary of H,. | 

Thus, equation (4.7) is valid if 0<a<a,(where @, is 
some fixed positive number) and all the v, are arbitrary 
polynomials. Let us take any such a.Suppose thatthe length 
of the interval /, is equal to s,. From a well-known theo- 
rem of Weierstrass, for an arbitrary ¢>0,there is a sys- 
tem of polynomials v, (for i==1, ..., 2) such that every- 
where on /, 


|u,—v,|<e (2) erm 2 (4.8) 
By virtue of formulae (4.7) and (4.3), 


(Sway 


a t=1 


n n n 
a uody t\¥ Ut; (4; — V;) dy <es, )) max | 4; |, 


lagi fg f= (=1 a 


so that, because of the arbitrariness of ¢, we have 


\> ui dy=0, 


lat =1 


that is, all the u, are identically equalto zeroon /, provided 
O<a<a,. This completes the proof of Holmgren’s theo- 
rem. 

With the help of this theorem and a change of independent 
variables, it is easy to prove the theorem of the uniqueness 
of the solution of the generalised Cauchy problem under the 
preceding hypotheses regarding the system (4.1) when the 
initial conditions are given on an analytic line that nowhere 
has a characteristic direction. The analogous theorem is 
valid also for linear systems with a greater number of in- 
dependent variables when the initial conditions are given on 
an analytic surface S. Here, it is only necessary that this 
surface S nowhere has a characteristic direction. We may 
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require of the functions constituting a solution that they be 
given only on one side of S and that they and their first- 
order partial derivatives be continuous up to S. If under 
these conditions two solutions coincide on S, they will also 
coincide in some neighbourhood of S. 

Remark: The region on the ¥ y-plane in which the solution 
of the Cauchy problem for the system (4.1) is uniquely de- 
termined by the initial conditions (the region of uniqueness) 
can be described more precisely. Suppose that these initial 
conditions are given on the interval AB of the x =0Q-axis 
and that the solutions are being examined to the right of 
that axis. Through the points A and B we draw character- 
istics nearest to the interval AB but tothe rightof it. Then, 
we may Show that the region bounded by the segment AB and 
these two characteristics will be a region of uniqueness of 
the solution of the Cauchy problem. The region of uniqueness 
when there is a greater number of independent variables is 
determined analogously (cf. Sections 10 and 12, in which the 
Cauchy problem is solved for hyperbolic equations). 


2. Soon after the proof of Holmgren’s theorem, Hadamard 
showed that the question of the uniqueness of the solution 
to the Cauchy problem for nonlinear equations close to S$ 
is easily reduced to the question of the uniqueness of the 
solution of the Cauchy problem for linear equations with 
sufficiently smooth though not necessarily analytic co- 
efficients. Therefore, all subsequent efforts were concent- 
rated on solving this last question. In 1938, Carleman 
solved it for systems of equations with partial derivatives 
with respect to two independent variables. Carleman’s 
theorem is as follows: 


Suppose that we are given the system of equations 


> Aj, (x, ytd B;, (x, y) 2; ==0 

j=l j= (4,9) 

(f= Ty 25: ay if) 

that thefunctions A,;, and 8, are defined in some closed 
region G of the half-plane x20 adjacent to the inter- 
val |y| <a of the y-axis, thatthe A;, have bounded first 
and second derivatives in G, and that the 8;,; are 
pounded in G. Then, the solution of the system (4.9) in 
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G satisfying the conditions 


z;(0, y)==0 when|y| <a (i's, ney 8) 


and possessing continuous first derivatives with respect 
to x and y is identically equal to zero in some sub- 
region G’ of the region G thatis adjacent to the interval 
y|<a. Here, it is assumed that at every point in G all 
roots of the determinant 


| Ay — dd;, | 


are distinct,* thatis, thatatno pointof the region G are 
there coincident characteristic directions. 


An analogous result for systems with many independent 
variables was obtained recently by Calderon**., 

When the characteristic directions coincide, the unique- 
ness of the solution of the Cauchy problem may be destroyed. 
This was first shown by Myshkis (1947). As an example, he 
exhibited the system 


d 0 d 
=e WE tal(x, WS, 
Ox dy Oy 
eal 5b le NZ 


which has a solution u,, v, such that the functions uw, and 
v, possess continuous partial derivatives of all orders and 
are equal to zero on the straight line x =—0Q, but are non- 
zero arbitrarily close to the coordinate origin. In this case, 
the coefficients of the system are defined and differentiable 
on the entire plane, their derivatives have a discontinuity 
at x= 0, and the roots of the characteristic equation coin- 
cide on that linef. 

In 1954, PliS constructed a new example of a system of 
the form (4.10) that possesses a nontrivial solution of the 
Cauchy problem with zero initial conditions at x =0 such 


* f= 
y= {4 ys 
Oi) 


“*CALDERON, A.P., American Journal of Mathematics, 80, No. 1 
16-36 (1958). 


b] 


{ MYSHKIS, A.D., Uspekhi matematicheskikh nauk, 3, No. 2, 3-46 (1948). 
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that the coefficients in the system have continuous partial 
derivatives of arbitrary order on the entire plane*, 

The uniqueness of the solution of the Cauchy problem in 
the class of sufficiently smooth functions was proven for 
hyperbolic equations and hyperbolic systems with an arbi- 
trary number of independent variables (we shall speak later 
of such systems) and also for abroadclass of elliptic equa- 
tions and systems (see Section 5). A vast literature has 
been devoted to the latter question. 

This question of the uniqueness of the solution to the 
Cauchy problem in the class of non-analytic but sufficiently 
smooth functions is related to the question as to whether a 
sufficiently smooth real solution (u,, ..., u,) of the system 
(3.13) of the preceding section defined in some real region 
of the space (x,, ..., x,) on one side of and on a sufficiently 
smooth surface S that nowhere has a characteristic direc- 
tion can be extended in a unique manner. Indeed, defining 
the functions u; on one side of the surface S andon this 
surface itself determines the values on this surface of these 
functions u, and their derivatives that appear in the Caychy 
conditions. Thus, the question of extending the functions 4g, 
to the other side of the surface S amounts to finding the 
solution of the generalised Cauchy problem in the region 
lying on the other side of the surface S. As was stated above, 
the question of the uniqueness of this solution has not as yet 
been completely clarified. 

Similarly, the following question has also not yet been 
completely solved. Is it possible to extend in different ways 
a sufficiently smooth real solution (u,, ..., Uy) of the sys- 
tem (3.13) given in some real regionofthe space (x,, ..., x,) 
lying on one side of a sufficiently smooth surface S and on 
that surface itself in the case in which the surface S is 
characteristic for the given system and the given solution? 
For all equations that we shall encounter, suchan extension 
will always be possible by quite a largenumber of methods. 

The question of the non-uniqueness of the extension of the 
solution of the system (3.13) beyond the characteristic is 
equivalent to the question of the existence ofmany solutions 
of the generalised Cauchy problem if the Cauchy conditions 
given on the characteristic are such that they generally ad- 
mit at least one such solution. We have seen that for this 
case the functions u; given on the characteristic and their 


* PLIS, A., Bull. Acad. Polon. Sci., 2, 55-57 (1954). 
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derivatives must in general satisfy certain relationships. 
These conditions are known to be satisfied if there exist 
functions u,, ..., 4, satisfying the given equations on one 
side or other of the characteristic. 

If we are interested only in analytic solutions, the ques- 
tion of the uniqueness of the extension beyond the character- 
istic, or in general beyond any surface, of a given solution 
in an(a-+ 1)-dimensional region can always be solved in the 
sense that such an extension is unique since an analytic 
function of n-+1 independent variables is completely de- 
fined by its values in any arbitrarily small region of(z-+ 1) 
~dimensional space. 


3, We saw in subsection 3 of Section 3 that, if the surface 
S on which the Cauchy conditions are given has no charac- 
teristic direction anywhere, these Cauchy conditions together 
with the equations of the system (3.7) define uniquely the 
values on S of all the functions uw, and all their derivatives 
of order up to 7,. On the other hand, if the surface S has a 
characteristic close to the point A, the Cauchy conditions 


Mins, 
given on it admit different systems of values <A, that may 


satisfy the system (3.7) if they admit at least one such sys- 
oO" iu, 


tem of values of a . (Here, we assume that the equation 


n 


§, = 0 is an equation of the surface S.) Therefore, functions 
may exist that satisfy equations (3.7) evervwhere in some 
region containing a portion of the characteristic surface, 


, Qni : 
and the derivatives a on this surface have a discontinuity 


of the first kind*, As these derivatives approach S from op- 
posite sides, they approach different values, which satisfy 
Simultaneously equations (3.7) on the surface S. If the sur- 


oa 
face S were that characteristic, the derivatives — could 


not have discontinuities of the first kind on it when coeffi- 
cients in equations (38.7) and all the other derivatives of the 


* Translator’s note. This is a common expression in Russian mathe- 
matical literature. A function is said to have a discontinuity of the 
first kind at a pointe if the left- and right-hand limits both exist as 
the argument approaches the point, but are not both equal to the 
value (if any) of the function at that point. 
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functions u, of the form 
Oru, 
agrogEt  . agkn : 


AA +... pk kan, Ryn; 


are continuous. Analogous statements are valid for nonlin- 
ear systems. 
Example. Consider the equation 


scape (4.11) 


for which the curves 


xX==const, y= =const 


are characteristic. 
Obviously equation (4.11) is satisfied by every function of 
the form 


u=/(y), 


where /(y) is an arbitrary function that possesses a deri- 
vative everywhere. In particular, we may assume that the 
function u==/(y)is such that its second derivative is every- 
where continuous except at a single point, at which it pos- 
sesses a discontinuity of the first kind. Then, we obtain a 
solution to equation (4.11) for which the second partial deri- 
vatives possess a discontinuity of the first kindon the char- 
acteristic. 

In what remains we shall devote our attention primarily 
to equations of two types: Firstly, single second-order equa- 
tions with a single unknown function, and, secondly, systems 
of equations of arbitrary order with an arbitrary number of 
unknown functions, but containing partial derivatives with 
respect to only two independent variables. These types of 
equations possess the property of being capable of reduction 
to certain simple ‘canonical’ forms, The methods of 
achieving this reduction will be described in the three 
sections which follow. The subject is divided into reduction 
to canonical form of single second-order equations with a 
single unknown function, single second-order partial dif- 
ferential equations with two independent variables, andsys- 
tems of first-order partial differential equations with two 
independent variables. 
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5. REDUCTION TO CANONICAL FORM AT A POINT. 
CLASSIFICATION OF SECOND-ORDER EQUATIONS 
WITH ONE UNKNOWN FUNCTION 


1. Consider the linear second-order equation 


x05, | v4, Ou 
fj 
‘atin ae iia, week = OR) 


With the single unknown function u, we assume 4;,=4A,,; 
All the functions A;,,, 8, C, and F are real andare defined 
in some region G of the space (x,,...,,). 

We make a change of independent variables by setting 


3 
E,== Dax; (k==1,2,...,2), (5.2) 
il 


where the a,, are constants. We assume that the transfor- 
mation (5.2) is nonsingular, that is, that the determinant 
| @,/| is nonzero. Then, the transformationfrom x, to § is 
single-valued in both directions. Equation (5.1) can be writ- 
ten in terms of the independent variables €, §&,...,6, as 
follows*: 


D3 ( p AjOyir; ) Say T+ =0 (5.3) 


Risel. pijel 
Here, we have written only the terms withthe second-order 
derivatives of the unknown function u. Itis clear from equa- 
tion (9.3) that the coefficients of the second-order deriva- 
tives of u are changed when we make the change of inde- 
pendent variables indicated by formula (5.2) in justthe same 
way as are the coefficients of the quadratic form 


D Ayers 


i,j=! (5.4) 

* To be sure of the validity of the change from the derivatives with 
respect to the independent variables x. (for z= 1, .,m) to deriv- 
atives with respect to the independent vanables é. (for oe err 7) 


according to the usual rules, it is sufficient to assume that ie func- 
tion u has continuous first and second derivatives. 
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in the change from x, to & given by the formula 


n 


= a L; ce ey ° 
Xp 2a inst ( n) (5.5) 


The coefficients A, of formula (5.4) are assumed to be con- 
stants equal to the values at some point (x?, ..., +3) of the 
region G of the coefficients A;;(x,,...,«,) in equation (5.1). 

The existence of a real nonsingular transformation (5.5) 
that reduces every form (5.4) with real coefficients A;; to 
the form 


Ma 


h 
= ,where m <n. (5.6) 


i 


is shown in algebra. There exist many nonsingular real 
transformations (5.5) that reduce the form (5.4) to the form 
(5.6), but the number of terms with positive and the number 
with negative signs in the form (5.6) is determined exclusi- 
vely by the form (5.4) and does not depend on the choice of 
nonsingular transformation (5.5). (This is the law of inertia 
of quadratic formst.) The determinant | A,, — \3;,| will have 
only real roots }k. The number of terms in (5.6) with posi- 
tive signs and the number of terms with negative signs will 
be equal to the number of positive and negative roots } of 
this determinant respectively. 

If we find some transformation (5.5) that reduces the form 
(5.4) to the form (5.6), the transformation (5.2) with the mat- 
rix that is the transpose and inverse of (a;,) will reduce 
equation (5.1) to the form 


* oe? 
S Ag (Xs sos Xn) 55g, ... =0, (5.7) 


where 

Aig (Xi,-. en =+l, if im=jcm, 

Aij(¥t, ..., Xn) = 0, if fxej or if f=s>m. 
Here, we have written only the terms withthe derivatives of 
t See KUROSH, A.G., Course in higher algebra, Fizmatgiz, Section 27 


(1959), or GEL’FAND, I.M., Lectures on linear algebra, Gostekhiz- 
dat, 143 (1951). 
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the function w of highest order. The form (5. i) of equation 
(5.1) is called its canonical form at the point Cees a4 

Thus, for every point (x},...,%*n) of the region Gi it is 
possible to exhibit a nonsingular transformation (5.2) of the 
independent variables that reduces equation (5.1) to canoni- 
cal form at that point. 

For every point (x}, ..., xn), there is, generally speaking, a 
transformation (5.2) that reduces equation (5.1) to canonical 
form at that point. At other points, this transformation may 
not reduce the equation to canonical form, Examples show 
that when the number of independent variables is greater 
than 2, we not only cannot exhibit a linear transformation 
of the independent variables with constant coefficients but 
we cannot exhibit any other kind of nonsingular transform- 
ation of the variables that reduces the given linear second- 
order equation to canonicalformeveninanarbitrarily small 
region. On the other hand, in the case of two independent 
variables, such a transformation exists under quite broad 
assumptions regarding the coefficients in equation (5.1), as 
will be shown in the following subsection. 

The classification of second-order equations is based on 
the possibility of reducing equation (5.1) to canonical form 
at a point. 


2, Equation (5. 1) is said to be — atthe point(x},..., xn) 
if all the A;; (X;,...,X,) (for /=1,...,”)in equation (5.7) are 
nonzero and have the same sign. 

equation (5.1) is Said to be hyperbolic at the point 
(x},...,,)if all the A; (1 ...,X,)have the same Sign with 
the exception of one Aji that has the opposite sign and if 
mn, 

equation (0.1) is said to be ultrahyperbolic at the point 
(Gi nitag dent equation (5.7) has more than one positive 


Aji(x1, ...,Xn)and more than one negative Aj; (x, ...,x°) and 
if m=n. 

Equation (5.1) is said to be parabolicinthe broad sense at 
the point (x},...,xn) if some ofthe Aj;(x°, ...,x%) are identi- 
cally equal to zero, that is, if m<in. 

Equation (5.1) is said to be parabolic in the narrow sense 
or simply parabolic at the point (x},..., Xa) ifonly one of the 
coefficients Aj; (Xie as .,Xn) (let us assume that it is A, i) is 
equal to zero, if all the other Ai; (ejects ., Xn) have the same 
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sign, and if the coefficient of sr iS nonzero. 
] 

Equation (5.1) is said to be elliptic, hyperbolic, ultrahy- 
perbolic, etc. throughout the entire region G if itis res- 
pectively elliptic, hyperbolic, ultrahyperbolic, etc. at every 
point in the region G. 

In applications, we sometimes encounter equations that 
are elliptic in one subregion G, of the region G in question 
but hyperbolic in another subregion G, of the regionG. 
Such equations are said to be equations of mixed type. An 
example of such an equation is the Tricomi equation 


Ou , Ou 
ya Toy =O 


in any region G containing points of the x-axist , 


3, Consider the nonlinear second-order equation 


® Ou Ou O*u 0 
Mipieenmarlgg Fee beg ttt oe ox oe @ emmcnereac 


containing a single unknown function uw. For a given solution 
u*(x,,..+,%,)this equation is saidto be eliptic, hyperbolic, or 
parabolic in the broad sense at the point(x,,...,%n) or 
throughout a region G if the equation 


- Oru 
> Ai (X,, oe + Xa) Syguy 


(j=! 


where a 
Aj; (%,, ee (5.8) 


OX ;OX ; 


t Equations of mixed type were first investigated by Tricomi (see his 
article ‘Sulle equazioni linrai; alle derivate parziali di secondo 
ordine, di tipo misto’, Rend. reale accad. lincei, ser. 5, 14, 134-247 
(1923). Interest in such equations grew especially after their con- 
nection with problems of gas dynamics was discovered (see FRANKL’, 
F.l., Izv. Akad. Nauk. SSSR, seriya matem., 9, 121-143 (1945)). A 
great deal of study has been made of equations of mixed type in 
recent years (see BITSADZE, A.V., Equations of mixed type, Izdat. 
Akad. Nauk. SSSR (1959), which includes a detailed bibliography of 
the question). 
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is elliptic, hyperbolic, or parabolic in the broad sense at 
the point (x\,...,%,), or throughout the region G respecti- 
vely. On the right side of equation (5.8), the function 
u*(x,,...,*,) and its derivatives have been substituted for 
the function u and its corresponding derivatives. 

In what follows, we shall study only linear second-order 
equations with one unknown function. We shall also confine 
ourselves to equations that are either elliptic, hyperbolic, 
or parabolic throughout the entire region in question, We 
shall not deal with ultrahyperbolic equations. Such equations 
are not encountered either in physics or in technology. Also, 
we shall not deal with equations that are parabolic in the 
broad but not in the narrow sense. In accordance with this, 
when we discuss parabolic equations in ChapterIV, we shall 
always be referring only to equations that are parabolic in 
the narrow sense. 


6. REDUCTION TO CANONICAL FORM OF SECOND- 
ORDER PARTIAL DIFFERENTIAL EQUATIONS 
IN TWO INDEPENDENT VARIABLES NEAR A POINT 


1, Consider the equationt 
07u Oru Oru Ou Ou\ 
ASEH BO CSTE (xy 5 =O (6.1) 


where the coefficients A, B, and C are functions of x and 
y that have continuous first and second derivatives. We 
shall assume that A, B, and C donotvanish simultaneously 
and that the function u(x, y) has continuous first and second 
derivatives. Let us change from the independent variables 
x and y to the independent variables § and 7. Suppose that 


=§(x,y), 1=n(x, y) (6.2) 


are twice continuously differentiable functions and that the 
Jacobian 


ot /ox nae 
dnfax dnfoy 


tT In this section, we shall examine equations of a somewhat more gen- 
eral type than linear equations since all the considerations involved 


in reducing a linear equation to canonical fom are likewise applic- 
able for these equations. 
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does not vanish anywhere in the region in question. Then, 
the system (6.2) can be solveduniquely for x and y insome 
region of the §, -plane. The functions x(&, n) and y(&, n) 
that we obtain will also be twice continuously differentiable 
functions of £ and ». Equation (6.1) is then written in the 
new variables € andy as follows: 


O71 ot of : 
xe (4 t: 5) ber Ste(s 5) | 
O'n of On p28 On 1p 9G On o§ dn 
ae sa 4 ppae ea Ket os 
O7u On On On 
+534 (3: Nes BS +C(S) | 


+-F, (6, 7H, U ty Se m) =o a 


Let us show that, in some neighbourhood G of a fixed 
point (x,, y,),functions §(x, y) and 4 (x, y) canbe chosen such 
that equation (6.3) will be incanonical form at every point of 
this neighbourhood. We need to examine separately the case 
inwhich B* > AC (or B’ < AC ) at the point in question andthe 
case inwhich 8B? = AC throughout some neighbourhood of that 
point. We shall not consider cases in which the expression 
B’ — AC changes sign or vanishes (other than identically) in 
an arbitrary neighbourhood of the point in question. 


2. Let us consider first the case inwhich B’ > AC through- 
out the entire region in question, that is, the case in which 
equation (6.1) is hyperbolic (see the definition in the pre- 
ceding section). We may assumethateither A0 or C=40 
at the point (x,, y,) in a neighbourhood of which we shall re- 
duce equation (6.1) to canonical form. In the opposite case, 
we would be able to obtain such a situation by a change of 
variables as follows: 


x=x+y’, 
yoxr—y. 
Consider the equation 
ae)" 4 opt 4 o( 28)" — i 
A(32) + 282240(54) =0. (6.4) 


Suppose A=40. As B’— AC > 0, equation (6.4) canbe written 
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in the form 


x [4 -(- B+ V BAO F| =0 


and therefore equation (6.4) is satisfied by the solutions of 
each of the equations 


4% = (— B-VE=AG, 


Ox 
Ag — aastecael a 


Let us determine the functions 9, (x, - (for <= 1, 2) as 
solutions to equations (6.5) by giving their values respecti-~ 
vely on certain curves /, (for i=1, 2) passing through the 
point (x,, y,) that are nowhere tangent tothe characteristics 
of the corresponding equation. If the curves /, and the 
values of the functions 9, that are given on them are chosen 
sufficiently smooth, we shall obtain solutions 9,(x, y) (for 
i==1,2) that have continuous first and second derivatives 
with respect to x and y. If we assume also that the initial 
values 9,(x, y) on the 7, are chosen in such a way that the 
derivative y, in the direction /; does not vanish atthe point 
(x,, Y,), then the partial derivatives of the function 9, (x, y) 
with respect to x and y cannot both vanish at that point 
(otherwise, the derivative at that pointin anarbitrary direc- 
tion would vanish)*. 

ee A=£0, it follows from equations (6.5) that in this 


case oh £0 and st #0 in a neighbourhood of the point 
(x,, Y,) and that 


(6.5) 


Op, 097, —B8—V B?—AC 


os ee. ° 
eee 


0x Oy A ‘ 
09,09, _ _—B+V BAC 
Ox "Oy A 


* See Section 53. of my Lectures on the theory of ordinary differential 
equations (1952). I draw attention to the fact that, in the case of 
two independent variables, the definition of characteristics that we 
employed in Section 3 of the present book coincides with the de- 
finition of characteristics given in Section 53 of the cited work. In 
the case of a larger number of independent variables, however, these 
definitions are completely different. 
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Since 8’ — AC 0 ,we have 


J/= (6.6) 


is nonzero in some neighbourhood G of the point (x,, y,). 
Therefore, in this neighbourhood we may take 


= (x, y) == 9, (*, ¥), 


7= n(x, vy) =, (x, ¥). (6.7) 


in equations (6.2). 
2 2 
Then, the terms containing = and - vanish, The co- 
2 > 

efficients of a will then be nonzero throughout the entire 
region G@ in question, since otherwise the order of the equa- 
tion would be decreased in the change from the coordinates 
(x, y) to the coordinates (§, n), and, consequently, in the re- 
verse Change from the coordinates (§, n) to the coordinates 
(x, y), the order of the equation would be increased at some 


point, which obviously is impossible. 


Q? 
If we divide equation (6.3) by the coefficient of = , we 
? 0§ On 
reduce this equation to the form 


O7u Ou On 
Sea C ickame ons 
7G eee Of ' =) (6.8) 


in a neighbourhood G of the point (x,, y,). This form of the 
equation is also called canonical. 

If we set £=a-+-8 and n==a—Bf, we reduce equation (6.8) 
to the form 


07u = =0*u Ou Ou 
sae gee B, WE) (6 .9) 

After reducing a hyperbolic equation to the canonical form 
(6.8), it is sometimes possible to integrate itin closed form, 
that is, to find a formula giving all solutions of the equation, 
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Example 1. The equation 
ou Ou __o (6.10) 
ox? = oy? 


can, by the change of independent variables 


ee Se al! __§—7 
— 2 5) y= 2 
be reduced to the form 
O7u 
OE On = 0. (6.11) 
Ou . Ov 
If we denote aa by v, we obtain 3,0, so that v=/(n), 


where f is an arbitrary function of y. If we consider § in 
the equation 


) 


5 = S () 


aS a parameter and integrate this equation, we obtain 


u= \ f(y) dy +C() 


or 


u == (6)-+ (yn) = (x+y) + o(x—y), (6.12) 


where » and ¢ are twice continuously differentiable func- 
tions, 


Example 2. The equation 


O7u 1 Ou 
eo Bom «= (AO) rr 


is, after we make the change 


ou _ 
On ? 
reduced to the equation 
oy 
OF = OF Vv. 


This equation is easily integrated by the method of se- 
paration of variables. Since 7 appearsin v as aparameter, 
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the constant of integration will be a function of that para- 
meter. We obtain 


In|v| = In|€| + In |C(y)| 


or 
v= = Cn) VIEL. 
Therefore, 
u==C, (4) V |€|-+C, (6). 
Here, 


C,(n) =) Cin)an 


is an arbitrary differentiable function of yn (sinceC(n) is 
arbitrary) and C,(€) is an arbitrary function of &. 


3. If 
B’= AC 


throughout the entire region in question, equation (6.1) will 
be a parabolic equation in this region (see the definition of 
a parabolic equation in the preceding section). We assume 
that the coefficients A, B, and C in equation (6.1) do not 
simultaneously vanish in the region in question. Since 
B’ = AC, it follows that at every point inthe region one of the 
coefficients A and C is nonzero. Suppose, for example, that 
A=40 at a particular point (x,, y,). Then, the two equations 
(6.5) coincide and become the equation 


og Op 6.14 
Ax + 85, =9. ( ) 


Every solution to equation (6.14) must, by virtue of the condi- 
tion B’ = AC, also satisfy the equation 


OF 1 oO? 6.15 
Bat Cao (6.15) 


Just as in the preceding subsection we may find a solution 
o(x, y)of equation (6.14) such that the function 9(x, y) has 
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continuous second-order derivatives and such that its first 
derivatives do not simultaneously vanish in some neigh- 
bourhood G of the point (x,, y,). We may assume that A=40 
throughout the entire region G. 

Suppose that 


b(x, y) ==const 


is a family of curves in the region G such that the function 
v(x, y) has continuous second-order derivatives and thatthe 
Jacobian 


Ox dy (6.16) 


does not vanish anywhere in the region G,. (Since A=40 and 
consequently 0 in G, we may, for example, take (x, 


y) =x.) In formulae (6.2), we set 


S=9 (x, y) and 7= (x, y). 


2 
Then, the coefficient of ca in equation (6.3) vanishes and the 


2 
coefficient of Ba becomes 
0& On 


(Aas + 835) act (Sab C3y ) 5 


According to (6.14) and (6.15), it will also be identically 
equal to zero in the region G. 


The coefficient of a in equation (6.3) takes the form 


(ae) +2855 +65) —a(4e+ eg): 


This expression cannot vanish since, if it did, the Jacobian 
(6.16) would, on the basis of (6.14), vanish in the region G, 


Therefore, equation (6.3) can be divided by this coefficient. 
We then have 


Ou Ou 
on? an up re (6.17) 
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This equation is in canonical form in the region G; canon- 
ical form was defined in Section 5, 

If equation (6.1) is linear, then equation (6.17) will also be 
linear. Suppose that it is of the form 


O7u Ou Ou 
prieeaer We xt Oe + D,- (6.18) 


We can still simplify this equation somewhat by replacing 
u With a new unknown function z. Let us set 


“u=—=2U, 


where v(§, 7) is a function of § and y, which we shall de- 
termine below. Then, equation (6.18) is replaced with the 
equation 


072 Ov 02 Oz Oz 
Vet 255 SHAVE T BS TO? TD, 6 19) 


Here, we have written separately only the terms containing 
derivatives of z. All the terms containing thefunction z it- 
self are included in C,z. Let us choose a function v(, x) 
such that the derivative vanishes in equation (6.19); If 
we set the coefficient of = equal to zero, we obtain 


072 Oz 
pg a oe Os? +O, (6 .20) 


where 


1 
CH & D ae vié, ny ze? J BG wd an 


3 vy’ 2 vy’ 


4, Finally, let us examine the case in which 
AC> B 


everywhere in the region in question, Then, equation (6.1) 
will be an elliptic equation in that region (see the definition 
of an elliptic equation in Section 5). In this case, we shall 
assume that all the coefficients A, B and C are analytic 
functions of x and y. Then, the coefficients in equations 
(6.5) are also analytic functions of x and y. Suppose that 


@ (x, y) == y* (x, y) + iy** (x, y) 


66 Partial differential equations 


is an analytic solution of the first of equations (6.5) in a 

te) 
neighbourhood of the pointt (x,, y,) and suppose that E 
+ 5: | 0 in this neighbourhood. 


In equations (6.2), let us set 
= p* (x, y) and n= 9"" (x, y). (6.21) 


Equations (6.21) can be solved for x and y since the Jaco- 
bian 
a: 
0x O 
J=\5, 5 (6 .22) 
Ox dy 


does not vanish anywhere. To show this, we separate the 
real and imaginary parts in equations (6.5) and obtain 


a og z On 
aS—— e841 yaCrBe, 


es ‘, 3k (6.23) 
Substituting the expressions obtained for - and on in the 


Jacobian (6.22), we obtain 


= (5) +5) | 


From this, it is clear that this determinant can be equal to 
zero only at those points at which 


of On 
dy dy 


and hence, on the basis of equations (6.23), only at points at 
which 


¥ It is possible to find an analytic solution d(x, y) of equation (6.5) 
such that d¢/dx and d¢/dy do not simultaneously vanish in some 
neighbourhood of an arbitrary point (xo, yo) of the region in question. 
For example, this may be done by giving values of d(x, y) for x = x, 
such that 6”, (xo, yo) # 0 in accordance with the Kovalevsky theorem. 
We assume that ®@ (x, y) is such a solution. 
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OS On 
dx Vand — = 0. 


But such points do not exist in the region in question since 
we would then have at such points 


If we separate the real and imaginary parts in the identity 
Og \? Oy OY 
A(5) ee mates a 
we obtain 


48 3418) 


=| 
oral 


Ao On O05 On , OF On d€ On 

fay Ox +8(= em) yc " (6.25) 
Because of the positive definiteness of the form 

Aa* +- 2Ba8 +- CB? (BY — AC <0), 


the right and left sides of equation (6.24) can vanish only 
when 


a (6.26) 
But we chose the function v(x, y) in such a way that equa- 
tions (6.26) are not simultaneously satisfied. Thus, the 
coefficients of ae and oa in equation (6.3) coincide and do 
not vanish. Therefore, equation (6.3) is reduced to the form 


Ou O7u Ou Ou 
5g2 Tope = Pa (6, 7H, 4, Oe’  } 


This form of anelliptic equation is calledits canonical form. 

We have reduced the equation to such a form in a neigh- 
bourhood of some point (x,, y,) at which there exists an an- 
alytic solution of equations (6.5) with nonvanishing deriva- 
tives. By other and more complicated reasoning, one can 


(6.27) 
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show that such reduction to canonical form is possible with- 
out assuming analyticity of A(x, y), B(x, y), and C(x, y) but 
assuming only that these functions possess continuous first 
and second derivatives. 


7. REDUCTION TO CANONICAL FORM OF A SYSTEM OF LINEAR 
EQUATIONS WITH SECOND-ORDER PARTIAL DERIVATIVES 
WITH RESPECT TO TWO INDEPENDENT VARIABLES 


Consider the system of equations 


gu Sy a; (x ee Oy a ay (x, y, . .,U,) (7.1) 
(—) ro ere 10 


It is immaterial to us whether the f/f, are linear or nonlin- 
ear with respect to the uw,,u,,...,u,.We shall assume that 
the coefficients a;,(x, y) are real and that they have conti- 
nuous partial derivatives with respect to x and y up to the 
k-th inclusively (where k>1) in some region G in thexy- 
plane. Then, under certain addition hypotheses which we shall 
later write in italics, the system (7.1) can, in some neigh- 
bourhood of an arbitrarily chosen point A within G, be 
reduced to the canonical form 


Ov, Ov, : 

ox h, (x, ey +S, (x, y, Vi5545.5.0,,)5 (7.2) 
Ou Ov 5 

= a, (x, y) sb, x, WV oy: Se St (i igen Uy 


a i a OE i a Re a Sa ee ce 


a = Gn, -~1 (x, re mt fy, Sn _ same i (x, DU ue ete » U,), 
OU, ny, * 

Seth, (x, y) aoe VV nessa %,), 
Ov 


n+ Ov, = 
ee BL GE te, yy wut ie 
bee, Ui peaceg Op) 


oe je® j.e® «© © @ @© «6 
Ria ae ee a a ee ee ey 
os eo e¢© @#® oe @ 6 
e 
eo @¢ je © @ © @© @© @ @ 
i a Se a ay ea 
os ¢ eo @ @ @ 


Be = Bre -1 (x, ee (x, y) Act 
a PO 6 Ne eae 


bd ° e 
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eo 0 @ @ @ & @ @ @ @ # 6 @ @ @ # @ @ @ #@© @ @ © © @© @© @© © @©0 0 ¢€ @ @© 6 © @ 


@ @ @ @ 6 @ @ #6 6 @ & @ @ @ @ @ ¢ @ @ @© @ © @© @© @ @ @© @ © @ @© 0© ®© © @© @© @ 


OU ip OU, _ ey A 
—j{ = |, (*, ae Vy Vyyoees Uys 


a a i? Se i” i Si? i ae 7 


ae = On, — 1 (XY) “oat th, (x, y) Sn 
+f" ( xX, Y,V 1? — 


by a linear nonsingular transformation of the unknown func- 
tions u,,...,u, with coefficients possessing as many conti- 
nuous derivatives as do the coefficients a,,(x, y). Here, 
h, (x, y), «24, Ay (*%, ¥) are the roots of the determinant of the 
matrix 


I] 255 (%s Y) I] — AE, (7.3) 


and a;(x, y), 8;(x, y), ..., @,(*, y) are certain rather arbi- 
trary functions possessing continuous derivatives up to the 
k-th order inclusively and nowhere vanishing in the 0 
bourhood in question of the point A. Thefunctions v,, i,, 


Bie +r %/,,---,/ can in general be complex functions a 
their arguments. if J, --+->f/, have continuous derivatives of 
g-th order, then f*,..., /, will have continuous derivatives up 


to the order min {q, k— 1} inclusively. 
The systems (7.1) and (7.2) that we have been considering 


differ from a system of linear ordinary differential equa- 
tions 


WD ayyythle) Uhm 


j>1 


with constant coefficients a;, and the canonical system (133) 
corresponding to it shown in Section 43 of my book on ordi- 
nary differential equations (Gostekhizdat, 1952) only in the 


fact that instead of ~ on the left sides of the corresponding 
ordinary differential equations we have aa and instead of 


5 , in the corresponding ordinary differential equations we 
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understand the factor 1. The coefficients are constantin the 
system of ordinary differential equations (133) andthe func- 
tions f and f* depend only on a single independent variable 
whereas, in the corresponding partial differential equations 
that we have been examining, the coefficients of the deriva- 
tives depend on two independent variables and the functions 
f and f* depend not only on these two independent variables 
but also on all the unknown functions. 

The reduction of the system (7.1) to the canonical form 
(7.2) is carried out by a change in the unknown functions in 
just the same way as was done in Section 44 in my book on 
ordinary differential equations for a system of linear equa- 
tions with constant coefficients. The only thing that we need 
to worry about in this case is toshow that close to the point 
A the coefficients of the linear transformation described in 
Section 44 are functions (of x and y) possessing the same 
degree of smoothness as do the coefficients a;,(x, y) of the 
system (7.1). For this, it may be advisable for us to review 
somewhat this Section 44. We shall use the method of mathe- 
matical induction. For n—1, the assertion that we made re- 
garding the possibility of reducing the system (7.1) to the 
form (7.2) by a linear transformation with smooth coeffici- 
ents is obvious. Let us assume that it is valid for a set of 
n— 1 equations. Let us show that it is then valid also for a 
set of 1 equations. 

We multiply the é-th equation of the system (7.1) by Ris 
where the k; are certain differentiable functions in aneigh- 
bourhood of the point A; we shall determine these functions 
later. Let us sum the equations thus obtained over all the 
{ and let us write the result in the form 


0 (>) R;u;) 
a 


O(a; 


‘Rit ;) , O(a; ;k; 

__ 1 id a | OR; if i) 

= 2 ay a 2 Ri p> 4 te as oi Oy 
Now, let us determine the k, in such a way that 


a,,k,u, =) VRu., = 
pa Fad Sad | 2 he | (7.5) 


for all uy, where i is a certain differentiable function of x 
and y, either real or complex, For this, it is sufficient and 
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Clearly necessary that the coefficients of uw, on the two 
sides of this identity be the same, that is, that 


hk = D4; Fis JN 2 ncn tg (7.6) 
t 


Thus, to determine &,,&,, ...,2,,we obtain a system of x 
linear homogeneous equations with ” unknowns. For this 
system to have a nontrivial solution (which is the only kind 
that we are interested in), it isnecessary and sufficient that 
the determinant of its coefficient be equal to zero. This 
condition can be written as follows: 


JE — |la;, (| [= 0. (7.7) 


The matrix }£— |]a;, |] is called the characteristic matrixof 
the system (7.1). 

Suppose that )}, is one of the roots of equation (7.7). Let 
us assume that in the neighbourhood in question of the point 
A, every root of equation (7.7) has the same multiplicity 
for all points in that neighbourhood. Suppose that \, is of 
multiplicity o, in that neighbourhood. Then, in that neigh- 
bourhood, 4, satisfies the algebraic equation 


f@-NQ, x: Vv) =0, 


where /)(), x, y) is the & th-order derivative of the left side 
of equation (7.7) with respect to }. Then, throughout this 
neighbourhood, /@)(), (x, y), x, y)s40. Therefore, on_ the 
basis of the well-known theorem on implicit functions, 
h, (x, y) will be equally smooth in the neighbourhood of the 
point A; that is, it will have as many continuous derivatives 
with respect to x and y as do the coefficients a,,. 

We assume also, that in the neighbourhood in question of 
the point A, the matrix 


I] @:; || Age, 


y (7.8) 


where }, is a root of equation (7.7), has thesame rank r,*. 


Then, in this neighbourhood of the point A, the system (7.6) 


*It is easy to show that r, >n — a,;. Specifically, the derivative of order 
a, of the determinant (7.7) with respect to A is, as is easily seen, a 
linear combination of the minors of order (n — @,) of the determinant 
(7.8) when A= A, Since this derivative is nonzero, one of the minors 


order (n — @,) of the matrix (7.8) is nonzero. 
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has a solution with }=), consisting of functions that do not 
vanish simultaneously anywhere in the neighbourhood of the 
point A. Furthermore, these functions have the same 
smoothness as do the a;,. Let us denote them by &,;.To 
find out what the &,, are, we note the following. Since the 
rank of the matrix (7.8) is everywhere ,, in the neighbour- 
hood of A, this point A has a neighbourhood in which some 
particular n—r, equations of the system (7.6) are conse- 
quences of the remaining r, equations. Therefore, every 
system of functions &,, that satisfy these 7, equations in 
some small neighbourhood of the point A will satisfy the 
entire system (7.6). To find the solution of these r, equa- 
tions (for brevity, we shall call them the C, equations), we 
note the following. Since the rank of the matrix (7.8) for 
}==h, is equal to r,, it is possible to construct a square 
matrix with nonzero determinant in some neighbourhood of 
the point A from the columns of the matrix composed of the 
coefficients of the C, system. The functions &,,, which are 
factors in these columns, will be treated as unknowns. The 
remaining &,; functions we set equal to arbitrary constants 
that are not all equal to zero. For definiteness, we set them 
all equal to 1. Then, the system C, determines uniquely all 
the remaining &,, as functions having the same smoothness 
as do the a,,. 

Thus, we havefoundfunctions &,; (forim1,2,...,) that 
do not vanish simultaneously anywhere in some neighbour- 
hood of the point A and that have the same smoothness as 
do the @,,. For definiteness, letus assume that k,,=40 atthe 
point A. Obviously, this in no way restricts the generality 
Since we can always achieve this by achange in the number- 
ing of the u, which reduces to a nonsingular linear trans- 
formation of the u;. Furthermore, let us set 


Z,== DI Ryu; 
j=! 
Obviously, the function z, (x, y) satisfies the equation 
Oz Oz ‘ 
ae ee (x, Y, Car Uy ee oy u,), 
where 


* 
re (x, y, car ue, -.+, U,) 
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_ OP.. 0 (a; R,.) a 
= Leihtit de Se— Ya, = “2,5 
F ae 


Oy 


(see formula (7.5) and the equation preceding it). 

Furthermore, all the considerations made in Section 44 
in my book on ordinary differential equations are applic- 
able without any significant changest. This reasoning is 
considerably simplified in the case in which all the roots 
kh of equation (7.7) are distinct, and we shall follow it to 
the end. In this case, to every root h, (for i=1,2,...,27) 
of this equation there corresponds a system of functions 
k(x, y) (for ,=1,...,”) that are determined from the 
h; just‘as the functions Ry; (x, y)(for 7=1, ...,”) were de- 
termined from \,. The functions k(x, y) have as many con- 
tinuous derivatives as do the a,, (x, y). Here, 


Oz; Oz; x ; 
ae og eT MP Villy acy Ee) (taal, 2 ve. A)s 
where 


z=) Ri Uy; (¢= 1, 2,..., A). 


jJ=1 


It remains toshow that | Ri, |. Letus suppose the opposite, 
that is, that |&;,(x°, y°)|==0 at some point (x°, y°) of that re- 
gion in which all the &;;(x, y) are defined. Then, there exist 
constants C,, not all equal to zero, such that 


SD Cosi (X,Y?) = 0 (¢==1, 2,..., A). (7.9) 


If we multiply the ith of these equations by a,;, and sum 
over i, we obtain 


a he hal y ya (x,y) 


1 We note that for a system consisting of (nm — 1) equations (which, as 
in Section 44 of my book on ordinary differential equations, we shall 
need to write in canonical form), the assumptions written in italics 
are valid, so that, by the inductive hypothesis, such a system of 
(n —1) equations can be written in canonical form. This 1s easily 
proved by expressing the matrix I] 2; | — XE in terms of the corres- 
ponding matrix of the transformed system, which is analogous to 


(134*) of Section 44 of the book referred to. 
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=—— > C Da Ri (x°, y’) aj; Cas y’) ax > Ch, (x°, y’) R,; (x", y°). 


We made this last transformation by using the relationship 
h, k= > Rk: 2; 5 


which is analogous to (7.6). 

Thus, we have obtained equations analogous to (7.9), 
where, instead of C, we have Ch (x°, y’). Analogously, we 
obtain 


SCA? (2°, ¥°) Rei (%", YW") =O for m==2,3,...,2—l. 
S 


Since the determinant of the coefficients of the C,k,;(x°, y’)in 
these equations (the van der Monde determinant) is different 
from zero for the various i, ..., \,,we see that, for all 
s andi, 


C Ri (x°, y’) = 0, 


which is impossible. 

Remarks: (1) It is easy to see that all the reasoning that 
we used in this section will remain valid for the case in 
which the coefficients a;, and f, are complex-valued func- 
tions. However, in what follows, we shall assume that a;, 
and f; are real functions. 

(2) If equation (7.7) has only distinct real roots in the 
region G in question, it follows from the remarks above 
that, in a neighbourhood of the point A, to each root }, 
there corresponds a unique Solution (precisely determined 
except for sign) k;,,&;,,...,;,, of the system (7.6) such 


that in that neighbourhood > kil and the functions Ri, 
ge | 

have the same smoothness as do the a,, (see the footnote 
following (7.8)). By using this fact, we may show that, under 
the conditions stated for the entire region G, if this region 
is simply connected, there exists a nonsingular linear 
transformation of the unknown functions that reduces the 
System (7.1) to the canonical form (7.2). Here, the coeffic- 
ents of this transformation have the same smoothness as do 
the a;,, and the system (7.2) takes the form 
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Ov; OU; ; 
Prats op ke CO 2g Urea 
(ah Jae ty 0) 

(3) If equation (7.7) has no real roots anywhere in the 
entire region G in the xy-plane, the system (7.1) is said 
to be elliptic in that region. 

If throughout the region G there exists a linear nonsingular 
transformation of the unknown functions u, with real coeffi-~ 
cients possessing the same smoothness as do the a,, (x, y) 
that reduces the system (7.1) to the form (7.10), the system 
(7.1) is said to be hyperbolic in the region G. 

On the other hand, if, throughout the region G, all the roots 
kh of equation (7.7) are real and distinct, the system (7.1) is 
said to be hyperbolic in the narrow sense. It follows from 
the preceding remark that a system thatis hyperbolic in the 
narrow sense in a simply connected region G is hyperbolic 
in that region. 

In just the same way, the general linear system of partial 
differential equations with two independent variables 


Oni; a k On5u ; 
art oe >. Ajj (f, ee Ax —* sae (7.11) 


jJz=0k=0 


ie—_s Parer eh 


is said to be elliptic in the region G if throughout this re- 
gion, the determinant of the matrix 


| mm | nj-1 
| \- | > 4a 
ew 


has no real roots i. 

On the other hand, if all the roots of this determinant are 
real and distinct, the system (7.11) is said to be hyperbolic 
in the narrow sense, 

Problem, Show that if the system (7.11) is hyperbolic in 
the narrow sense in a simply connected region G, then a 
system of first-order equations constructed from equations 
(7.11) in the same way as the system (2.5) was constructed 
from equation (2.3) is hyperbolic in that region. 

(4) If all the roots of equation (7.7) are real, the trans- 
formed system (7.2) can be made real, To do this, we need 
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to choose real coefficients of the linear transformationfrom 
the functions u, to the functions v,; which is always possible 
in this case, 

On the other hand, if equation (7.7) possesses complex 
roots, these roots come in pairs of complex conjugate roots. 
Then, the system (7.2) can be constructed in such a way that 
to every equation of the form 


aes By Se lx, Yr Vy oo ey Uy) 


in this system there will correspond a complex conjugate 
equation, that is, an equation of the form 


OU; Ov; 
Be Nay TSE Ys We es Uah 
where 


Uv, == 4;,; he ==A,3 SAX, y, v,, 5 U)=Sf, (x, Wo Oise ig UES 


) 


if we separate the real and imaginary parts in these equa- 
tions and set 


v, = w, + iw, 
hy =a, + 1b,, 
I; =f, + es 


we obtain 


The simplest system of this form is the familiar system of 
Cauchy-Riemann equations 


icy 
Ox “Oy? 
Ow, __ Wy 
Ox oy 


Analogously, equations of the form 


Ou, 


_— Ov, _ OU, 
Bx ay A Gy Sa (1s Os 01D): 
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can be broken into real and imaginary parts. Thus, we have 
shown that the system (7.1) can be reduced by a linear non- 
Singular transformation with smooth real coefficients to 
canonical form in which all the equations, in contrast with 
the equations (7.2), are necessarily real. (See the remark to 
Section 47 of my book on ordinary differential equations re- 
ferred to above.) 
Remark: (5) Consider the system of equations 


nN 


Ou; Ou; 
oe =). az; (x, Hy yy ees tin) ay 
j= (7.12) 


+S; (x, ys ui, . + U,) 


(3 1. waa 72): 


which is hyperbolic in the narrow sense and quasilinear, For 
such a system, the quantities } and k, that appear in equa- 
tions (7.6) and (7.7) depend not only on x and y but also on 
u,,..., uw. We assume that all the roots of equation (7.7) are 
real and distinct in some region ofvariationof the variables 
x,y, ui, Sa une 

Suppose that &,,, ..., &,, is anontrivial solution of the sys- 
tem (7.6) for }=hd, (where j=1,..., 7). If we multiply the 
{th equation in the system (7.12) by Ri and sum over all /, 
we obtain y 


- Ou Ou; 2 
bi (SIN SI Hh le. y,u saeegg lle) 6 —s Peer ae 
a, = es (7.13) 


Each of the equations of the system (7.13) contains deriva- 
tives of all the unknown functions in only one direction. 

In the case of n=2 , the system (7.13) can be reduced to 
a form analogous to (7.10). Let us denote by p(x, y, 4,, u,) a 
particular solution of the equation 


0 (Ry, it 4) 0 (R i Hy) ‘ 
se eee —1,2 
bu, ou, Y (7.14) 


and let us introduce, instead of the functions u,, new un- 
known functions v,(x, y, 4,, 4,) Such that 


U7 oe (7.15) 
Prema aap (2, J= 1, 2). 
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The relations (7.15) are not contradictory sincethe pp, sat- 
isfy equations (7.14). If we multiply the 7 th equation of the 
system (7.13) by y, (for 7=1, 2), we arrive at the following 
canonical system of equations for v, and v,: 


Ov Ov 
set ee ee : fase 12); 
Ox =}, oy ee (x, J, U,, v,) (J ’ ) (7.16) 
The functions v, are often called the generalised Riemann 
invariants. 
For n>2, reduction of the system (7.12) to the form 
(7.16) is in general impossible. 


Chapter 2 
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PART 1 


THE CAUCHY PROBLEM IN THE CLASS OF 
NONANALYTIC FUNCTIONS 


8. CORRECT POSING OF THE CAUCHY PROBLEM 


The Kovalevsky theorem asserts the existence of an analy- 
tic solution to the Cauchy problem for analytic equations with 
analytic initial conditions. Many problems in physics are 
reduced to the Cauchy problem for analytic equations with 
initial conditions that are several times differentiable but 
that are not analytic. At first glance, sucha method of solv- 
ing this problem seems natural. We approximate the given 
initial functions and their derivatives with polynomials. 
According to a theorem of Weierstrass, polynomials can be 
chosen such that the difference between them and the cor- 
responding given functions will be arbitrarily small through- 
out the entire portion of the plane t=f, on which the 
Cauchy conditions are given. According to the Kovalevsky 
theorem for analytic equations, it is possible to solve the 
Cauchy problem if we replace the original initial conditions 
with new ones that approximate tothe original ones. It would 
seem natural to expect that this solution of the new Cauchy 
problem with initial conditions in the form of approximat- 
ing polynomials will be close to the solution of the same 
problem with the original initial conditions, at least near 
that portion of the plane t=¢t, on which the Cauchy condi- 
tions are given. However, Hadamard exhibited an example 
that shows that such is not always the case. 

Let us consider the following problem. Find the 
solution to Laplace’s equation 


79 
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Q? 07u 
aF +- Ox. — iV, (8.1) 
such that, at ¢=0, 
u(O, x)=0, (8.2), 
ur(O, x) =-;sin nx, (8.2) 


where n and & are positive constants. It is easy to see that 
one solution of this problem is 


u(t, x)= sinh nt sin nx. (8,3) 


nkt) 
Since 


1 
[u, (0, lay, 


for sufficiently large 2, the absolute value of u,(0, x) will 
be everywhere arbitrarily small. On the other hand, the solu- 
tion u(t, x) of the Cauchy problem that we are considering 
will, as formula (8.3) shows, take arbitrarily large values 
for arbitrarily small ¢ if a” is sufficiently great. The situa- 
tion remains unchanged if we require not only that |u,(0, x)| 
be everywhere small but also that all the derivatives of 
u.(0, x) with respect to « up to order k—1 also be small. 
Here, k is an arbitrary positive integer greater than l. 
We do not speak of the smallness of the initial values of the 
function u itself since, from condition (8.2), they are 
everywhere equal to zero. 

Let us suppose that we have found the solution to the 
Cauchy problem for equation (8.1) under certain initial 
conditions 


u(O, x)=, (x), 


ur(O, x)=, (x). 


Suppose that this solution is the function u, (t, x). Then, for 
the initial conditions 


u(Q, x) =, (x); u. (0, x)=, (x) +5 sinax 
rf 
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the solution to the Cauchy problem will be the function 
1 
uy (t, x) + oa 


Thus, a very small change in the initial functions and their 
first k—1 derivatives that is made by adding to the original 
initial conditions the functions (8.2), and (8.2), may entail 
arbitrarily great changes of the form (8.3) inthe solution to 
the Cauchy problem even at points arbitrarily close to the 
initial value t=0. 

We shall say that the Cauchy problem is correctly stated 
in some closed region G of the space t, x,, ..., x, contained 
in the region G, of the hyperplane t=, on which the Cauchy 
conditions are given for a system of linear equations of the 
form 


- Sinh nt sin nx. 


ent Q; — be > (k b kn) 
de ek A OE He cnisth 
j=! Or Xi, eee, n 
ou; 
x OLX ax*,, . Oxkn +S; (t, Xi) a Xn) (8,4) 


i= 1,2, ..4M kat... $k ken, bry 


if there existpositiveintegers L, and L, withthe following 
properties: 

(1) For arbitrarily continuous functions (x,, ..., x,), 
with continuous derivatives up to order L, defined in G., 
there exists a unique solution to the system (8.4) in the re- 
gion G_ such that 


O*u, 


oH =O 2 


a ceey X,) (R= 0, 1, «66, M— Neg) 


at ff); 

(2) For an arbitrary positive number ¢e,apositive number 
7 exists, such that throughout the region G,the solution to 
the Cauchy problem changes by an amountless than ¢ if the 
functions ¢/) and their first L, derivatives with respect to 


i: BG ee ‘change by an amount less than yn in the region 


G. 
Ordinarily, the Cauchy conditions are determined from 
experiments and therefore they cannot be determined with 
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absolute accuracy. In view of this, inphysics (we always use 
the word ‘ physics’ in a very broadsense) we are interested 
only in the solutions of the Cauchy problem for those equa~ 
tions for which this problem is correctly stated. As Hada- 
mard’s example shows, the Cauchy problem is by no means 
correctly stated for all equations*. 

The considerations made above regarding the correctness 
of the statement of the Cauchy problem show that there are 
other boundary problems for partial differential equations 
that are of interest in natural science only in the case in 
which the solution of the equation depends continuously on 
the boundary conditions -the correctness** of the statement 
of the problem. Each type of equation has its correctly 
stated boundary problems. 

In almost all cases that we have consideredup to now, the 
formulations of such problems were suggested by physical 
considerations. In particular, the problems listed in Section 
1 are just such correctly stated problems. 

In the present chapter, the correctness of the statement 
of the Cauchy problem will be shown for the wave equation 
in space with a suitable slope of the plane (the carrier of 
the initial conditions) and for linear hyperbolic systems of 
first-order partial differential equations with two independ- 
ent variables. In accordance with what was saidin the condi- 
tion of the problem givenin Remark 3 of Section 7, it follows 
that the Cauchy problem is correctly stated for general lin- 
ear hyperbolic (in the narrow sense) systems of the form 
(7.11) with partial derivatives with respect to two independent 
variables in a simply connected region. 


* It 1s of interest to note that if we consider solutions to the Cauchy 
problem for Laplace’s equation in the class of functions whose ab- 
solute values are bounded by some prestated constant, then small 
changes in the initial conditions will cause only small changes in the 
solution. See, for example, LAVRENT’YEV, M.M., Dokl. Akad. Nauk, 
106, No. 3, 389-390 (1956). 


*"In every specific case, the concept of correcmess of the statement 
of the problem should be precisely defined. To define the correctness 
of the Cauchy problem for nonlinear equations, it is natural to treat 


as possible initial functions pi*) Cn x,) only functions that 
are close to certain specified functions ple (x,,..., x,). It may 
happen that close to one system of functions M(x, ..., *y) the 


Cauchy eda is correctly stated and close to another system of 
functions pi?) (%1,-.., X,), itis incorrectly stated. 
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9. CONCEPT OF GENERALISED SOLUTIONS 


In the preceding section, we spoke of the correctness of the 
stating of the Cauchy problem for sufficiently smooth initial 
conditions. However, physical problems do not by any means 
always lead to initial conditions that are sufficiently smooth 
for it to be possible to assert the existence of a solution to 
the corresponding problem. If the initial conditions are not 
continuous and sufficiently many times differentiable, adif- 
ferentiable solution to the corresponding boundary-value 
problem may often fail to exist. In this case, the use of so- 
called ‘generalised solutions’ of the differential equations 
turns out to be extremely useful. 

The theory of generalised solutions to partial differential 
equations was worked out byS.L. Sobolev in the thirties. Such 
solutions are defined either as the limit of a sequence of 
ordinary solutions or they are defined by means of integral 
identities. 

As an example, let us consider the Cauchy problem for 
the equation 


On Ou : 
with the initial condition 
u(QO, x)= 9 (x), (9.2) 


where (x) is a continuously differentiable function defined 
on the interval ax x<b. Ascanbe easily shown, the solution 
to this problem in the region D{a << x-+-t < db} is the function 


u(t, x)= o(x-+?2). (9.3) 


Now suppose that the function (x) is continuous but not 
differentiable on the interval |a, 6). We know that such a 
function can be represented as the limit of a sequence of 
continuously differentiable functions ¢"’(x) that converges 
uniformly on the interval ja, 5]. Then, the corresponding 
solutions 9'”’(x-+ f) of equation (9.1) will converge uniformly 
in D to the function (9.3). This provides a basis for the 
function (9.3), which may also be considered a solution of 
equation (9.1) in the generalised sense. . | 
Definition 1. A system of functions (4,, ...; uN) is said to 
be a generalised solution ofa system of differential equations 
in a region G if there exists an infinite sequence of solutions 
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(uw, ..., u®) of this system that converges uniformly to 
(u,, .e., uy) that is, if 
N 
sup >. |u, (P) —u@ (P)| 0 as k—+ oo. 
PeG ;—) 
Remark: Sometimes a system of functions(u,, ..., 4n) 


is also said to be a generalised solution of a system of dif- 

ferential equations in the case in whichasequence of ordin- 

ary solutions (u®, ..., u@) converges in mean to (u,, 
.., Un), that is, if 


N 
\ Si (4, (P)— as (PP dP—0 as k—+ 00, 
G i=] 


Generalised solutions defined in this way may be disconti- 
nuous. [See S.L. Sobolev, Uravneniya Matematicheskoi 
Fiziki (Equations of mathematical physics). Gostekhizdat, 
1954 (especially pp. 314, 322, and 329) and Nekotorye 
Primeneniya funktsional’nogo analiza v matematicheskoy 
fizike (Certain applications of functional analysis in mathe- 
matical physics) Leningrad, 1950.] 

Broadening of the class of solutions of any boundary-value 
problem is of interest in the case in which the uniqueness 
of the solution is maintained by such broadening. For the 
most typical boundary-value problems associated with 
partial differential equations, Sobolev proved the existence 
and uniqueness of their generalised solutions. In this con- 
nection, it is especially important to make it clear how one 
should understand the boundary-value problems for the 
generalised solutions. 

For linear homogeneous elliptic and parabolic equations 
with sufficiently smooth coefficients, the introduction of 
generalised solutions by the procedure shown above does 
not broaden the class of ordinary solutions to these equa- 
tions (see Theorem 4 of Section 30). On the other hand, for 
hyperbolic equations, the class is broadenedinavery signi- 
ficant way, as is shown by the very simple example that we 
considered above. 

The introduction of generalised solutions is convenient in 
that, for the existence of ordinary solutions of the basic 
boundary-value problems, we sometimes need to impose 
very stringent smoothness conditions on the functions de- 
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fined on the boundary of the region in question whereas, 
for the existence of generalised solutions, such smoothness 
of the functions given on the boundary is not required. Thus, 
the generalised solution of the Cauchy problem (9.1)-(9.2) 
exists, aS we have already seen, for anarbitrary continuous 
function 9 (x). 

Consideration of the generalised solutions of equation (9.1) 
is all the more natural since the function ¢(x) itself is 
usually known to us in anapproximate form only. Therefore, 
the corresponding function u(t, x) given by formula (9.3) is 
also only an approximation of the exact solution of the pro- 
blem posed. It is completely immaterial to us whether this 
approximation is an ordinary or only a generalised solution 
of equation (9.1). It is important that this solution differ only 
slightly from the true solution when the function y(x) bears 
a uniform but slight difference from the actual initial value 
of u(0, x). 

Another way of introducing generalised solutions, also 
discovered by Sobolev, consists in using integral identities 
that, for ordinary solutions, are consequences of the equa- 
tions in question. We shall illustrate this methodof introduc- 
ing generalised functions, which is widespread atthe present 
time, by considering an example of afirst-order linear equa- 
tion. 

Suppose that the function u(x,, ..., *,) is continuously dif- 
ferentiable in the region D and that it satisfies the equation 


0 
Lu) SS + ait, a a | a) 5 
+(x, 0.2, ¥,) Uf (X,, «205 X,); (9.4) 


where the a; are continuously differentiable and 6 and / 
are continuous in D. Let us multiply both sides of equation 
(9.4) by the function o(x,, ..., x,),whichis continuously dif- 
ferentiable in the region D and which vanishes in a neigh- 
bourhood of the boundary of DO. Letus integrate the resulting 
equation over the region D, Integrating by parts, we obtain 


\\ [uM (s)—fo] dx, ... dx, =), (9.5) 
D 


where 
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Thus, every ordinary solution to (9.4) satisfies equation 
(9.5). However, this equation is also satisfied by a wider 
class of functions u(x,, ..., x,) Since the left side of (9.5) 
does not contain derivatives of u. Therefore, the following 
definition is natural. 

Definition 2. A function u(x,, ..., x,)is said to be a 
generalised solution of equation (9.4) in the region D if 
equation (9.5) is satisfied for every continuous differentiable 
function o(x,, ..., x,) that vanishes at all points of the re- 
gion D whose distance from the boundary D is less than 
some positive number 9p, (where 0, differs for different 
o’S). 

In considering generalised solutions to boundary-value 
problems, we need, aS was mentioned above, to state in 
just what sense the boundary conditions are to be understood. 
Sometimes, these conditions (or some of them) maybe con- 
sidered after changing the integral identity defining the 
generalised solution, For example, suppose that the region 
D lies in the half-plane x, 0 and that its boundary I 
contains a segment I’, of the hyperplane x, —0. 


U(O,.X 5 «e059. X,) =P (Ly soay X,) on T,, (9.6) 


Then, the piecewise continuous function u(x,, ..., *,) Sat- 
isfying the equation for an arbitrary continuously differenti- 
able function g(x,, ..., x,) that vanishes in aneighbourhood 
of !—T, is called a generalised solution of the Cauchy pro- 
blem for equation (9.4) in the region D withinitial condition 


({ [uM (e)— fo] dx, ... de, 


— \ olx,, saree VOLO; Kye ciel g X,)dx,...dx, = 0 
r, (9.7) 
Problem 1. Suppose that a function u (X,, ..., X,)is conti- 


nuously differentiable in a closed region D and that it is a 
generalised solution to the Cauchy problem (9.4)-(9.6) in 
the sense of equation (9.7). Show that this function satisfies 
equation (9.4) and the initial condition (9.6) in the ordinary 
sense. 

2. Construct a generalised solution (in the sense of equa- 


tion (9.7)) of the Cauchy problem for equation (9.1) with the 
initial condition 
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_ {(—!l for x <0, 
4 (0, “= { ] for x > 0. 


3. Suppose that a function u(t, x) is a generalised solu- 
tion of equation (9.4) in the sense of definition 1. Show that 
this function is also a generalised solution of (9.4) in the 
sense of definition 2. 


10. THE CAUCHY PROBLEM FOR HYPERBOLIC SYSTEMS 
WITH TWO INDEPENDENT VARIABLES 


Z, Consider the system* 


Ou; Ou; 
30 Moe = Doyts x)u,-+ 0b, (t 


Shae oe wate IN) 


(10.1) 


We shall assume that this system is hyperbolic throughout 
the entire region in question, that is, thatall the i, are real 
functions of ¢ and x. We shall also assume that all the 
h,(#, x) are distinct and numbered in increasing order. 

Through every point in our region there pass WN real 


characteristics ZL, with angular coefficients k= in 
i 


relation to the x-axis (See example 5 of Section 3). 

If we do not assume that the coefficients in the system 
(10.1) are analytic, we cannot draw any conclusions regarding 
the solvability of the Cauchy problem for this system from 
the Kovalevsky theorem. We assume thatinsome closed re- 
gion G bounded by the segment [a, 6] of the x-axis and the 
characteristics L, and L, which pass through the points 
(0,a) and (0,6) respectively (see Fig. 2), the functions a,,, 
6,, and hk, are continuous and have continuous first deriva- 
tives. Let us define N continuously differentiable functions 
* Everything stated in the present section can with very slight 

changes be applied to systems of the form 

a A eT (i= 1, 2, ..., M) 
under the assumption that the functions f, (t, x, u,..., Uy) have 
continuous first and second derivatives (see the proof of an existence 
of a solution to the equation dy/dx = [ (x, y) by the method of succes- 
sive approximations.) 
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~, (x), ---» Py (x)on the segment [2, 5] and let us pose the 
Cauchy problem for the system (10.1) in the following man- 


ner: | 
Find a solution u,, 4,, ..., 4y of the system (10.1) thatis 


continuous in G and that has continuous first derivatives in 
G, such that, for t=0, 


u, (0, x) =, (xX) ({==1, og N). (10.2) 


Under the assumptions made, the problem has aunique solu- 
tion.” 

Proof: Let us consider the jth equation of the system 
(10.1). Its left member is, up to aconstant factor, the deriva- 


Curves L, and La do not necessarily 
intersect. G region may therefore be 
infinite. G should be bounded by using 
Straight line ¢ = T. This aiso applies 
for region G situated in half-plane ¢ < 0 


Fig. 2 


tive of the function u;(¢, x) along the curve L;. Indeed, if we 
denote by a; the angle between the tangent to the curve L, 
at the point (f, x) and the x-axis, then, as was shown, 


* The assumption that all the A. are distinct is not essential. All the 
statements to be made remain valid for the case in which some of the 
A; coincide. In such a case, instead of the characteristic L,, which 
originates at the point (0, 2), we would need to take for the defini- 


tion of G a solution of the equation “= — \min (t, x), 
passing through the point (0, a), where 
Amin (Z, x) — min { 1, (f, X) ise hay (E, xX) i; 


and, instead of Ly, a solution of the equation = — Amax (t, x), 
passing through the point (0, b), where 


Amax (f,x) = max { A, (¢, x), 0.2, Aw(t, x)}. 


The functions Ne Ch, x) and A... (t, x) are continuous and, as is 
easily shown, they satisfy a Lipschitz condition with respect to ¢ 


if all the A; are continuous and have bounded derivatives with respect 
to ¢. 
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tana, —< 
i 
Consequently, 
i: 
cos a,=—= — ; sina, == ————, 
Viti 1-23 
and 


omy =( ou; Ou;\__| 
my s; denotes the arc length of thecharacteristic L,, 
and — denotes differentiation in the direction of the char- 
t 
acteristic L,. 
The system (10.1) may be rewritten in the form 


N 
Ou; ; 
Las De tity +6; «(= 1, 2; ee ey N). (10.3) 


f= 1 
If we denote by du, the differential of the function u,; as we 


l 
move along the curve L,, we obtain, from equation (10.3), 


ga a. Ul b;) 
Bey +0) is 
and since ds, = V 1 +-\?dt we have 
du-= Q--U b.\ dat Fa 2a seek UV 
: (2,1) + 2) : (10.4) 


Let us now fix an arbitrary point (t, x) intheregion G and 
let us denote by /, that portion of the corresponding curve 
L, between the point (¢, x) and its intersection, at a point 
(0, x;) With the segment [a@, 6] of the (¢ = 0)-axis (see Fig. 2). 
We then integrate the ‘th of equations (10.4) along the arc 
/. from the point (0, x,) to the point (f, x).We then obtain 
the system of integral equations 


N 
u(t, x)—u;(0, x)= \ (2 +- 6, jeu 
ej —= 


(5 ree eae ee A 


or, on the basis of the initial conditions (10.2), 
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N 
U; (f, x)=; (x;) + \ (Zev a ae Re dt. (10.5) 
Obviously, every solution to the system (10.1) that satisfies 
the initial conditions (10.2) is asolution ofthe system (10.5). 
Conversely, if we have a solution of the system of integral 
equations (10.5) and if the functions constituting this solu-~ 
tion have continuous derivatives with respect to ¢ and x 
in G , then, by carrying out operations inverse to those by 
means of which we arrived at (10.5) from (10.1), we see that 
the solution to the system (10.5) is also a solution of the 
posed Cauchy problem. Thus, the problem is reduced to 
proving the existence of acontinuously differentiable solution 
to the system (10.5). 
Let us construct successive approximations to the solution 
of the system (10.5) in the following manner: We set 


uf” (t, x) = 9, (x,) (i==1, ..., N), 


i 
us” (t, X)= 9, (+E XY a(t x) u 1b. (t, x)| dt 
i: a, 
(by 2s, uae ZV) 


and, in general, 


ee N 
u; (ft, x)= 9,(x,) + \ [ » aj; (t, xX) i +-b;(t, x)| dt 


(Pe. waxy AV 


The last equation should more properly be written in the 
form 
t ’ 
‘ (n) 
++ {| 2 ai, (T, Xx ; (%; t, x)) uy i? xX; (t, t, x)) 
J= 


0 


POG Si tae MEST Dy ace WN). 


We assume that x= <x,(t, ft, x°) is the equation of the char- 
acteristic L; passing through the point (f°, x°). If we can 
show the uniform convergence of the sequences us” (£, x) in 
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a closed region G, the system of limiting functions u, (ft, x) 
will satisfy equations (10.5). The uniform convergence of the 
sequence us” (t, x) is equivalent to the uniform convergence 
of the series 


uy (t, x) + = fu"* (f, x) — af" (t, x). (10.6) 


To show that this series converges uniformly, let us con- 
struct a numerical majorant for it. Since the functions 
a (4, x) and uy? (tf, x) are continuous in the closedregion GG, 

they are bounded in that region. Let us therefore set 


M==max{[u|, ..., ae a eee ju |} 
in the region G. Then, 


jus (t, x)| <M 
fa us| < 2M, 
(f, x)€G. 
Let us denote max |fa,,[in the region G for alls, j=1, 
,N by A. Then, 
Jul (t, x) — uf? (t, _ by |a;,|-|ujy? — ul |dt<2 MANE, 


jul? (t, x)— uy? (t, x) 


~ (2) (1) i 
<| > ja,,|-|uf—aj) |at<2MAN'S 
i; j=! 


Let us now assume that 


Arman igrams 


Jus” (t, x) — ne. By (a2 


Then, 


pul t (ft, x) — uf” (t, x)| 
an 


al Lleyl ju — ul" decom 


Thus, by mathematical induction, we have, for arbitrarya, 
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n (ANt)® 
F(t, xy — al (t, x) 2M. 


But the region G is bounded and, by taking afixed number T 
exceeding all values of ¢ inthis region, we see that through- 
out the region G 


ae —wWhe om ANT) . 


n 


Since the numerical series 


Bae ge 


converges, it follows that the series (10.6) converges uni- 
formly in the entire region G, which in turn proves the 
existence of a solution to the system (10.5) and its conti- 
nuity. 

Let us now prove the uniqueness of a solution to the sys- 
tem (10.5) that is continuous, and hence bounded, in G. 
Suppose that we have two such solutions tothe system (10.5), 
namely, u,, ..., Uy and uw, ..., ua.If we substitute both 
these solutions into the system and subtract the correspond- 
ing equations one from the other,we obtain 


me N es 
u,(t, x)—u,(t, x)= \ 24 (4; — 4) dt. 
i a 


Let us now suppose that 


max Ju; —u,| = M> 0. 


(x, the G 
is Cee eee 


Then by making successive estimates of the difference 


[u-(¢, x)—u;,(t, x)|,aS was done in the proof of the existence, 
we obtain 


Ma mM ANT 


n!\ 


for any arbitrary 2, which leads to a contradiction as soon 
as n is sufficiently large. Consequently, M=0O and 


u(t, x)=u,(t, x) (i= 1, 2, ..., M), 


whicn means that the solution is unique. 
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To complete the proof, we still need to show that these 
functions u,(t, x) have continuous first derivatives with 
respect to ¢ andx. Obviously, it will be sufficient to show 
that the functions u,(t, x) have continuous first derivatives 
in the direction of /, and continuous first derivatives with 
respect to x at every point since this and the smoothness 
of /, will imply continuity of the derivatives with respect to 
t and x throughout the region G. 

The existence and continuity of the derivatives u,(t, x) 
along /, follow directly from the system (10.5) and from 
the continuity of the solution obtained. To prove the existence 
and continuity of the derivatives sat let us note first that 
the assumed continuous differentiability of g(x), dA, (4, 
x), a;,;(t, x), and 0,(¢, x) implies that all the approximations 
made in the proof of the existence of the solution have con- 
tinuous derivatives with respect to x. Let us differentiate 
with respect to x the equation defining the(z +- 1)st approxi- 
mation. We obtain* 


dul F) (¢, x) ' Ox; (0, t, x) 
——_ = gr [x,(0, tf, x)] ae a 
t 
0 ; ’ X(T, t, x) , 
+{[pseeae us” (t, x; (t, ¢, x)) 
o f 
ou” (x, x; (t, t, x)) Ox; (2, t, x) 
J ’ { ] ] t ’ 9 
+ Sai, (*, x; (t, t, a * aay aa 
J 
pm ai t, | de 


(Pa De. carey: IV) 


From the assumptions made with regardtothesystem (10.1), 


us”) 
we can show that the sequence of derivatives : (for 


n=l, 2, ...})converges uniformly by the exact same method 
as that used to show the convergence ofthe sequence of us”. 


only the constants change in the estimates. Therefore, 


* The coordinate x, of the point of the intersection /; with the straight 
line t= Tis a continuously differentiable function of ¢t and x because 
of the assumed continuity of the derivatives with respect to A;. The 
limits of integration with respect to ¢ in the line integral do not 
change with changing x. 
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By using inequality (10.9) and again making an estimate 
|z,(t¢, x)[ by means of equation (10.8), we obtain 


lz;(4, | <q(1 + ANA) pe SN 


By repeating this operation a times, we can prove the in- 
equality 


(ANt)?~? (ANt)" 
FAG dj<n(I-Pane+.. , 4 Aner NOT 9 (Aner . 
Taking the limit as 2 — ov, we obtain 
ez neAAT, 


From this it is clear that e—-+0 as 7—0 since e447 is a 
constant not depending on 7. 

Problem 1. Formulate a definition of a generalised solu- 
tion to the Cauchy problem for the system (10.1) under condi- 
tions (10.2) in a manner analogous to what was done in 
Section 9 for equation (9.4). 

2. Prove the uniqueness of the generalised solution ofthe 
Cauchy problem (10.1)-(10.2) in the class of continuously dif- 
ferentiable functions outside a finite number of smooth 
curves. 

3. Suppose that the generalised solution of the Cauchy 
problem (10.1)-(10.2) has a finite number of smooth curves 
of disconitnuity of the first kind outside of which it ix 
continuously differentiable. Show that these curves are 
characteristics of the system (10.1). 


3, We shall conclude the present section with a brief des- 
cription of the method of finite differences, which is con- 
venient for obtaining an approximate solution of the Cauchy 


problem stated in subsection 1. 
Suppose that we are given initial functions 9, (x) on the in- 


terval [a, 6] of the x-axis. To find approximate values of 
the function u,(t, x) satisfying the system (10.1) and taking 
at t=0 the given values of 9;(*), we proceed as follows: 

Let us take some integer a and let us partition the in- 


ps 
terval {a, 6] into 2 equal portions of length h= — . We 


then draw straight lines x==a-+ph and t= qh for those in- 
tegral values of p and g such that the region G in which a 
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solution to the Cauchy problem (see subsection 1 of the pre- 
ceding section) will be covered with a square net each 
square in which is of side A, Let us number the corners of 
the squares with two indices; specifically, let us denote by 
M,, the point of intersection of the two straight lines 
x==a-+ph and t=qh. We are given the values of the un- 


known functions u,(t, x) at all the points M,.: 
u,(0, a+ ph) = 9; (a+ ph) = 9; (M,,)- 


The following is a process by means of which it is,possible 
to find approximate values of u,(t, x) at all corners of the 
squares of the net lying within G. At each of the points 
M,, the coefficients of the system (10.1) are defined; in 
particular, the N numbers 1,(M,,)=N" (for i=1, ..., N) 


are defined. From each point Moo: let us draw N segments 


acd l 
of straight lines with angular coefficients k?° =——,, tothe 


intersection with the straight line t=Ah, and let us find the 
values ofu,(t, x) at the opposite ends of the corresponding 
segments. To do this, we use the form (10.4) of the system 
(10.1) and we replace the differential (as we move along the 
characteristic Z,) with an increment and the corresponding 
exact equation with an approximate one. Wethenobtain the 
relationship 


du, = (2) a,,u, + d;) h, 


which makes it possible to find the incrementin the function 
Au, that results when we change from the point M,, along 


{ 
the characteristic £, (more precisely, along the tangent 
to that characteristic) to the straight line t= A. 

When we add the increments obtained to the original 
values of the function at the points M >», we obtain values 
of each of the functions u; at points’of the straight line 
t==h. Here, the values of the different functions wiil general- 
ly be determined at different points. By means of some sort 
of interpolational process carried out on the values found for 
u;, on the straight line t=, we determine its value at the 
points M pi.’ that is, at the corner points of the grid that lie 
on that straight line. We may then determine the values of 
u;(t, x) by the same method at points of the straight line 
t= 2h, that lie within the region G. By repeating the inter- 
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polation and subsequent determination of the values of 
u,(t,x) aS many times as we may find it necessary, we can 
find approximate values of all the functions u,(¢, x) at all 
corners of squares lying in the region G. 

It can be shown, that, as 1 —— oo, the approximate values 
of the functions converge uniformly to a limit, which re- 
presents the exact solution of the Cauchy problem. Con- 
sequently, for sufficiently large a, the approximations found 
by the method described differ arbitrarily slightly from the 
true solution. 

If N=2, the process of approximate calculation of the 
solution to the Cauchy problem is considerably simplified. 
Then, we have only two families of characteristics. If we 
partition into small sub-intervals the interval [a, 5] andthe 
x-axis on which the initial values of u, and u, are given 
and if we draw the tangents tothe characteristics of the dif- 
ferent families through the points of division to the inter- 
section that is closest to the interval [a, 5], we find approxi- 
mate values of u, and u, at these points of intersection, as 
was described above. If we draw tangents to the character- 
istics through these new points, we thus find approximate 
values of u, and u, at those points ofintersection of the new 
tangents that are closest to the interval [a, 6], and so forth. 
Thus, we obtain values of uw, and uw, in some sufficiently 
dense set of points if the initial partition of the interval 
[a, 6] is sufficiently fine. In this case, no square grid or 
interpolation is required. 


11. THE CAUCHY PROBLEM FOR THE WAVE EQUATION. 
THEOREM ON THE UNIQUENESS OF THE SOLUTION 


Theorem, Suppose that a function u(t, x,, x,) satisfies the 
equation 

Ou ou | Ou 

ot? Ox? Ox? (11.1) 

within acircularcone A withaxisparalleltothe t-axis, 

with vertex at the point A, and with generators that form 

an angle a==45°with the f-axis. Suppose also that the 

function u(t, x,, x,) and its first and second derivatives 
are continuous within A and on its boundary. 

Then, the value of u(t, x,, x,) is uniquely determined 
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Ou 
at the point A by the values of u and ap on the base of 
the cone lying in the plane t==?,. 


The cone K is called the characteristic cone. It is easy 
to see that the lateral surface of K is acharacteristic sur- 
face in the sense of subsection 2 of Section 3. 

The theorem holds also inthe casein which the coordinate 
t>t, just as it does in the case in which ¢< ¢,. 

Remarks: (1) Instead of equation (11.1) we could have 
taken the equation 


2 2 oe? 
Ot = a" aor e (11.2) 


ot? Ox? Ox} 


where a is any positive constant, in the formulation of the 
theorem by replacing the cone whose generators form a 45° 
angle with the t-axis with another cone whose generators 
form an angle «= arctan a with the t-axis (since equation 
— reduces to equation (11.1) when we replace ¢ with 
t/a. 

(2) We can always assume that t,==0. The case of any 
other value of ¢, reduces to this one if we replace the in- 
dependent variable ¢ with a new independent variable t* 
=t—t,. This change of variable does not change the form 
of equation (11.1). 

(3) Suppose that we are given a region G, in the plane 
t==Q0.Let us construct cones A whose bases lie inthe region 
G,, whose axes are parallel to the t-axis, andwhose gener- 
ators form an angle of+ 45° withthe t-axis. Then, it follows 
from our theorem that stating the values of u and 2 inthe 
region G, uniquely determines the solution to equation (11.1) 
in the region G of the space (t, x,, x,) filledbythecones K. 


For example, stating the values of u and ee in the square 


| x,| <a, | x,| <Ca determines uniquely the twice continuously 


differentiable solution u(t, x,, x,) of equation (11.1) within 
each of the two pyramids for whichthis square is the common 
base and which have lateral surfaces forming a 45° angle with 
that common base. 


(4) Giving the values of yu and insome circle G, inthe 
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x,x,-plane does not determine the solution u (t, x,, x,) of 
equation (11.1) atany point B lying outside the corresponding 
cones K with common base G,, with axes parallel to the 
f-axis and with generators making a 45° angle with the 
t-axis. To prove this assertion, we need only show that a 


solution u(t, x, x,) exists such that ue and a are equal to 


zero in the circle G, and that u(B)40. To construct such 
a solution, we note that, for an arbitrary twice continuously 
differentiable function f(z) and for aj-+-a;—1, the function 


f(t a,x, + 4,x,) (11.3) 


is a solution to equation (11.1). (The reader should verify this 
for nimselt.) 
The function (11.3) has constant values on every plane 


ttax, +a,x,=C, (11.4) 


each of which makes a 45° angle with the t-axis. Let us 
choose a, and a, such that the plane of the family (11.4) that 
passes through the point B will not intersect the circle G.. 
Then, we can choose a twice continuously differentiable func- 
tion f(z) in such a way that f(¢-+a,x, +-a,x,) will be nonzero 
at the point 8 but zero in G,. Then, 


u(t, x,, x,) =f (t+a,x, +a,x,) 


will be the desired solution. 

Remarks: (5) The proof of the uniqueness theorem that 
we shall give below is applicable for twice continuously 
differentiable solutions of the equation 


O7u O07u 
aay 


ot? 


O07u 
2 
Ox, 


for arbitrary n. In such a case, the three-dimensional cone 
K referred to in the formulation of the theorem must be re- 
placed with a cone in the n2-++ 1-dimensional space with axis 
parallel to the t-axis and generators forming a 45° angle 
with the t-axis. This cone is still referred to as the char- 
acteristic cone. For na=1, this cone is replaced with a 
triangle whose base is parallel to the x-axis and whose 
lateral sides form a 45° angle with it. 

Proof of the uniqueness theorem: Suppose that two conti- 
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nuous solutions 4u, (f, x,, x,) and uw, (f, x,, x,) to equation (11.1) 
with continuous first and second derivatives are defined with- 
in the cone K and on its surface and suppose that uw, and 
u, and their first derivatives with respect to ¢ coincide on the 
base of kK. Then, the difference 


u(t, x,, x,)==u, (t, x,, x,)—4, (tf, x, %,) 


must also satisfy the homogeneous equation (11.1) within K, 
and u(t, x,, x,) and u,(f, x,, x,) must vanish on the base of 
that cone. The uniqueness theorem will be proven if we can 
show that u(t, x,, x,)==0 at the vertex of kK. Toshow this, let 
us integrate the expression 


Ou & _ O7u Ou 
ot ; : 


“2 


(which is everywhere equal to 0 since the function uw sat- 
isfies equation (11.1)). Since 


ou Fu _ 1d (du? 
otot®” = 2 ot \at }’ 


and 
outs. 2 (den). Pe de 
Ot Ox; Ox;\ dt dx; Ot Ox; OX; 
it follows that. 
Ou fou eu Ou 
o= VW (Se Sr a) atx, dex 
pot \ oF ax? ax? : 
See ee hee a 
\\S \ 2 0¢ | \ot — Ox, sy Ox, 


O Ger 6) (S Ou 


Ox, \0t Ox, / Ox, \ OF Ox, 


)} dt ax, dx,. 


Let us transform this integral into a double integral by 
using Ostrogradskii’s formula. If we denote the lateral sur- 


face of the cone K by K, and its base by C, then, since the 
initial conditions indicate that 


Ou Ou Ou 


of Ox, Ox, 
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there remains * only the integral over K,. 


mE II {((8) + (HY +(e 0 


Ou Ou Ou Ou 11.5 
a9 10K cos (”, x,)—2 af OR. cos (7, x,)} do ( 


But on the lateral surface of the characteristic cone, 
cos’ (, t)— cos* (n, x,)—cos?(n, x,)==0. (11.6) 


If we multiply and divide the integrand by cos (a, t) and use 
equation (11.6), we obtain from (11.5), 


I Ou Ou 
Teast ty) {3608 %)— Feros (n, 1) 
kK, 


‘e) 2 
+ & cos (7, x,) ~ <2 COs (f, t) do == 0. 
: (11.7) 
Here, it was possible to take cos (”, ?t) fromunder the in- 
tegral sign since this quantity is constanton K,.Specifically, 


cos (7, N= 
for t >t, and 

cos (7, N= 
for t<it,. 


It follows from equation (11.7) that, on the lateral surface 
of the cone K, 
4, 


cos(nm, ¢t) cos(n, x,) cos(m, x,) oe 


(11.8) 


* We call attention to the fact that in the transformations of the tn- 


tegral 
du /d*u O'u O*u 
S\) ry; (aot 5 —= a dt ax, ax. 


we made use of the continuity of the first derivatives of u within and 
on the boundary of K and of the integrability over K of the second 
derivatives of u. The second derivatives of u are always integrable 
over K if they are continuous within K and on its boundary. 
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If we denote by m the direction of some generator of the 
cone K, then, by using equations (11.8), we obtain 
a é ; , 
5— =u, cos (m, t)--u', cos(m, x,)--u), cos(m, x,) 
= v|cos(n, t)cos(m, t)-+cos(n, x,)cos(m, x,) 
+-cos(n, x,)cos(m, x,)|==ucos(m, n)=0. 


(Note that cos (m,n)==0 since the generator of a cone al- 
wavs makes a right angle with the normal to its surface.) 

Thus, on the surface of the cone K, thederivative of u in 
the direction of the generator is equal to zero. It follows 
from this that the function uw is equal to zero at the vertex 
of the cone since it is equal to zero on its base. This con- 
cludes the proof of the uniqueness theorem. 


12, FORMULAE RESOLVING THE CAUCHY 
PROBLEM FOR THE WAVE EQUATION 


J, Suppose that two functions 9,(x,, x,, x,) and y,(x,, x,, 
x,), are defined in some region G, of the space (x,, x,, x,). 
Suppose also that 9, and its first three derivatives are con- 
tinuous and that », and its first two derivatives are conti- 
nuous. We wish to find the solution u(t, x,, x,, x,) of the 
equation 


O*u ul 2u 2 
3 


that satisfies at 0 the conditions 


u(0, x, X,, X,) =, (X,, x, 5), (12.2), 


u,(0, Xi, Xs, X3)=, (X,; Xs) x). (12.2)> 


This solution will be defined at all points (1, X,, X,, x,) that 
are vertices of the characteristic cones whose bases belong 
to G,. 

Let us first find a solution un(t, xX,, X,, x,)of equation 
(12.1) under initial conditions of the particular form 


u, (0, Mir Xs, X,) = 0, (12.3), 


uw, (0, Xs. Ke X,) = (x,, X., X ,)- (12.3), 
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Then, it is easy to see that the function 


Ou 
OA Ne oie Nee ae 


satisfies at t=0 the conditions 


WAS Kis Kes are Dae igs 
07u O*u, 


Therefore, if u, has continuous third-order derivatives, the 


solution of equation (12.1) satisfying both conditions (12.2) 
is given by the formula 


Ou 
ren (12.4) 


Thus, the general Cauchy problem for equation (12.1) is 
reduced to finding u,. We assert that 
7 (a, a a) ds, 


} 
Us(t, X,, X,, Xj) 7 


4n (12.5) 


Se (x1, ¥2, %3) 
This is known as Kirchhoff’s formula. Here,S,(x,, x,, %,) 
denotes the sphere of radius ¢ with centre at the point 
(x,, x,, x,)on the hyperplane t=O on which the function 9 
is given and do, is an element ofthe surface of that sphere. 
We shall assume that the function 9(x,, x,, x,) and its first 


k derivatives (for k= 2) are continuous and bounded. Then, 
as we shall see later from formula (12.6), the function u, 
will also have continuous derivatives up tothe &thorder in- 
clusively. 

Let us first show that the function u, given by formula 
(12.5) satisfies initial conditions (12.3). The first of these 
conditions is satisfied since 


\) a G2, Os) do,|< max | y|- nt 


and, consequently, 
u, (t, X,, X,, X,)—>+ 0 as ¢t-—-+0. 


To check the second condition, we note that if we set 
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Op =X ~_T Bab, 


we reduce the integral (12.5) to the form 


u., (f, X,, *,, x)= \\ e+, x, + #6,, Xs + #8,) d,, 
s: (12.6) 


where the integration is taken over the sphere S, that is 


fixed for all x,, x,, ¥,, f 3° 


Bit Bi -+ Bi =I, d,=7 


Therefore, 


wa) o(x, +78, x,-+78,, +, +18,) do 


+ \\ Bae (es +08. “+08, x, +48,) do, (12.7) 


S; k=! 


Here, y, denotes the derivative of 9 with respect to a,. It 
is easy toseethatthe first term on the right side approaches 
o(x,, x,, *,) aS ¢ approaches 0 and that the second term 
approaches zero since the integral in it remains bounded. 

Now, it will be sufficient to show that u, defined from 
Kirchhoff’s formula satisfies equation (12.1). From equa- 
tion (12.6), we obtain 


07 u 07, 2 O% de 
ee 4 ? 
Oxi aes oe ~ 4x aR Gt aT 5g eta on) 


0G ar 


Oru 
To calculate es ,we rewrite equation (12.7) as follows: 


r+; 


+) aa (12.8) 


eee da, do. +52 da, da + Shae, da, | 


pease 


wo. 


I. 


3 2 do, da, da, 
a, 


(12.9) 


ot 


| 
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where 


ae 1 OG 1 OF 
) 7 dat 58 T 52 4 da, da,, 
t 


and V, is the sphere of radius ¢ with centre at the point 
(x,, x,, %x,) on the hyperplane t=—0. 
From formula (12.9), we obtain 


eee ee LHe pO) I(t); 1 arity 
ot? t* Ant 4xe? ' ant ot 


_—_ I astt) 
= fap aps (12.10) 


But it is easy to see that* 


ane ={S (SE +2 4.8 -) de 


When we compare equations (12.8), (12.10), and (12.11), we 
see that the function u defined by Kirchhoff’s formula does 
indeed satisfy the wave equation (12.1). 

Remark: If the function 4, (x,, ©,, x,) is continuous but not 
necessarily differentiable and if »,(x,, x,, x,) and its first 
derivatives are continuous, the function uw defined by equa- 
tions (12.4) and (12.5) will give only a generalised solution 
to the Cauchy problem. In this case, ageneralised solution to 
the Cauchy problem for equation (12.1) with initial conditions 
(12.2) means the limit of a uniformly convergent sequence 
of solutions 4,,,(¢, *,, *,, x,) of equation (12.1) with the 
initial conditions 


(12.11) 


Hin) (0, Xi, Xo) Xs) = Poin) (X45 Xo) x3), 


0 


53 Him (0; 25 Mig ay Oi ee 


* Specifically, if we shift to polar coordinates (p, 0, w) with centre at 
the point (x,, x, x3), we have 


t 
1 (t) = | 
0 


“ = 


n 2n 

\ \ Av (r, 4, 9) r? sin @ db d0 dr, 
0 0 
n2nr 


=} J aru b, ne sind ay at = J | Ag do. 
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el 
if the sequences 9,,,,), Fo Gin) convergein G, uniformly to 
f 


5 


Das ae Y, as n—oo, It is easy to see that, ify, (x,, x,, 


is continuous and », is continuously differentiable, the 
generalised solution to the Cauchy problem with initial condi- 
tions (12.2) exists and is unique. 


2. Let us consider the particular case in which the function 
~ does not depend on x,. lt is easy to see that the function 
u given by Kirchhoff’s formula will also be independent of 
x, and hence will satisfy the equation 


Oru OP ae 
Of ax? ee (12.12) 


2 


In this case, the integral overthe sphere S, canbe replaced 
with a double integral over theintersection K, ofthesphere 
V, with the plane a,=x,. lf we project the element ds, of 
the surface onto this plane, we obtain 


t 


A | i 


do,= 
2 
a eS a eae 


da, da., 


and Kirchhoff’s formula can be rewritten in the following 
form 


__! Gla, ay) 
u(t, Xy) x,) =z ||) Set as, 
St 


ee | ¢ (a1, 4) da, da, 
2T Hs V ?@—(a,—x,?— (G, — x,) 


Therefore, the solution to equation (12.12) satisfying the 
conditions 


ut (0, My, Xx )=, (x, Xs) 


is given by the formula 


u(t, x,, Ha) = gy | ( pee cate ty 
2 
Kt 


(a, ee x,)? NE X16 
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lo || ~,(a,, a,) da, da, 
-s- | |] : 
OK OF SY t? — (a, ee x,) — (a, — x,)? ( 2 13) 

t 


This formula is Known as Poisson’s formula. 


3. If the function 9 is independent of both x, and x,,the 
function uw given by Kirchhoff’s formula will also be in- 
dependent of x, and x, and will therefore satisfy 
Pu OFu 
ya Se 
on Ox (12.14) 


In this case, Kirchhoff’s formula can be rewritten in the 
form 


Here, we used the fact* that the area of the portion of the 
sphere S, between the intersections of this sphere withthe 
planes a,=const and a,-+da,— const is equal to 2ntda, 
and that the function y(a,) has a constant value on all this 
portion of the sphere with an accuracy up to magnitudes of 
order da,. 

Therefore, the solution to equation (12.14) satisfying the 
conditions 


u(0, x)=9,(x,), 4, (0, x)=, (x), 
is given by the formula 


iat ' ane 
u(t, x)= DY \ 9, (a,) da, a gi OL \ 9, (a) da, 


x,—! x¥,—¢ 


x i+ 
_ Po (X% + A) + 9 (x, — 2) I 
—< an pmcea oes | 9, (a,)da,. (12.15) 


x,—-f 


* The area of a spherical strip of small width da is approximately 
equal to 27pdl, where p is the radius of the middle section of the 
strip and dl is a generator of the cone passing through the lateral 


edges of the strip. But ka =< so that pd/ = tda and do, = 271tdo. 
P a 


108 Partial differential equations 


This formula is known as d’Alembert’s formula. 

We recall from the uniqueness theorem proven in Section 
11 that there are no solutions tothe Cauchy problem besides 
the ones given for equations (12.1), (12.12), and (12.14) by 
formulae (12.4), (12.13), and (12.15) respectively. The meth- 
od that we used to obtain the solution to the Cauchy problem 
for equations (12.12) and (12.14) from the solution to the 
Cauchy problem for equation (12.1) is called the method of 
descent. 

We have found the solution to the Cauchy problem for 
t>0. The case of t<0 reduces to this case by replacing 
t with —?f. This change does not affect equations (12.1), 
(12.12), and (12.14). 

Problem 1. Suppose that a(f, x,, x,, x,; 1t)is a solution 
to equation (12.1) satisfying for t==t the conditions 


(tT, X14, X%q, ©; tT)==), 


di 
ap MT Mar Xan XQi TIS (T,X, X, XQ). 


Show that the solutionu(t, x,, x,, «,) of the equation 


O7u C"u O71 Oru 
<4 SR et, x, Hy) X,), 


satisfying at t==0 the conditions 
UNO, X53 %; X3) == 90, 
(Or Xyr Xqy ¥4)=0, 
Is given by the formula 


t 


u(t, X,, X,, x) = Silt, X43. & 
0 


x5; t)dt. = (12.16) 


Q) 


Problem 2, By using formula (12.5), show that the solution 
(12.16) is of the form 


\ - 
u(t, x4, Xp, x)= g\\ (ete se 9 a da., da 
a (12.17) 


where 


r=| (x, — 4,)' + (x, —a,)? + (x, =e) ; 
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The integral (12.17) is called a lagging potential. 


13. INVESTIGATION OF THE FORMULAE RESOLVING 
THE CAUCHY PROBLEM 


I, The continuous dependence of the solution on the 
initial conditions. All the formulae giving the solution to 
the Cauchy problem for the equation 


nr 
Cu O*u 


<=) — 
ot 1 Ox; 


(13.1) 


for n=2 or 3 that we gave inthe preceding section contain 
integrais of the initial functiors multiplied by specific func- 
tions and the time derivatives of such integrals. For n=l, 
these formulae contain only integrals of the initial functions 
and the initial functions themselves. 

Therefore, if we replace the initial functions », and 9, in 
such a way that they and their first derivatives change by a 
small enough amount, the functionu(/, x,, ..., x,) giving the 
solution to the Cauchy problem will also change only a slight 
amount. When n=—1, for this itis sufficient that the functions 
y, and », change only slightly. In this case, it is of course 
assumed that the values of ¢ in question are bounded if the 
region in which the initial functions are given is infinite. 

Thus, it is established that the Cauchy problem for equa- 
tions (12.1), (12.12), and (12.14) is correctly posed. 

It is possible to derive formulae* giving the solution to 
the Cauchy problem for equation (13.1) for arbitrary a” that 
are analogous to formulae (12.4), (12.13), and (12.15) and to 
show that the Cauchy problem is correctly statedin this case 
also if the initial conditions are given for t=0. The num- 
bers L, and L, that appear in the definition of correctness 
(see Section 8) are equal respectively to [n/2] + 2and [»/2]. 
Here, [x] denotes the greatest integer not exceeding x. 

It follows from formulae (12.4) and (12.13) that, for small 
values of f, the quantities 


ju(t, x, x, *,){ and |u(t, x,, -,)| 
* These formulae may, for example, be derived by the method expounded 


in Course in Higher Mathematics by SMIRNOV, V.I., II, Section 173, 
Fizmatgiz (1958). 
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respectively can be quite great despite the smallness of 4g, 
and 9, if the derivatives of thefunction 9, arelarge, Wave 
‘splashes’ may be formed. 


2. The diffusion of waves. Formulae (12.4) and (12.9) 
show that the value of the solution to the Cauchy problem 
for the wave equation (13.1) with n==3 at the point (¢, x,, 

., %,) depends on the initial conditions only on the bound- 
ary of the base of the characteristic cone whose vertex is 
at the point (¢, x,,x,, x,).On the other hand, if zis lor 2, 
then u(t, x,, ..., x,)depends on the initial data throughout 
the entire base of this cone, asis shown by formulae (12.13) 
and (12.15). 

Let us suppose that the initial values of u and uw, are 
nonzero at ¢=0 only within a small region G, around some 
point(0, x®, ..., x2).Let us investigate the values of u at 


the points (¢, x,,..., x,) for fixed values of x,,..., x, and 
for increasing values of ¢ (beginning with 0). For n=3,the 
value of u(t, x,, ..., ¥,)can be nonzero only onasmall seg- 
ment of a straight line parallel to the ¢-axis in the space 
(f, X,, ..., *,)» Specifically, on that segment containing the 
vertices of the characteristic cones of equation (12.1) the 
boundaries of whose bases intersect the region G,. On the 
other hand, ifm is 1 or 2 and if the point (0, x,) (resp. 
(0, x,, x,)) does not belong to G,, then w(t, x,) (resp. u(?, 
X,, *,)) will be equal to zero for sufficiently small values 
of ¢ and it will generally assume nonzero values beginning 
with those values of ¢ at which the segment |x,—2,|<f 
(resp.(a,—x,)*-++ (a, —x,)’ <?*) intersects the regionG,,. 
Consequently, a disturbance thatis set up at the initial 
moment in some small neighbourhood of the point (x?, 
.e+, ©°) is, for n=3 and t>0, reflected in the values of 
the function only at those points in the space (May: ses) 
that lie close to the sphere of radius ¢ with centre at the 
point (x?, ..., x°). Thus, a disturbance set up at the initial 
instant at the point (x?, x°, x) produces a spherical wave 
having centre at that point and possessing a leading and a 
trailing edge. On the other hand, if n is 1 or 2, a disturb- 
ance set up at the initial instant in a neighbourhood of the 
point (x?, ..., x3) generally has an effect at all points lying 
within the sphere of radius ¢ with centre at (x°, ..., x). A 
wave possessing a Sharp leading edge anda dissolving trail- 
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ing edge is set up. In such a case, we say that diffusion of 
the wave (dissolution of the trailing edge) takes place. For 
n=28, there is no diffusion. It can be shown that there is no 
diffusion of waves for solutions of equation (13.1) if is any 
odd number greater than 1. 

Disturbances set up in a small regionsG, of a three- 
dimensional elastic body or gas cause waves that leave no 
trace behind them if we assume that their vibrations obey 
equation (12.1). In the case of a gas, for example, u(t, x,, 
X,, *,) denotes the deviation in the pressure of the gas at 
the point (x,, x,, x,) at the instant ¢ from the normal pres- 
sure. On the other hand, disturbances in a two-dimensional 
continuum (for example, of astretchedmembrane or a liquid 
surface) that are set up in asmallregion G, produce waves 
that theoretically always leave a trace behind if we assume 
that these vibrations obey equation (12.12). Actually, these 
vibrations are damped very rapidly as a result of friction, 
which is not taken into consideration in the derivation of 
equation (12.12). Similarly, a trace generally remains after 
a wave passes through a point in aone-dimensional continuum 
(see subsection 3 of the present section). 


3, Examination of d’Alembert’s formula. Let us con- 
sider two particular cases that show clearly the behaviour 
of the solution of equation (12.14) in the general case. 

First, let us consider the case in which 4, (x)==:0 and the 
graph of »,(x) has the form shown at the top of Fig. 3 (the 
heavy continuous line). Forbrevity, weshallwrite x instead 
of x,. Then, d’Alembert’s formula takes the form 


u(t, x)= POT hee 8 


To get a graphof u (?, x), whichis considered as a function 
of x at some fixed positive value of ?, it is convenient to 
proceed as follows: First, we draw two identical coincident 
graphs each of which is obtained from the graph 9, (x) by 
halving the ordinate at every value of x (the dashed line at 
the top of Fig. 3). Then, we displace one of these graphs 
without changing its shape (just as ifitwere a rigid body) by 
a distance ¢ to the right along the positive halfof the x-axis, 
and we move the other one by anamount ?¢ to the left. Then, 
we must construct anew graphwhose ordinate at every value 
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22 4 0 { 2 

“2 -1 O 1 za 

est, oe ee, 

“2 -1 a) 1 2 

ey ee ae 

-2 -1 O 1 2 
Fig. 3 


of x is equal to the sum of the ordinates of the same x of 
the two moving graphs. The drawing shows the graphs con- 
structed in this manner for 


u(O, x), u(z, x), 
u(3,°*); u(1, x) 


(Throughout the drawing, the dashed lines represent the 
auxiliary graphs and the continuous heavy line represent the 
graphs of u(f, x) for some fixed value of 7.) 

Let us now consider the case in which 9, (x) =0 and 


1 for [x[< 


9, (X) = 1 
QO for |x| > x 
Then, d’Alembert’s formula takes the form 
x-+t 
u(t, y= \ 9, (a) de. 
x-—t 


For every fixed value of x, the value of u(t, x) will be 0 
until the interval (v—?, x-}#) contains the interval (-1/2, 
1/2), where 9, (x) 40. The value of u(t, x) will vary during 
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an interval of time when the lengthened interval (x —1t, 
x-+?) will contain an ever larger portion of the interval 
(-1/2, 1/2). After the interval (x—t, x«-+?#) contains the 
entire interval (-1/2, 1/2), the value of u(t, x) will keep 
the constant value 


To obtain a graph representing the shape of the string at 
different values of t, we proceed as follows: 
We denote by ®(z) some primitive functionof 4, (z). Then, 


u(t, x)= 4 [D(x-+f—O(x— A), 


To obtain the graph u(t, x), we draw the graphs of the func- 
tions ® (x)/2 and-®(x)/2. Then, we displace each of these 
graphs (as before, without changing their shapes) by an 
amount ¢ along the x-axis, the first to the left andthe second 
to the right. When we add the ordinates of the displaced 
graphs, we obtain the graph of the function u(t, x). 

Figure 4 shows the shape of the string at the instants 
t=—0, 1/4, 1/2, and 1. 


we ~seer ree +(x) 
ae Ai py ae ara, eee A(x) 
“4- 
-2 4 = as ee 7 a 2 
SR re ee Ne “AP(x) 
~2 =7 -% Oo ~h 7 2 
-2 1 Ye o~~hs 2 


Fig. 4 
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The phenomenon of diffusion is expressed here inthe fact 
that the point x, asitmoves away from the equilibrium posi- 
tion, does not again return to it. 

The functions 9,(x) and 4, (x) that we have been examining 
in these examples either possess discontinuities (as is the 
case with 9,(x)) or have derivatives possessing disconti- 
nuities (asisthecasewith 4, (x)). Therefore, the generalised 
solutions of equation (12.14) do not correspond to them. To 
obtain an ordinary twice continuously differentiable solution 
of this equation, we need only make a slight change in the 
graphs of the functions ¢9,(x) and y, (x) so as to obtain the 
graphs of functions with continuous second derivatives. For 
the function 9,, this can be done insuchaway that the ordi- 
nate », (x) will change everywhere only slightly. Then, the 
corresponding solution of equation (12.14) will also change 
everywhere only slightly. The replacement of 9, (x)with a 
continuous smooth function can be done in such a way that 
@ (x) would change by an arbitrarily small amount. Then 
u(t, x) would change only slightly everywhere. 


14. THE LORENTZ TRANSFORMATIONS 


ZI. In Section 1, we pointed out that the expression 
te fe 
tate 


is, up to a constant factor, the only linear combination of 
second derivatives that remains invariant in form when the 
space is rotated, that is, when an arbitrary transformation 
of the coordinates x,, x,, x, is made. The wave equation 


oe ax? ax? Ox? (14.1) 


is also very closely associated with a certain class of lin- 
ear transformations of thevariables (f, x,, x,, x,) with real 
constant coefficients, which do not change the form of this 
equation. Let us look at them in greater detail. 

Any linear homogeneous transformation of these variables 
with real coefficients of the form 


3 
== Sia) I= 0, 1, 2, 3 ’ 
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that leaves the quadratic form 

Xy— Xi — XE XP (14.3) 
an invariant, that yields new variables of the form 

J, yd, 


is known as a Lorentz transformation. 

It is easy to show that the set of all Lorentz transforma- 
tions constitutes a group, the group operation of which is 
the combination of the successive transformations. Inparti- 
cular, it is easy to see that successive application of two 
Lorentz transformations always yields a Lorentz trans- 
formation. 

Let us write the formula for some particular class of 
Lorentz transformations. Let us consider a transformation 
that leaves invariant two out of the last three (space) co- 
ordinates. Such a transformation is of the form 


Yo = ax, aia bx,, 

Y= Cx, aX, (14.4) 
By ae Xo 

So X 5° 


With this transformation, the identity 
Yo — Vi =X — M1. 


must be satisfied. When we substitute y, and y, from 
formulae (14.4), we have 


(ax, + bx,)* — (ex, + dx,)*? =x? — xi. 


Therefore, 
a—c’=—1, 
b? — d’ =—], (14.5) 
ab — cd = 0. 


These equations will be satisfied if we set 


l p 


1 —) —— b6=—-c= 


where |8| <1. 


116 Partial differential equations 


We thus obtain formulae for a certain class of Lorentz 
transformations: 


x Bx, 
>= me fo 
y __ bX + % (14.6) 
1 V | — p? 


Jd, art 
ae 


Formulae (14.6) are quite significant since we shall now 
show that every Lorentz transformation is a combination of 
(1) an orthogonal transformation of the variables x,, x, and 
x, that leaves x, invariant, (2) atransformation ofthe form 
(14.6), and (3) a change of signofsome of the variables (re- 
flection). 

Suppose that a Lorentz transformation is given by the 
formulae 


Yq = 4X q+ yx 1 2% x, +4,,* 3) 

Y= 4, x, + 4, ,x 14% x, + 4,,% 3? (14.7) 
gg IE Bia x, 4,,% 3° 
= 4,,% 4 + a3,%, + 4,,x x, ae 243% 


if at least one of the numbers a,,, a,,, and a,, is nonzero, 
let us perform anorthogonal transformationofx,, x,, x,into 
X1, X2, x, such that 


ayi* + Qy2% + ay 3* 3 = ax). 


If in addition x, is set equal to x,, then, as is easily seen, 
this transformation from x,, x,, x,, %, to xX), x1, x, x,is a 
Lorentz transformation. If we Substitute the variables Xo. 
X,, x,, and x, into the right side of the system (14.7), we 
obtain 
Vo == 4X, + 0X, 
igs 8 eee mee ee *y (14.8) 
ae aot Ones 5,4: * 3) 
Y,= 4,,%, +6,,41 + b,x, + b,, x, X3° 


Let us show that a*< aj. First, since (14.8) is a Lorentz 
transformation, we have 


2 gg? gg 2 2 2 2 - ’ 
Yo Ji Y2— VY, = Xo ——X, — x, — xl), 
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so that 


Moby py He pep x — xe ty. (14.9) 
Let us set y, 0. Then, 


Pe a x’ 
7 Dog 1 


and the identity (14.9) becomes an identity in the three 
variables: 


yityibas (1 ) at ha pa 


The right side is positive for arbitrary values of x,, x,, and 
x, ifx;'-+-x;’+x/'>0 since the fact thaty —y, =) yy 
=0 implies that x,—=x,—=x,—=x,=0. Therefore, 


or a< 4: 


Let us set —=8 and let us perform a Lorentz trans- 
Aq 
formation of the form (14.6): 


Xo + Bx, 
a 
VY 1 — 6? 
es Bx + x, (14.10) 
= ee 
i= x, 
<== x 


Obviously, Yor Viv Yo, and y, will be connected with xj, x1, 
x;, and x by a Lorentz transformation of the form 


Vo = CXo, 
ed oY (14 11) 
= Coo%o + Co%1 + Coys + Coa* » ; 


— CX + C41%1 it Cyq%o -+ Ca3% - 


(as can easily be verified). 
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If a,, =a,, —a,,—0,the system (14.7) already has the form 


o1 — 702 
(14.11). 
Let us find the values of the coefficients c, c,,, c,,, andc,,. 


If we set “==1 andx| =x, = x}; = 0,we obtain, 
Vo = 6s Vy = S101 V2 == Car Va = “a0: 
Therefore, 
bc? — ch — Ch, — 5 and ¢’ >1. 


; ! 
If we set y,=1 and y,=y,=y,= 0, we find that x,—=— 


ba 


and that xi, x;, and x} have certain definite values x),x,, 
and x;. Therefore, 


x 2 


y2 ] 
— x’ and a=), 


l=a— x — x 


or ’<l. 
Consequently,c? = 1, and, returning to the equation 


— 72 2 2 2 
] € Cro Co0 C30) 


we see that c,,—=c,,—=c,,—=0. Consequently, the transfor- 
mation (14.11) does indeed have the form 


YH HX, 
= Cy, Xi lygX%2 Ty 4%5 _ 
Of a Cy 1X1 Cy 9X2 4 5%5 2 (14.12) 


Ds mani Cy,X1 tt Cyy%2 Tr l53%5 3° 


By changing the sign of the coordinate x, if necessary, we 
obtain a Lorentz transformation that is a simple orthogonal 
transformation of the variables xi, x2, and x, intoy, y,, 
and y,. 

Thus, we see that the most eenenal Lorentz transforma- 
tion (14.7) that maps the variables x; into y, is the result 
of successive transformations: an orthogonal transforma- 
tion mapping x, into x,, a Lorentz transformation of the 
particular form (14.6) mapping x; into x7, possibly a change 
of sign of xo, and, finally, an orthogonal transformation of 
x; into y, (fori=1, 2, 3). 

If we transpose the matrix of each of these intermediary 
transformations, we again obtain the matrix of a transfor- 
mation of the same type. It follows from this that the trans- 
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pose of the matrix of a Lorentz transformation is also the 
matrix of a Lorentz transformation. Furthermore, it fol- 
lows from the definition of a Lorentztransformation that the 
inverse of a Lorentz transformationis also a Lorentz trans- 
formation. 


2. Let us now show the basic fact which will make clear the 
close connection between Lorentz transformations and the 
wave equation. 


Theorem, Every nonsingular linear transformation of the 
variables ?, x,, x,, x, with real constant coefficients, 
which does not change the form of equation (14.1), is a 
combination of a Lorentz transformation, a translation 
of the coordinate origin in the space(?, x,, x,, x,),and a 
similarity transformation in that space. 


For simplicity in notation, we set t= x,. 

The assertion that some transformation ‘ does not change 
the form of the equation’ is to be understood as follows: 
An arbitrary function u(x,, x,, *,, x,) (with continuous second 
derivatives) that satisfies the equation 


—— 
= = vee, | Ome : ” a 


will, after a transformation of the x, into y,, be trans- 
formed into afunction u(y,, y,, ¥. ¥,) satisfying the equation 


> 


ayy ay? ys ys (14.13) 


From this, it follows that under an arbitrary transforma- 
tion of this sort for an arbitrary functionu (x,, x,, x,, x,) the 
equation 


ee 2 ee (ee eed (14,14) 
oy, Oy; Oy; oy; =k ax* Ox’ Ox; Ox; 


Where £=£0 is aconstant, will be valid. To see this, if we 
make the most general assumption 

—_ 07u 

ayy ay? aye? Du Aisanax, (14.15) 
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and suppose that 


we arrive at a contradiction with the factthat every solution 
to equation (14.1) is transformed into a solutionof the same 
equation under a transformation ofthe variable. Inthis case, 
we may choose a systemofhumbers u3,— u°., that satisfies 
the two linear equations 


3 
> Au. = 1. 
,j=o ee 


(14.16), 
ue —ue —u? —y° —O0, 
00 1] 22 33 (14.16), 
For the function 
3 
] 
UX is ‘J=F7 ur X ;X,; 
i,j =0 


we have the equations 


07u P 
= — dM.. 
OX OX lf 


On the basis of (14.16), , this function satisfies equation 
(14.1) and, after a change of variables, it will satisfy equa~ 
tion (14.13). This follows from (14.16), and (14.15). Conse~ 
quently, equation (14.14) is valid. 

Let us perform the similarity transformation 


; l 
LX) ——— (= 0,.1,.2, 8): 
i= Rie | 
Then, 
(I ou _ ou =| aes Ou O71 071 O7u 
Ax, Axi Ox; Ox) <= re (oa Ox, Axi, | =) 


Consequently, it will be sufficient for us to show that the 
transformation 


Ve 2, Oe, 0p ces Bh (14.17) 
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which does not change the absolute value of the differential 
expression 


O7u O7u Oru O7u 
Te ae 72°. fa oe yg 14.18 
Ox, ax, Ax; ax,” ( 


is a Lorentz transformation; that is, it does not change the 
form of the quadratic form 


x, — xX, — x, — xl’. (14,19) 


But this follows from the fact, that, as was shown in Section 
o, under a linear transformation of the independent variables 
of the form (14.17), the expression 


3 


S usrag 
T ax’ Ox, 


ij =0 


is transformed in the same way as the quadratic form com- 
posed of these variables 


3 
a Ci XX js 


ijj=o 


is transformed if we perform the transformation 


x, — p>) Qi; Yi j= 0, eee y 3). (14.20) 


on them. Since the transformation (14.17) does not change the 
form of the expression (14.18) except as regards sign, the 
transformation (14.20) does not change the form ofthe quad- 
ratic form (14.19) except as regards sign. But, on the basis 
of the law of inertia, even the sign of (14.19) cannot change 
under any linear transformation with real coefficients. 
Therefore, the transformation (14.20) and its inverse are 
Lorentz transformations. In accordance with what was shown 
in subsection 1, the original transformation (14.17) must 
therefore be a Lorentz transformation since its matrix is 
the transpose of the matrix of the Lorentz transformation 
(14.20). 

Thus, we have shown that every homogeneous linear trans- 
formation that does not change the form of equation (14.1) is 
a combination of a similarity transformation and a Lorentz 
transformation. Since a translation of the coordinate origin 
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obviously does not change the form of this equation, the 
theorem is proved. 


3. By an orthogonal transformation of the variables x,, x,, 
x, we can translate an arbitrary hyperplane in the space 
(t, x,, X,, *,) inclined at an angle greater than 45° from the 
f-axis (and only such an angle) that passes through the co- 
ordinate origin into the hyperplane 


t= Bx,, where |B] < 11 


but the Lorentz transformation (14.6) makes it possible to 
translate this hyperplane into the coordinate hyperplane 
¢*-—-0. Thus, by a linear transformation of the independent 
variables that does not change the form of equation (14.1), 
we can always translate anarbitrary hyperplaneinthe space 
(t, x,, x,, x,) that is inclined at an angle greater than 45° to 


the t-axis into the hyperplane f=0. This shows that it is 
possible to solve the Cauchy problem for equation (14.1) by 
giving the initial conditions not only on thehyperplane ¢=—0 
but on anarbitrary hyperplane II that forms an angle greater 
than 45° with the ¢-axis or, what amounts tothe same thing, 
on a hyperplane II that intersects each of the characteristic 
cones of equation (14.1) only along its field or only at its 
vertex. Specifically, by defining a function uw andits deriva- 
tive in some direction out of the plane |] throughout some 
region G, contained in Il, we give the first derivatives of u 
in an arbitrary direction inthespace (f, x«,, x,, x,) through- 
out the plane G, since knowledge of the function u in the 


t Suppose that the ‘equation of such a hyperplane is given in the form 
At + Bx, + Cx, + Dx,;=0, where B?+ C?+D?=1. Then, the cosine 
of the angle ay between the normal to the hyperplane and the t-axis 
is equal to AXA? + 1)%, and the tangent of this angleis 1/A. If the 
normal to the hyperplane makes an angle less than 45° with the t-axis, 
the transformation 


Bx, + Cx, + Dx, = x; 


for values of x,“ and x,’ that are suitably chosen (from the conditions 


of orthogonality of the transformation) transfonns the given hyperplane 
into a hyperplane of the torm 


At+x,=0 or t= — =x »where 


1 
tea 
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region G, tells us its first derivatives in every direction in 
G,. By transforming the hyperplane II into the hyperplane 
t*==0, we reduce the solution of the Cauchy problem under 
the initial conditions on II to the Cauchy problem that we 
examined in Section 12. 

On the other hand, it is easy to show that the Cauchy 
problem for equation (14.1) will be incorrectly stated if 
the initial conditions are given on a hyperplane II that 
makes an angle notexceeding 45° withthe t-axisin the space 
t, X,, ..-., x, - To see this, note that if the hyperplane II 
makes a 45° angle with the ¢ -axis, it willhave a character- 
istic direction, and therefore we cannot give Cauchy condi- 
tions arbitrarily on it no matter what smoothness require- 
ments we impose upon them. 

Let us now consider the case in which II makes an angle 
less than 45° with the ¢-axis. By anorthogonal transforma- 
tion of coordinates in the space (x,, x,, ¥,) and by aparallel 
displacement of them, we can always arrange for the hyper- 
plane [I to have the equation 


Bt’ +-x,==0, where |B] <1. 


Here, as we have noted, the form of equation (14.1) is not 
changed. If we now perform a Lorentz transformation, we 
can arrange for the hyperplane II to have the equation 


xi=0. 


This does not change equation (14.1). 
Let us give the following Cauchy conditions on the hyper- 
plane xj;=0: 


u(t*, 0, x3, %,) =, (%2); 
ue (f*, 0, x5, x4) =, (4). (eeeen) 
If we find the solution u(xj, x}) of the equation 
O*u 074 0 
ax*® ax : 
satisfying the conditions 
u(0, x2) =, (x2), 
u,* (0, x3) =, (2), eee) 


the function u(x}, *;) will satisfy equation (14.1) and the 
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conditions (14.21). If we take conditions (8.2), and (8.2), , 
which we used in Hadamard’s example, for the initial condi- 
tions (14.22), we can easily obtain an incorrectly stated 
Cauchy problem for equation (14.1) with initial conditions on 
the hyperplane x,—0. 


15. MATHEMATICAL BASES OF THE SPECIAL 
THEORY OF RELATIVITY 


The special principle of relativity consists in the fact that 
all the laws of nature have the same form in all inertial 
systems (i.e., systems consisting of three space coordinates 
denoting position and one time coordinate)*. More precisely, 
all the laws of nature can be written by the same equations 
in each of these systems. In particular, the velocity of light 
is the same in each of these systems and hence does not 
depend on the direction of propagation ofthe light. For sim- 
plicity in writing, we shall assume thatthis velocity is equal 
to 1. 

Such a system of coordinates is called an inertial system 
if every body moves inastraight line withuniform velocity in 
such a system when there are no external forces. It follows 
from this definition that a space-time system thatis moving 
with a uniform velocity in a straight line with respect to any 
inertial space-time system is also an inertial system and, 
conversely, any two inertial systems move with a uniform 
velocity in a straight line with respect toeach other. 

Our purpose is to find the relationship between space- 
time coordinates for two inertialsystems A’ and A” oneof 
which A” is moving uniformly in astraight line with velocity 
B (where ; 8B, <1) with respect to the other inertial system 
A’. 


From the assumption that space and time are homogene- 
ous and isotropic, we shall assume that the connection that 
we are looking for is linear and that the coefficients de- 
pend only on 8. We shall denote the space-time coordinates 


for A’ by (¢’, xj, x2, xj) and for A” by (#", x’, x3, x3). For 


Simplicity in writing, we shall sometimes write x, instead 
of ¢t' and x’ instead of 2", 
Thus, suppose that 


* The calculation system is made up of space coordinates which deter- 
mine the place and time. 
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3 
w= 2 a;,(B)x;ta,  (¢=0, 1, 2, 3). (15,1) 
The search for the relationship between the coordinates 
((, X, X2, x;)and (¢", x1, x3, x%) will be based only on the con- 
Stancy of the velocity of light for the systems A’ and A’. 
A rectilinear propagation of a plane light wave in the 
space (x,, x,, x;)can be described by a nonconstant function 


Ff (a,t’ + a,x, + a,x, + ,x!), (15.2) 


the level surfaces of which are displaced perpendicular to 
the plane 
a,x,-+ a,x, + a,x;= const 


with changing time ?¢’ with a velocity 


nee eae 
a ae aaa 

Vaal fat 

which by assumption is equal to 1. Here, a,, a,, a,, and a, 
are constant. From this, it follows that 


Ay = a, + a; + a}. (15.3) 


Since the velocity of light for the system A” in the coordi- 
nates ¢’, xj, xj, x; must also be equal to 1, when we shift 
from the coordinates x, to the coordinates x’ we see that 
the expression 


a,t' +-a,x,-+-a,x, + 4,x; 
becomes 
at" + ajxt aie bajx; +6 
and that 
a\* =a; +a,’ +a,’ (15.4) 


Let us show thatthe coordinates ?t", xj, x;, x; canbe obtained 
from ?¢', X;, %., x; by a Lorentz transformation and a trans- 
lation of the coordinate origin. By atranslation of the origin, 
we may replace the coordinates ¢”, x1, x?, x; with coordinates 
t, x,, x,, x, that are related to?’, x,, x,, x; by the homo- 
geneous linear equations 
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i D> 4;; (Bx; (i==0, 1, 2, 3). (15.5) 
70 
Suppose now that the function 
f (a,%. + a, %1 + 4,%2 + 2X5) 
is transformed into the function 


, ; ? r] 
F (ox, +.4,x, + ax, + 25x,) 


» @,,and a, satisfy the equation a) — aj 


lf thenumbers a,, @ 
—a?—az=—0, then a, a, A>, a, satisfy the analogous equa- 
tion a,? — a,2 — a,2? —a,? = 0. Here (a,,4,,@,, @,) represents an 
arbitrary system of numbers that satisfies equation (15.3) 


and a), @,, a2, @; represents the corresponding system of 
numbers after the transformation (15.5). Let us show that 
this implies that (15.5) gives the Lorentz transformation for 
the coefficients a;; that is, 


2 ‘2 19 
Qo —a—a—a’?—a, —a, ay, he —aQ@3. 


For a transformation of the variables a; whenthe substitu- 
tion (15.5) is made, we have in general the formula 


a5 —a;—a;— a, = Dk, (B) a; a;. (15.6) 


i, j=0 


Let us first show that 

> by (8) a; a; = k(8) (ag, — a, —a, —a,’). (15.7) 
This is true because the equation 
2 jy (B) ai a; = 0 (15.8) 
implies that 


2 49 , 
ay —a, —a, —a, =), (15.9) 


and conversely; that is, the surfaces in the four-dimensional 
space (a), a, Qo, a) defined by equations (15.8) and (15. 9) 
must coincide; it is then easy to show that formula (15.7) 
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holds. Consequently, 


2 72 72 , 
ao —a,—a,— a; =k (8) (a, —a, —a, —a,). 


If we consider the motion of the first system relative to 
the second, which must have a velocity of —8, we obtain 
analogously 

ay — a, — a, —a, =k(— 8) (aj —a;— a; — ai), 
so that 


On the other hand, because of the symmetry of the two 
systems, k(B)—=k(— B). Consequently &(8)= + 1. 

Since the transformation (15.5) on the variables x; also 
Subjects the variables x, to a linear transformation, the 
number of plus signs and minus Signs in the quadratic form 
of the a; cannot change. Therefore, k(8)==1 and the form 
a, — ai — a;—a2_ cannot change under the transformation 
(15.5). Consequently, this transformation of the variables 
a; is a Lorentz transformation. The linear transformation 
to which the variables a; are subjected when the transfor- 
mation (15.5) is performed on the x; is given by the in- 
verse transpose of the matrix (15.5). But then, even the 
transformation (15.5) is also a Lorentz transformation 
(see end of subsection 1, Section 14), which was to be proven. 


16. SURVEY OF THE BASIC PRINCIPLES OF THE THEORY OF 
THE CAUCHY PROBLEM. SOME INVESTIGATIONS 
OF GENERAL HYPERBOLIC EQUATIONS 


Up to the present, we spoke of the Cauchy problem for the 
wave equation (12.1). This section gives a survey of the 
basic principles in the theory of the Cauchy problem for 
general hyperbolic equations. We shall omit the proofs 
and shall consider primarily linear second-order equations, 


1. We shall say that the linear equation 
Ou 


nN 
> Avge t DA eae + 5B i Ox; 


{, j=l i=1 a 


a, Cet Dre, 1) 
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where the ne Ai Agi By By © and D are func- 
tions of tf, %,,..., X,, 1S t-hyperbolic in some region G of 
the space (f, x,,.-- >» ey ,) if the following condition is satis- 
fied: Every straight line passing through the coordinate 
origin in the real space (a,, 4, -++s @n) intersects the sur- 
face 


n 
l= > A;,(f, Nyy eoes Xp) HO, EF »2 Ay, (, Xiy sees Xn) Oj 
{,j=1 ts1 
(16.2) 


at two distinct real points. Ifa,,..., a, satisfies equation 
(16.2), the direction of the hyperplane in the space (f, x,, 
x,), the normal to which is parallel to the vector (1, 

ey 4; is characteristic (see Section 3). 

We shall say that a surface K with a conical singular 
point for t= f°, x,— x; such that the hyperplane tangent to 
K at every point has a characteristic direction is a char= 
acteristic cone of equation (16.1) at the point (f°, x;, x3, 

tay | Xn) 

If 


° 9 


FAL Mg: Geet ee) 0 


is the equation of the surface of acharacteristic cone (or in 
general of any characteristic surface (see Section 3)), the 
function F must — the equation 


OF \? OF oF OF oF 
(FF | Per a, i} Ox; ths of OF Ox;’ 


{, f= 


At every point(t®, x, «2,..., x,)of the region G in which 
equation (16.1) is ft-hyperbolic, there will be locatedin this 
region a unique characteristic cone with vertex atthat point, 
which intersects every hyperplane f= const. along some 
closed surface S provided |t—?°| is sufficiently small. 
This cone and the portion of the hyperplane t= const. that 
is bounded by the surface S bounds some region kK’. 

If n= 1, the characteristic cone degenerates into two lines 
/, and /, passing through the point (f°, x}); and the base of 
this cone degenerates into the segment of the straight line 
f— const. lying between the points of intersection of this 
Straight line with the lines /, and /,. 


2. There exists a number L depending on » such that, for 
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all functions 9,(x,,..., x,) and 9, (x,,..., x,) possessing 
£ continuous derivatives defined in some region G, of the 
hyperplane t—tf,, there exists exactly one continuous solu- 
tion with continuous first and second derivatives of the 
¢t -hyperbolic equation (16.1) satisfying the conditions 


u(t, MG ee Py: eg ag (Kh ewe 5 He) 
Ue joey X,)= 9, (Ke de) (16,3) 
This solution is uniquely determined by conditions (16.3) at 
every point(f, x,,..., x,)if the base of the characteristic 
cone with vertex at this point lies entirely in the region G,. 
Let us denote by OG the set of all such points (f, x,,..., x,). 

If the functions 9, (x,,..., x,) and 9, (x,,...,*,) and their 
first ZL derivatives change by a sufficiently small amount, 
the corresponding solution to the Cauchy problem will also 
change only slightly throughout the entire region G. Thus, 
the Cauchy problem for equation (16.1) is stated correctly. 
L== [n/2} +2 for linear hyperbolic equations with constant 
coefficients containing only terms with second derivatives. 
S.L. Sobolev showed that L <(n/2] +3 for general linear 
second order equations. Here, it is assumed that the 
coefficients of the equation satisfy certain smoothness condi- 
tions, which are known to be satisfied when all the coeffici- 
ents of the equation have continuous derivatives of order up 
to [n/2] +2 inclusively*. 


3. We shall say that for equation (16.1) there is no wave 
diffusion in the region Gin question of the space (f, ~x,, 

., x,) if the solution u of the Cauchy problem at the ver- 
tex (ft, x,,..., *,) Of the characteristic cone depends only 
on the values of 9,(x,,...,*,) and 9, (*,,...,*,) and their 
derivatives on the boundary of the base of that cone for an 
arbitrary position of the characteristic within the region G. 
In the opposite case, we shall say that there is diffusion of 
waves, Hadamard tf showed many years ago that there will 
always be diffusion of waves if n is either 1 or an even 


* SOBOLEV, S. L., Nekotorye primeneniya funktsional‘nogo analiza 
v matematicheskoy fizike (Certain applications of functional analysis 
in mathematical physics), Leningrad (1950); Matem. sborntk, 1 (43); 
1, 39-72 (1936). 


ft HADAMARD, Le probléme de Cauchy, Paris, 209-241 (1932). 
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number, Matisson investigated the case of n==3 in 1939, 
He found that for* n= 3 all hyperbolic equations for which 
there is no diffusion of waves coincide, after certain minor 
transformations, with equation (13.1). All these equations 
are obtained from (13.1) by means of the following trans- 
formations: 

(a) A change of independent variables, 

(b) A linear change in the function ug, 

(c) Multiplication of both sides of the equation by some 
function of ft, x,,..., x, 

It has recently been shown that, for anarbitrary odd num- 
ber n= 5, there exist hyperbolic equations for which there 
is no wave diffusion and which cannot be reduced to equation 
(13.1) by means of transformations of this nature**, 


4, We have so far investigated in this section only the case 
in which the Cauchy conditions are given on the hyperplane 
t=-const. The case in which the Cauchy conditions are given 
on an arbitrary curved surface can be reduced to this parti- 
cular case by a change of independent variables provided all 
the characteristic cones with vertices sufficiently close to 
this surface intersect it along closed (zm — 1)-dimensional 
surfaces. 


5, The nonlinear equation 


Ou Ou ou 
a(t, Xiy sees Mur Uy Tr eens ax; 
O7u 0*u 
oy Ox; Ox,’ cee y Ot Ox; 7 (16.4) 
ieee to a region Gin the space (f, x,,...,x,) issaidtobe 
t-hyperbolic close to a certain function U, c se x,,) de- 


fined in the region G if the linear equation 


n 


O*u 
or 2 ij a - a oJ on on (16.5) 


‘,j=1 =1 
jJ=t j 


where the A;, are the partial derivatives of the right member 
* 


MATISSON, Acta Mathematica, 71, No. 3-4, 249 (1939). 
STELLMACHER, Math. Annalen, 130, 3, 219-233 (1955). 
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of equation (16.4) with respect to 


oe, nae 
Ox; Ox, Valuated a 


SX og they Wg) 


(6 = 0) Dy sassy JS yj. Dei ny SD), 


is t-hyperbolic in that region. 
For the nonlinear equation (16.4), the Cauchy problem is 
correctly stated if, at the point t=17,, conditions of the form 


u(t, Miyeces Xn) =% (x,, ee ay Xn), 


4 
uy (t., Xs) eae X,)= 9, (X,, eS Xn), 


are given such that equation (16.5) will be ¢t -hyperbolic close 
to the function 


a sa ma A) = PON Vo 6 tee i 


S.L. Sobolev showed* that L <[(n/2]-+4 for a nonlinear hy- 
perbolic equation. Here, it is assumed thatthe function F on 
the right-hand side of equation (16.4) has continuous deriva- 
tives with respect to all arguments of order [n/2] +3. 


6. The system of linear equations 


= (kok y..-Bn) ) Oru, 
A » NOM 19 OR t, xX > se @ 9 xX oe es aa Re sae oe 
y ( : rn atkogx* dass Oxf 


Perko tk ite. than; 
SFih Goswey BY (Sly Qe cvs IN) 


is said to be t-hyperbolic at the points (t°, x,,..., x,) if, 
for arbitrary real values of 2, not all zero, the determinant 


ee R 
| Afjee Rp) (7, Xi, aera Xn) Logs! See an 
Ro thy +... fhn=2; 


has only distinct real roots i. The definition for t-hyper- 
bolicity of a nonlinear system close to any of its solutions 
is analogous, 

It has been proven that the Cauchy problem is correctly 


* SOBOLEV, S.L., Dokl. Akad. Nauk, XX, No. 2-3, 79-83 (1938); 
Certain applications of functional analysis in mathematical physics, 
Leningrad (1950). 
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stated for hyperbolic systemstT. 

For equations with constant coefficients, the definition of 
hyperbolicity was generalised by Garding as follows: The 
equation 


: : 0*u 
Rok, eon Rn ey a Seay Ts 
OE"*Ox,.. 0%," 
oko tk, +... + kn 


is said to be hyperbolic relative to the direction (&,, €, 


, §,), where the §, are real and )) & > 0, if 


(=0 


Ro +R k 
Qk, k, eee Rn goo ers eo3°¢ nis —_ O 
Ro tk +...+kp=m 


and there exists a real number A* such that 


kok, .. By (Mig da, Re (KE, dt, )* 
oko +k, +...+k4nm 
: (XE, — ia ,)* #0 


for \>A* and arbitrary real values of a,. Ithas been shown** 
that of all linear equations with constant coefficients, only 
for equations that are hyperbolic in the above sense is the 
Cauchy problem correctly stated for arbitrary sufficiently 
smooth initial functions given on the hyperplane 


Sf eel Oe as I Cae + &,%, = 0* 


The application of Fourier transformations plays an 
important role in the study of equations with constant 
coefficients. By means of Fourier transformations, the 
question of the correctness of the statement of the 
Cauchy problem for systems of linear equations with 
constant coefficients or coefficients depending on #¢ has 


ft PETROVSKII, I.G., Matem. sbornik, 2 (44), 815-870 (1937). See also 
LERAY, Hyperbolic Differental Equations, Princeton University 
Press (1953). 


**GARDING, Acta Mathematica, 85, No. 1-2, 1-62 (1951). See also 
GEL’FAND, I.M. and SHILOV, G.E., Generalized functions, 3, Fiz- 
matgiz, Chapter III (1958). 
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been studied and the qualitative properties of the solu- 
tions of such systems have been ascertained’*’, 


7. For a t-hyperbolic equation with constant coefficients 


of the form 
; eG 
Ro, Riyy wee, Rn ot Pogxs coe Ox (16.6) 


Ro tk yt... tkp=m 


formulae have been obtained giving the solution to the Cauchy 
problem with initial conditions on the hyperplane += Of. 

The question of wave diffusion, which we have already 
studied for the wave equation, has been studied for equations 
of the form (16.6). Generally speaking, the lateral surface of 
the characteristic cone of equation (16.6) with vertex at the 
point (¢*, x,,..., Xp) partitions its base on the hyperplane 
t=-0 into several regions. We shall call one of these re- 
gions a lacuna if, for arbitrary (but sufficiently smooth) 
changes in the initial conditions that are made only within 
this region, the solution to the Cauchy problem for equa- 
tion (16.6) does not change at the point (¢*, x,,..., x,).If 
the lacuna contains the projection of the vertex of the char- 
acteristic cone onto the hyperplane ¢=—0, there will be no 
diffusion of waves for equation (16.6). The existence of 
lacunae for equation (16.6) is determined by the geometric 
(topological) properties of the surface 


Rk k 
QR, Rk, re | Rn Ao 2. Cn a 2, —— @} 
Ro tk, +... f- Rpm 


for }=1in the complex space (2,, z,,..., 2,). Necessary 
and sufficient conditions for the existence of lacunae have 
been found. 

The question of wave diffusion and lacunae has also been 
studied for general t-hyperbolic systems#. 


**PETROVSKI, I.G., Moscow State University Bulletin, Section A, 1, 
Issue 7 (1938); GEL’FAND, I.M. and SHILOV, G.E., Generalized 
functions, Issue 3, Fizmatgiz, Chapter III (1958). 

+ HERGLOTZ, Berichte der Sachsischen Akademie, 78, 93-126, 287- 
318 (1926); 80, 69-114 (1928). PETROVSKII, I.G., Matem. sbornik, 
17, 59, 3, 289-370 (1945). GEL’FAND, I.M. and SHAPIRO, Z.Ya., 
Uspekhi matem. nauk, 10, 3, 3-70 (1955). 

+ PETROVSKII, I.G., Izv. Akad. Nauk SSSR, seriya matem., 8, 101-106 
(1944); Matem. sbornik, 17 (59), 3, 289-370 (1945). 
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8. The following is an approximating method of solving the 
Cauchy problem (the method of finite differences) for the 


equation 


O7u Ou 07u 
sa tay eae 


under the initial conditions 
u(0, x, yh=o(x, y), 4(0, x, yy = v(x, y). 


Here, it is assumed that the initial functions 9 (x, y) and 
(x, y)have continuous derivatives up to the fourth order 
inclusively and that they are defined in some rectangle G: 


LOX SO Cy<cd. 


Let us introduce three families of parallel planes in the 
space (ft, x, y): 


t=—kA, k=0, 1, 2, 3,..., x==md, y=né. 


Here, A and 6 are positive numbers. The numbers m and 
n assume all positive integral values such that 


a<m<b and e<inbd<cd. 
To simplify the exposition, we assume that 
am 6, b=m,6, c=n,6, d=n,6. 
In equation (16.7), we replace ui(RA, mé, nd) with 


u{(k —1)4, mé, nd) + u [(k +1) 4, m6, nd] — 2u (kA, ma, nd) 
A2 ’ 


U vx (kA, m6, no) with 


u{kA,(m-+ 1)8, nd) + u[kd, (m — 1) 6, nd} — 2u (kA, mb, nd) 
52 oY 


and uy, (kA, md, nd) with 


u[kd, md, (n-+ 1)8) + u[kd, md, (n — 1) 8) — Qu (kd, mé, n6) 
62 ° 


It is easy to show that if w(t, x, y) has continuous first 
and second derivatives, then, for sufficiently small A and 
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6 that result from such a substitution, the errors will be 
small. The differential equation (16.7) then becomes a dif- 
ference equation, which we denote by (k, m, n). If we assign 
(k, m, n) various admissible values, we obtain a system of 
difference equations. We denote the solution of this system 
by ua. 

Corresponding to the initial conditions, we obtain 


u(0, md, nd)—= (ms, né), 


(A, mé, nd) — 72(0, mb, nS) 


rn = (me, no). 


Then, the initial conditions define w(0, md, né) and a(A, 
m6, ne) at all the nodes for which the corresponding points 
(0, mé, ne) lie in the region G. 

Then, when we write the difference equations (1, m, a), 
we get values u(2A, mé, né) at all points (2A, mé, nd), that are 
apexes A’ of pyramids of the type shown in Fig. 5. Here, it 
is assumed that all the points[0, (m+1) 8, (2+1)6]}lie within 
the rectangle G, that is, that 


mt+l<mcm,—1, ntl<ca<a,—t. 


If we then write the equations (2, m, n), we find the values 


A(2d,m6,nb) 


(A (m8, (n-1)8) 


(A.(m-8 (m+) 
7 Lon 


(0, m’.n5) 


Vy, Afrm7)5, (n+7)8) 


Fig. 6 
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of a at the points (3A, mé, nd), where 
m +2<m<m,—2, npreaqu<n,—2?2, 
by uSing the values of # that are already foundon the planes 
t= 4. T= 726: 


If we continue with these calculations, we find values of 
uw at all points (AA, mé, no), lying within a pyramid with base 
G on the plane t=O and with lateral faces inclined at an 


angle arctan + to this plane. 


If A<$ and 4 is sufficiently smali, it can be shown that 
the values found foru (kA, mé, né) will differ by an arbitrarily 
small amount from the values at these points of the function 
u(t, x, y) representing the exact solution of the posed Cauchy 
problem. 

Approximate values of u(t, x, y) for << 0 are determined 
analogously. 

These constructions make it possible to obtain an approxi- 
mate solution to the Cauchy problem for more general linear 
hyperbolic second-order equations with an arbitrary number 
of independent variables*. 

Many books and papers have been devoted to the approxi- 
mate solution of hyperbolic equations and systems by the 
method of finite differences. 


9, The equation 


Ou Oru Ou O 
aye RW ALY ¥) Sa 1 alx, Y) = Ox, 5, 


+ e(x, ybu+ f(x, y),(16.8) 


where &(0)=0, &(y) is amonotonic increasing function of ys 
and A(x, y) >0 for y=0,is hyperbolic for y>>0 andpara- 
bolic for y—0. It can be shown that the Cauchy problem 
for equation (16.8) with the initial conditions on the para- 
bolic line y=0 


0 
u(x, 0) = 9(x), Jy 0) = (x) (16.9) 


* See, for example, COURANT, FRIEDRICHS, LEWY, Uspekhi matem. 
nauk, Issue VIM, 147-160 (1941). 
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is correctly stated if the coefficients in the equation are 
sufficiently smooth functions and if 


oe ya (x, y) — 


yoo V R(y) 


It is possible to exhibit examples in whichthis condition is 
not satisfied but the Cauchy problem (16.8)-(16.9) is nonethe- 
less correctly stated*. Analogous results are obtained also 
for equations with several independent variables. 


10, Hyperbolic systems of nonlinear equations have a wide 
range of application in mechanics, especially in thestudy of 
gaseous motion. Many problems in mechanics leadtoa con- 
sideration of discontinuous initial conditions and disconti- 
nuous solutions. The Cauchy problem for nonlinear hyper- 
bolic systems of equations with discontinuous initial condi- 
tions has a number of peculiarities that linear systems of 
equations do not have. Letus consider some examples. As an 
initial condition for the Cauchy problem, let us take dis- 
continuous functions of the form 


1, if x<0, 
a —1l, if x>0 
or 


—1, if x<0, 


yea ={ 


1, if x>0. 
For the linear equation 
Ou , OU 
avon" 


the solution to the Cauchy problem with the initial condition 
u(O, x)= (x) (16.10) 
and the solution with the initial condition 
u(O, x) = (x) (16.11) 


* BEREZIN,I.S., Matem sbornik, 24 (66): 2, 301-320 (1949). PROTTER, 
N.H., Canadian Journal of Math., 6: 4, 542-553 (1954). 
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are uniquely determined at all points of the half-plane t > 0. 
These solutions have adiscontinuity* at points of the straight 
line x —f=—0. 

For the nonlinear equation 


Ou , Ou 

ux-+—=0 (16.12) 
the solutions to the Cauchy problem with initial conditions 
(16.10) and (16.11) are not uniquely determined even in an 
arbitrarily small neighbourhood of the straight line t—0 
on which the initial conditions are given. 

To see this, let us draw the characteristics of equation 
(16.12) through the points (0, x, w(0, x)) in the space (f, x, uw). 
These characteristics are straight lines parallel to the 
tx-plane**. If u(0, x) =y(x), the projections of these char- 
acteristics onto the ¢x-plane cover all points of the half- 
plane ¢>0. Points of the region Q between the straight 
lines x —¢t=-0 and x-++-¢ =0 are twice covered by the pro- 
jections of these characteristics and, what is more, with 


72. EQN fi. 
Fig. 6 Fig. 7 


different values of u (see Fig. 6). From this, it is easy to 
see that the solution u(t, x) at points between the straight 
lines x—t=—0 and x-+-t=0 cannot be uniquely determined 
from the initial conditions. 

If u(0, x) d(x), the projections of the characteristics of 


* Discontinuous solutions of linear hyperbolic systems are studied in 
the paper by COURANT and LAX, Proc. Nat. Acad. Sct., USA, 42: 
11, 872-876 (1956). 


** 
Che characteristic of equation (16.12) that passes through the point 
(0, xo, u(0, xo)) is given by the equations 


u= u(0, xo) and x = u(0, x9) t+ Xo. 


See PETROVSKII, I.G., Op. cit., Section 55. 
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equation (16.12) passing through the points (0, x, (x)) inthe 
space (?, x, 4) cover only points that do not belong to the 
region Q (see Fig. 7); that is, the solution cannot be de- 
termined from the initial condition at points lying between 
the straight lines x —¢=0 and x+?+=0. 

Thus, for a unique determination of the solution to the 
Cauchy problem in the half-plane ¢>0 for the nonlinear 
equation (16.12) with initial conditions (16.10) or (16.11), 
the Cauchy problem needs to be restated, 

Thus, for a hyperbolic system of equations describing 
the one-dimensional motion of a gas, supplementary re- 
lationships between the desired functions are introduced 
on the lines of discontinuity. This hyperbolic system was 
studied by Riemann. However, not all the supplementary 
conditions on the lines of discontinuity indicated by Riemann 
are satisfied in the case of real physical processes. Re- 
lationships on the lines of discontinuity for this hyperbolic 
system were correctly given by Hugoniot*. These relation- 
ships can be obtained by solving the system of equations 
describing the motion of a gas with due consideration of the 
viscosity and thermal conductivity and letting the coeffici- 
ents of viscosity and thermal conductivity approach 0.This 
consideration of the viscosity and thermal conductivity re- 
sults in introducing into a first-order system of equations 
second-order derivatives containing a small parameter as 
a coefficient. 

We may define the solution to the Cauchy problem for equa- 
tion (16.12) with an initial condition at f=0O as the limit as 
¢ approaches zero of the solution of the equation 


O71 Ou Ou 
Ex Sus +s (¢ > 0) 


with the same initial condition at t= 0. In this case, the 
solution of the Cauchy problem may be adiscontinuous func- 
tion. On the line of discontinuity of the solution to equation 
(16.12), the following conditions will be satisfied: 


u(t,x +0)<u(t,x—0) (t>09) 


dx _u(t,x+0)+ u(t, x — 0) 
dt” 2 


’ 


* LANDAU, L.D. and LIFSHITZ, E.M., The Mechanics of Continuous 
Media (1954). 
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where = is the (trigonometric) tangent of the angle between 


the (geometric) tangent to the line of discontinuity and the 
f-axis and where u(x-+0) and u(x — 0) denote respectively 
the right- and left-hand limits of the function u(x) at the 
point x. 

The function u(t, x) defined by 


1 for x <2 0 


u(t, x) = 
4 *) ) —1 for x >0 
is the solution to the Cauchy problem in its new statement 
for equation (16.12) with initial conditions (16.10). 
The function u(t, x) defined by 


| for x—t>0 
—1 fo x+1< 0 


is a solution to the Cauchy problem inits new statement with 
initial condition (16.11). At every point of the half-plane 
¢>0 lying in the region Q (that is, between the straight 
lines x —t=0 and x-+-¢= 0), the function u(t, x) is equal 
to the tangent of the angle of inclination of the straight line 
connecting the point in question with the coordinate origin to 
the ¢t-axis. The positions of the projections ofthe characteri- 
stics lying on this solution are shown in Fig. 8. 

This function u(t, x) is discontinuous for ¢>0. It is in- 
teresting to note that in this statement of the Cauchy prob- 
lem there may be a continuous solution even though there 
is a discontinuity in the initial condition. 


‘ | fe 


u(t, y= | 


Fig. & 


In the case of smooth initial conditions, for linear hyper- 
bolic equations, a smooth solution will be determined by 
initial conditions at all points of the half-plane t>0 for all 
initial conditions if the coefficients are subjected to certain 
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restrictions. For nonlinear hyperbolic equations, a smooth 
solution usually exists only in a small neighbourhood of the 
line on which the initial conditions are given. This fact makes 
it necessary to examine discontinuous solutions of non- 
linear hyperbolic equations. 

The basic problem in the study of discontinuous solutions 
of nonlinear hyperbolic systems consists in determining the 
class of functions in which there exists aunique generalised 
solution of the Cauchy problem that depends continuously 
in some specified sense on the initial conditions. This 
question has been thoroughly studied for the general quasi- 
linear first-order equation*, It turns out that the qualitative 
properties of the generalised solutions of such an equation 
call to mind the properties of the solutions of the system of 
equations of gas dynamics. For this reason, the simplest 
quasilinear first-order bicep 


Op(u) 
gto = 


is often called the model equation of gas dynamics. 

The question of discontinuous solutions ofnonlinear hyper- 
bolic systems has as yet been only slightly investigated**. 
This question is of great theoretical interest and is very 
important in its applications. 


* OLEINIK, O.A., Uspekhi matem. nauk, 12, 3, 3-73, (1957): See also 
Uspekhi matem. nauk, 14, 2, 159-170 (1959). 


**GEL’FAND in an article in Uspekhi matem. nauk, 14, 2, 87-158 (1959) 
reviews some of the results obtained in connection with this problem 
and discusses the formulation of a number of problems. 


PART 2 


OSCILLATIONS IN BOUNDED BODIES 


17. INTRODUCTION 


1. The preceding part of Chapter II was devoted to the Cauchy 
problem. Our attention was primarily directed to the wave 
equation (13.1), which the vibrations of homogeneous isotro- 
pic elastic bodies obey. The study of the function u(?, x, 
..,*,), Characterising these vibrations atthepoints (x,, x,, 
..-,%,) for ¢ sufficiently close to the initial instant is re- 
duced to the Cauchy problem. Since the value of the solu- 
tion u(t, x,, ...,%x,) of equation (13.1) at the vertex P(t, x,, 
...,X,) Of the characteristic cone is completely determined 
by the values of the initial functions », and 9, on the base 
Cp of that cone, when we study the function u(t, x,, ...,x,) 
we may neglect the influence of the boundary once C, leaves 
the region in which the functions y, and ¢, are given, that 
is, once Cp, no longer intersects the boundary of the body. 
In this sense, in the preceding part of the chapter we were 
studying the vibrations of infinite or unbounded bodies. 

In this part, we shall include the effect of these boundaries 
on the vibrations, Still confining ourselves to vibrations of 
homogeneous isotropic bodies, we arrive at the problem of 
finding solutions of the equation 


nt 
O7u 


ou O*u 17.1 
cae re ett) 


(=1 
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satisfying the initial conditions at t—0 


u (QO, Xiy vee, X,) =, (X,, si Gig eye | 
u,(O, Mis eeey x, )=yY, (X,, Leagheays | (17.2) 
when the point (x,,...,%,) belongs to the given region G, 


and the boundary conditions given for all values of f on the 
boundary G. We shall consider only homogeneous boundary 
conditions of the form 


— (17.3), 
Ou 
dn”? (17.3), 
Ou 
dn + S# = 0, (17.3), 


where 6 is some nonnegative continuous function independ- 
ent of f that is given on the boundary G and < denotes 
differentiation along the direction of the outer normalto the 
surface G (see Section 1). 

Some physical problems, for example, the problems of 
the vibrations of nonhomogeneous elastic bodies, reduce to 
finding the solutions of equations of the form 


Oru ~ 6 Ou 
(a=) se (Pian) +S 


{=1 


(17.4) 


under the same boundary conditions (17.3) and initial condi- 
tions (17.2). Here, 6, p;,, g and f are sufficiently smooth 
functions of x, . Ordinarily, 


0>6,>>90; pr>Py, 9; geo. 


Since the wave equation (17.1) and equation (17.4) do not 
change if we replace ¢ with — t,our reasoning with regard 
to the solution of these equations for t>>0 willalsohold for 
t< 0. 

The problem of finding the solution to equation (17.4) under 
the initial conditions (17.2) andone ofthe boundary conditions 
(17.3) is calledthe mixed problem. The entire present part of 
Chapter II will be devoted to this problem, 
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2, The mixed problem is not the only possible problem for 
equation (17.1) or (17.4) in a bounded region. Practical prob- 
lems often lead to other problems for these equations. We 
shall exhibit a number of such problems for the very simple 
equation 


07 O7u 


= 


ot? ~ Ox? ° 


(17.5) 


(1) Goursat’s problem. Find the solution of equation (17.5) 
from its values on two segments of the characteristics. 
On the segment OA (see Fig. 9) of the characteristic 


t-+x—0, 
u(t, x) == 9 (x). 
On the segment O8 of the characteristic f—x=0, 


u(t, x)= (x). 


For the solution to be continuous under these conditions, it 
is necessary that 


9 (0) = 9 (0) . 


(See S.L. Sobolev, Uraveniya matematicheskoi fiziki (Equa- 
tions of mathematical physics), Gostekhizdat, 1954, pp. 
63-67.) 


Fig. 9 Fig. 10 


(2) Find the solution to equation (17.5) if its values are 
given on the segment O8 of the characteristic tx andon 
a curve £ passing through the point O that lies within the 
angle formed by the characteristics f= +. and that pos- 
sesses the property that every characteristic t—=x-+-C in- 
tersects L at one point (see Fig. 10). 
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The reader may solve these problems himselfby using the 
representation of the solution (17.5) in the form 


u(t, y= f, (t+ x) +f, (t—x) 


(see Example 1 of Section 6). 

In both cases, the solution is determined in the rectangle 
formed by the characteristics passing through the ends of 
the lines on which the values of the function uw are given. 

(3) If the values of the function u(t, x) are given on two 
lines L and L, (which for simplicity we shall assume tobe 
straight) that pass through the coordinate origin, there will 
be two quite different cases: (a) when LZ and L, lie within 
an angle formed by the characteristics passing through the 
origin and (b) when Z and L, are separatedby acharacter- 
istic. 

In the first case, to determine uniquely the solution of 
equation (17.5), it is sufficient to give only the values of the 
function itselfu(t, x) on the lines ZL and L,. In the second 
case, it is necessary to give the‘ Cauchy’ conditions, that is, 
the values of the solution itself on one of these lines and its 
first derivative along the normal to that line (see Goursat: 
A Course in Mathematical Analysis). 


3, In the majority of cases that follow, our remarks will be 
equally applicable for any value of n. For greater conve- 
nience in calculations and drawings, we shall discuss only 
the case in which 7 is 2 orland shall make explicit state- 
ments for other values of n only when the situation is con- 
siderably different from the case of n=2 or 1. 

Assuming therefore that n= 2,weshall examine solutions 
u(t, x,, x,)of equations of the type (17.1) or (17.4) for O<? 
<7 when the point (x,, x,) falls within a region G bounded 
by a curve / consisting of a finite number of arcs /; with 
a continuously turning tangent. 

In other words, taking m= 2, we shall examine solutions 
u(t, x,, x,) of equations (17.1) or (17.4) defined within a cy- 
linder C,; whose generators are parallel to the f¢-axis and 
pass through the boundary of the region G intheplane t=0 
and whose bases lie in theplanes ¢=-0 and ¢=/7. Through- 
out this part of Chapter II, we shall always assume without 
always explicitly mentioning the fact that the solutions 
u(t, x,, x,) in question satisfy equation (17.1) or (17.4) within 
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C, and that they and their first two derivatives are conti~ 
nuous in C,, that is, in thecylinder C,; andonits boundary. 


18. UNIQUENESS OF THE SOLUTION OF THE 
MIXED PROBLEM 


Suppose that u,(t, «,, x,) and 4,(f, x,, x,) are two solutions 
of the equation 


07u ort 07u 
oe ax? Tog (18.1) 
that they are defined in a cylinder C,, thatthey possess all 
the properties enumerated in the preceding section, and that 
they are solutions of the same mixed problem; that is, we 
shall assume that for t—0 they satisfy the same initial 
conditions (17.2) and that on the surface ofthe cylinder they 
satisfy the same boundary conditions of one of the forms 
(17.3). Our intention is to show that the functions uy, (ft, x,, x,) 
and u,(t, x,, x,) coincide everywhere in the cylinder C,. 
Proof of this assertion is equivalent to proofof the following 
theorem, 


Theorem. Suppose that the function 


u(t, x,, ¥,) =H, (t, %,, ¥,) —u, (Ff, X,, X,); 


satisfies equation (18.1) inside C,, that it and its first 
and second derivatives are continuous within C,, thatit 
satisfies one of the conditions (17.3) on the lateral sur- 
face of C,;, and that uw and uw; vanish everywhere within 
the cylinder at t=-0. Then, u vanishes identicallyin 
Gr. 


Proof: Consider the integral 


du / 0? : @? 
\\\ ee (ae — > — =) dt dx, dx,, 
x Ox) (18.2) 


over the cylinder Cp», where 0< f* <T.Since the function 
u satisfies equation (18.1), the integral is equal to zero. Let 
us transform it into an integral over the surface of the cy- 
linder Cy» in a manner analogous to what was done in Sec- 
tion 11 in the proof of the uniqueness of the solution to the 
Cauchy problem. We obtain 
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TIS (ae) + Cae) +a) bre tee 
—7\\ [(ae) + (ae) +(e) Jinn a 


du oO 6) 
— Sar (3 rR cos (7, x,) -- => 7 = cos (1, | ds = 0. 


Here, /, as usual, denotes the boundary ofthe region G and 
ds is an element of arc oftheboundary. The first integral is 
taken over the upper base of thecylinder C;* andthe second 
over the lower base. The third integral is taken over the 
lateral surface. The last integral can be rewrittenin the form 


{* 

Ou Ou 
ae eS ds. 
0 


Thus, we finally obtain 
1} Ou \? Cu \? Ou \? 
a§\ [Car) + (ae) + (ae) Jeon tnt 
Ou Ou. \* Ou \? 
— aN Cae) + (ae) + ae) J nee 


The second of these integrals is equal to zero by virtue 
of the initial conditions. If 4==0 everywhere on the bound-~ 
Ou 
Ot 
boundary. Therefore, the third integral must be equal to 
zero. It is also equal to zero in the case in which <= 0 


on the boundary. On the other hand, if + ou =0, on the 


ary of G, the derivative must be equal to zero on that 


boundary, this integral becomes 


— Saf a 3 as——z \ od fa re 


iach a ery ds +5 {au 
t 
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The last integral is equal to zero because of the initial condi- 
tions. Thus, for every ¢* between 0 and ?t, we have 


\\ (4) +( ae) + se ) | ap GMa s 118.5) 


cH = 0 everywhere on the boundary G, 


if either w=0O or 
and we have 


65 (RY H(t 


| 2 
+ oY \ Ou (t*) ds=9 18 6) 


i 


.c «(OU 
if ai 
¢2=0, it follows from the relations (18.5) and (18.6) that, 
under any of the boundary conditions (17.3), 


\) (sr) +( de) + dr) jane = (28.7 


Since we assume that all the first derivatives of the func- 
tion uw are continuous in C, and since ¢* is an arbitrary 
number between O and f¢,it follows from equation (18.7) 
that 


+cu=0, everywhere on the boundary of G Since 


Ou Ou Ou 


oa 


everywhere in C; . This means that u is constant throughout 
C,. And since u(0, x,, x,) ==0,we have 


throughout the cylinder C,;, which completes the proof. 

We note that the integral onthe left side of (18.7) is equal, 
except for a constant factor, to the sum of the kinetic and 
potential energies of a vibrating membrane at the instant 
¢—f* . Equation (18.3) under the boundary conditions (17.3) , 
and (17.3), expresses the law of conservation of energy (see 
section 1, subsection 3). 


Problem. Prove the uniqueness in C, of the solution to 
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the problem with initial conditions (17.2) andboundary condi- 
tions (17.3), for equation (17.4). 


19. CONTINUOUS DEPENDENCE OF THE SOLUTION ON THE 
INITIAL CONDITIONS 


Theorem. Suppose that we have two functions uw, (¢t, x) and 
u,(t, x) satisfying equation (17.1) in the cylinder C, 
with n= 1*. Suppose that both these solutions satisfy 
the same boundary conditions of one of the types shown 
in (17.3) on the lateral surface and that, at t=0, 


u, (0, x) = 9” (x); Ut (0, x) = 9” (x); 
u, (9, x)= 9” (x); Ut (0, x) = yy? (x). 


If the differences 
gr? (x) — of” (x) = «, (x) (i == 0,1) 


and the first derivative of the function 9, (x) are suf- 
ficiently small in absolute value throughout G, the dif- 
ference 


u,(t, x)—u, (tf, x)==u(t, x) 


will be arbitrarily small in absolute value throughout 

Ce 

An analogous theorem is valid for solutions of equation 
(17.1) in C, for arbitrary n. But then, to ensure that 


Ue Xie, Lea, Ra seis eR, ey eee 5 x,,) 


will be small throughout the entire cylinder C,;, we must 
require that not only the functions 


UNO: Mpeg eng Ney AN OY IN Sn Sdn, Md 


but also their first [n/2]-+ 1 derivatives with respect to 
x,,...,X, differ only slightly from zero to G. Further- 
more, it is necessary that the first [n/2] derivatives of 
these differences satisfy certain supplementary conditions 
on the boundary of the region G constituting the base of 
the cylinder C, that are automatically satisfied for n=1. 


* Obviously, for n = 1 the cylinder C, is a rectangle with sides paral- 
lel to the ¢- and x-axes. 
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The proof of this theorem for n >1 is much more compli- 
cated than for the case of n==1, and we shall omit it. 

Proof of the theorem for n==1. Let us again consider an 
integral of the type (18.2) overacylinder C,;, whichhas now 
degenerated into the rectangle {O<¢<7, axx<b \_ As 
before, this integral is equal to zero for every t¢* between 
0 and 7. By a transformation analogous to the one made 
above, we obtain 


b 
uo | =6Otn | 
{Sse (SE — 5 dtdx= | 


Since a< 6 and* 


Ou 


; Ou Ou 
u (0, x)=); Uy (0, x) =9;; Ox ; 


x—=b On ‘ Ax 


x=a _ on 


we then have 


male: + +(2)'], teat tet hla? 


te ; (19.1) 
+h artilene + (aa dr feo 4 
If u(t, a)=0 or if ao) 9, then 
Co 0 
\ ora _dt==0. 


Pa the other hand, if at x—=a the boundary condition 


H to, n= 0 is satisfied, we have 


f We recall that 0/dn always denotes differentiation along the out- 
wardly-directed nomal. 
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1* tt 
Ou Ou as, Ou 4, 6,u°* (t*, a) o,u*(0, a) 
Forge a) ge gg 
0 0 


Analogous equations may be written for x=6 if at x—b 
Ft Oy = 0 
Thus, by eliminating the negative terms on the right-hand 


side of formula (19.1) if necessary, we have, in the case of 
each of the boundary conditions (17.3),T 


one of the conditions u(t, 6)=0, 


Ou (E, b) ok 
is imposed. on 


b 


F1(2) £(2)'] nace Flat e+ 9s tates 
+4, 95 (a)+ 4,5 (5) 


Since the right-hand side is assumedtobe small, the left- 
hand side is also small. Denoting by e’ the value of the 
right-hand side of inequality (19.2), we see, that, for every 
t* between 0 and 7 and for every x suchthataxx«<f, 


(19.2) 


SC > 


Ou 2 
a ad <= ’ 
& ete (19.3), 


Ou \* 3 
& pa aXe". 


From inequality (19.3); , we obtain by use of Bunyakovskii’s 
inequality, 


R Cueny y 


(19.3), 


x 


u(t*, x)—u(t*, a)\i< We 


a 


Ou =| ae 


| axe (ax (58) #e] VPP. c0.4 


In just the same way, we obtain from inequality (19.3), 


t Under the boundary conditions u=0 or du/dn=0, this inequality 


becomes an equality, expressing the law of conservation of energy. 
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b b 
ajax |= |Varax|< j ux Vo—as. (19.5 
a a 
Furthermore, 


Jue cyte — fa (0, x) dx | 


=| [ge Juw x ) dx | at) <t*eVb—a. 


From this we obtain 


fade x) dx | <t*eVb—a +[6e,cax| 
) < t* Vb —a+ max |y, | (0 — 2). (19.6) 


Integrating inequality (19.4) with respect to x from a to 
6 we obtain 


3 
2 


b 
| ue, x) dx —(b—a)u(t*, a) | <2(6—a) (19.7) 


If we use (19.6) to get an upper bound for the integral on the 
left-hand side of formula (19.7), we see that the values of 
| w(t*, a) | can be made arbitrarily small for every ?¢* in 
the interval (0, 7) and for sufficiently small ¢ and max 
|~,|. By again applying inequality (19.4),weseethat|u(t*, x)| 
is small throughout the entire rectangle C,, which com- 
pletes the proof. 

Remark 1: Suppose that the condition u=0O for all non- 
negative values of 40 is given at one end point of the 
interval [a, >|, let us say at x==a. Then, the smallness of 


|u(t, x){through C,follows immediately from the relation 
(19.4). 


_ If the condition 

Ou 

an + Ou = 0 
for 


6,>>0 


were given at one end point of the interval [a, 5], let us 
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Say at «=a, the relation (19.1) would imply that 


(y+ i) +(5) |, _ pit + 6,u" (t*, a) 


6 
< \ [oi (x) + Go (x)] dx + 0,45 (a)-+ 4,96 (b) <8. 


Therefore, 
ou’ (t*, a)<e’," 


and the smallness of| u(t*, x) [throughout C, would again 
follow immediately from (19,4) because of the smallness of 
| u(t*, a) |. 

Remark 2: Consider the caseof n greater than 1. Then just 
as when n=]1 we would see that the uniform smallness 


of | u, (0, X1,+-+,X,) |, | 4(0,x,,...,x,)| and the derivatives 


| OU (0, 2 ys eid yp) | 
Ox; 


would imply that 


J (G32) (a5) Fo + aes) Jor A 9.9 


is small. But smallness of this integral for all ¢* between 
0 and 7 and smallness of|u(0, x,,..., x,) donotimply that 
|u| is small throughout C,. It is possible to exhibit a func- 
tion u, for which this integral is small for all values of (¢* 
in question but that nonetheless assumes quite large values 
at certain points of C; despite the smallness of |u(0,x,, 

,)|-To ensure that [uz] will be small throughout C,, it 
will 4 sufficient if, besides smallness of the integral (19.8), 
the following conditions are satisfied: At t= ?*, all integrals 
of the form (19.8), inwhichinsteadof u wehave any possible 
derivative of the form 


o*y n 
attoaxts | axkn ns B 


are small and the values of |{u(0, x,,...,*,)| are uniformly 


154 Partial differential equations 


small*. In just the same way, we can show that |u| will be 
small throughout C,if 4,, y,, and their first [n/2] + 1 
derivatives with respect to x,,..., x, are sufficiently 
small in absolute value and if certain additional conditions 
regarding the values of y, and y, are satisfied on the 
boundary G **. 

Remark 3: It is clear from the proof of the theorem that 
the conclusion of the theorem remains validifwe replace the 
requirement of uniform smallness of|u(0, x)|, |u, (0, x) {and 
|uz(0, x) with the requirement of smallness of the integrals 


b b 
\ “ (0, x) dx and ( ur (O, x) dx 


a 


and one of the quantities |u(0, a)| or |u(0, 5)|. This is true 
because in inequalities (19.2) and (19.6) we used only the 
smallness of the integrals and the smallness of|u(0, x)|. 
But if |4(0, a)/ is small, then 


ju(O, x)|=|]u (0, a) + | Uy (0, x)ax | 


b — 
< | 4 (0, a+ Vo=a (| ux’ (0, x) dx) , 


which implies uniform smallness of |u (0, x) E 
Problem 1. Prove the theorem on the continuous depend- 
ence of the solution on the initial conditions for equation 
(17.4) with n=1 under the boundary condition (17.3),. 
2, Show that the solution of the equation 


Q? d 
af = az (P (2) 52) —~ gu f(t, x) 


(where p(x) >0, q>>0 and f(t, x) are sufficiently smooth 
functions) Satisfying the initial conditions (17.2) and the 
boundary condition (17.3); changes by an arbitrarily small 
amount in C; if the change in the function J (t, x) is suffici- 
ently small in C;. 


* This follows from the so-called embedding theorems of Sobolev (see 
SOBOLEV, S.L., Certain Applications of functional analysis to mathe- 
matical physics, Leningrad (1950). 


**See KRZYZANSKI, M. and SCHAUDER, J., Studia Mathematica, VI, 
162-189 (1936). 
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20, THE FOURIER METHOD FOR THE 
STRING EQUATION 


I, In many cases, the so-called Fourier method can be ap- 
plied to the solution of the mixed problem. In the present 
section, we shall examine the application of this method to 
a single particular example. We shall give the general out- 
line of the application of this method to the solution of the 
mixed problem for a linear second-order equation with two 
independent variables. 

Suppose that we wish to find the solution of the equation 


eu __ Ou 
Of — Oxi? (20.1) 


that satisfies the initial conditions 

oY) x)=, (x), 

a (20.2) 
and the boundary conditions for t >0 

u(t, O)=ul(t, /)=0. (20.3) 

First, let us seek the nontrivial (that is, not identically 

equal to zero) solutions of equation (20.1) of the form 

u(t, x)= T(t) X (x), (20.4) 


that satisfy the boundary conditions (20.3). Here, we assume 
that 7(t) depends only on? and X(x) depends only onx. 
When we substitute the right member of (20.4) in place of 
u in equation (20.1), we obtain 


y ‘3 rr x” 
AT =XT o F= y- (20.5) 


The left member of the second of these equations is independ- 
ent of x and the right member is independent of ¢. Con- 


Mt " 


ces T >, Gane 
sequently, each of the quantities = and -y is independent 


both of x and of ¢; in other words, it is constant. If we 
denote this constant value by 4,we have, from (20.5), 


T’ + AT= 0, (20.6) 
X” +1VX = 0. (20.7) 
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Thus, we have broken equation (20.5) down into two equations, 
one of which contains only functions of ¢ and the other only 
functions of x. In such cases, we say that we have separated 
the variables. 

To obtain a nontrivial solution u(t, x) of the form (20.4) 
satisfying the boundary conditions (20.3), we need to finda 
nontrivial (that is, not identically equal to zero) solution of 
equation (20.7) satisfying the boundary conditions 


X (0) = X (/) = 0. (20.8) 


The formulae giving the general solution of equation (20.7) 
have quite different forms depending on whether 


h< 0, A=0 or X>DO. 
Let us consider each of these three cases. 


Case I (A<. 0). Then the general solution of equation 
(20.7) can be written in the form 


X (x) = C,eY** +C,e—V—, 


For the boundary conditions (20.8) to be satisfied, itis 
necessary that 


C,+C,=0 
and 
CyeY—M 1 Ce YN 9, 
Consequently, 
Cie ~™ —_ Cee 


This last equation can be satisfied only if C,=0 (and hence 


an ). Then we obtain only a trivial solution of equation 
sl Jie 


Case II(\=0). Then, the general solution of equation 
(20.7) is of the form 


X (x)= C+ C,x. 


For X(0) to be equal to zero, it would be necessary for C 
to be zero. But then, the condition X(/)==0 takes the form 
C,/ +0. This would make it necessary that C, =0. Thus, 
Just as in the preceding case, we come to the conclusion 
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that only the trivial solution of equation (20.7) can satisfy 
both boundary conditions (20.8). 

Case III (A> 0). Here, the general solution of equation 
(20.7) takes the form 


X (x) =C, cos Vix +c, sin V dx. 


To satisfy the boundary condition X (0) =0,we must have 
Ci. =—0: 


Then, the condition X (/) =0 takes the form 
C, sin VY w=0 or sin Yu, 


so that, if C, were zero, we wouldagain arrive at the trivial 
solution, The equation 


sin V J —=0 


is satisfied if and only if 


ber? 


Vw kn, or h= Ome 


where & is any integer (positive, negative, or zero). Since 
we assume that ) >0, & cannot be zero. For negative values 
of &, the quantity ) takes the same values as for the cor-~ 
responding positive values of &, Therefore, all values of 
h for which equation (20.7) has a nontrivial solution satis- 
fying the boundary conditions (20.8) are given by the formula 
2 ap 2 
hy = "F where k = Le ies (20.9) 
The problem of finding nontrivial solutions of equation 
(20.7) that satisfy the boundary conditions (20.8) isa special 
case of the problem known as the eigenvalue problem or the 
Sturm-Liouville problem (named after the two mathemati- 
cians who investigated it). Those values of } at which our 
problem has nontrivial solutions are known as eigenvalues 
and the nontrivial solutions of the problem are called 
eigenfunctions corresponding to the given eigenvalues. In 
the present case, the eigenfunction 
Rn 


Xx 
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hb? x? 
corresponds to the eigenvalue —,- . 
Since equation (20.7) is homogeneous, the eigenfunctions 
are determined up to a constant factor C,. If wechoose this 
factor appropriately, we may subject the eigenfunction X, (x) 
to some additional condition, or, as we say, we may ‘nor- 
melise’ the eigenfunction, 
This means that we should like to have 


l 
\ Xp (x) dx = 1. 
0 
For this, it is necessary that 
9) 


C= YV >. 


Therefore we take (for the remainder of this section) 


2. Re 
A(x) V 2 sin — x. 


Let us now turn to the solution of the mixed problem 
given at the beginning of the section. If we replace } in 
equation (20.6) with its value },, as given by formula (20.9). 
we obtain 


ber? 


r+ T=0. 


We then have 
T, (t) == A, cos “rt tt-B, sin = Y, 


where A, and 8, are arbitrary constants. 
All the functions 


—_ 2. kr kr . AT 
— V 2 sin* x (A,cos “74 8, sin —- t) 


satisfy equation (20.1) and the boundary conditions (20.3) for 
arbitrary valuesof A, and B,. Let us seek values to assign 
to these constants such that the infinite series 


00 
Ut, x) = »> X, (x) | A, COs “++ B, sin Ff] (20.10) 
k=! 
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will satisfy equation (20.1), the boundary conditions (20.3), 
and the initial conditions (20.2). Let us start with the initial 
conditions. In the first place, it is necessary that 


CO 
u(0, <)= A,X, (x)=, (x). 
) a k Pa ) D, ( ) (20.11) 
Furthermore, if the series can be differentiated termwise, 
we must have 


ur (0, x)= a BX, (X) = %, (x). (20.12) 


Let us assume that the functions 9, (x) and », (x) can be 
expanded in a series of terms of the form sin sli on the 


interval [0, /] such that the series formed by the absolute 
values of their terms converge uniformly. 

We know from the theory of Fourier series that this is 
always possible if », (x) and y, (x) and their first derivatives 
are continuous and if the values of these functions vanish at 
the end points oftheinterval [0, /]. Letus assume that these 
conditions are satisfied. Then, the series (20.10) converges 
absolutely and uniformly for 0<x</ and for arbitrary 


; ; ee Rr 
values of ¢ since the functions sin = t and cos =a fnever ex- 


ceed 1 in absolute value. From this, it follows that the func- 
tion u(t, x) defined by the series (20.10) is continuous and 
satisfies the first initial condition (20.2) and the boundary 
conditions (20.3). However, we should not conclude from this 
that this function satisfies the second initial condition (20.2) 
and equation (20.1). Such a conclusion might be made if the 
series (20.10) could be twice differentiated termwise with 
respect to x and twice with respectto ¢ .Asweknow, term- 
wise differentiation is lawful when the series obtained as a 
result of it converges uniformly in C,. We know that this 
last condition will be satisfiedforevery 7 (including 7 =o) 
if (1) the first fourderivativesof 9, exist and are continuous 
on the entire interval [0, /], (2) 9, and its first two deriva- 
tives vanish at the end points of that interval, (3) the first 
three derivatives of the function 9, exist and are continuous 
on [0, /], and (4) 9, and its first derivative vanish at the end 
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points of that interval*. In this case** 


J 
A, = O( 58) and B,=0(-) 


2.In actual application of the Fourier method, one does not 
usually bother with the question of whether the series (20.10) 
can be twice differentiated termwise with respect to x and 
t. Instead, one merely checks to see that the functions ¢, 
and », and their first derivatives are continuous and that 
these functions themselves vanish at the end points of the 
interval {0, /}. AS we have seen, this ensures uniform and 
absolute convergence of the series (20.10) throughout the 
rectangle C;. ff for given values of 9, and y, in the rect- 
angle C,, there exists a solution u(t, x) of the problem in 
question that is continuous and has continuous derivatives 
of the first two orders, the sequence of partial sums S,(f, x) 
of the series (20.10) converges to it uniformly in C,. This 
is true because, as we knowfrom the theory of trigonometric 
series, the Fourier series corresponding to any function with 
integrable square converges to it in mean, Therefore, it 
follows from the way in which the series (20.10) was con- 
structed that 


l l 


( (Sk, (0, x) —@, (x) |? dx —>+0 and \ [Se, (0, x) —9,(x)]?dx +0 
0 0 
as kR—+oo.It follows from this on the basis of Remark 3 to 
section 19 that 
S, (8, Xx) —>uUl(t, x) 


uniformly in om ; 


3, The so-called natural oscillations of a string fastened at 


both ends are described by each of the following three 
functions 


*" e e 
These restrictions on do and @, can be weakened (see Section 23). 


ms 
By O[ d(n)] we denote a function W(n) such that the ratio Wy (n)/d (n) 
remains bounded as n + «. These estimates are easily obtained if we 
transform the coefficients A, and B, by incegration by parts. 
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u,(t, x)= Xx, (x) T, (t) 


2 sie RT kr ee <2)" 
= Y 2sin Tx (Ay cos F¥-+B, sin “ ¢ 


_ kn . Rn 
=D, sin—- x sin —(¢+-t,) (R=1, 2, 3, ...) 


When a string vibrates corresponding to = 1, it emits the 
fundamental (lowest) tone. In the case of vibrations corres- 
ponding to higher values of &, it emits higher tones, known 
as overtones. If the string vibrates according to the law 


u(t, x)= >» D, sin a x sin =r (t+ t,), 
k=1 


it simultaneously emits sounds of different frequencies cor-~ 
responding to the different terms in this sum. 


21. THE GENERAL FOURIER METHOD 
(PRELIMINARY CONSIDERATIONS) 


The Fourier method (or methodof separation of variables as 
it is called) for solving a mixed boundary~value problem is 
applicable only to a certain special class of linear second- 
order equations, although the problem can be solved for a 
much wider class of equations. 

In the present section, we shall explain the method without 
giving a rigorous justification of the results obtained. The 
justification will be given in subsequent sections. The first 
rigorous justification of the Fourier method was given by 
V.A. Steklov*. 

Consider a hyperbolic equation of the form 


A) 32 4- C(x) S34 Dit) ot AB (x) Su 


eae F,(x)| u=0, 
+ IF, (4) + F, (*)] (2i-i) 
where the coefficients A, C, D, E, F,,and F, are suffici- 


ently smooth functions andwhere A(t) >a, >0,andC(x)<c, 


<0 (here, a, and c, are constants). The assumptions (1) that 
certain of these coefficients depend only on ?, (2) that the 


* Steklov’s results are expounded in his book Basic problems in mathe- 
matical physics, Petrograd (1922). 
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others depend only on x, and (3) that the coefficient of 
O*u 
Ox at 
tions for which the mixed boundary-value problem can be 
solved by the Fourier method. 

Let us seek a twice continuously differentiable solution of 
equation (21.1) satisfying the initial conditions 


is equal to zero determine the class of hyperbolic equa- 


u(0, x)=, (x), u1(0, x) =, (x) (21.2) 
and the boundary conditions 


A,u(t, 0) + Bu, (t, 0) = 0, 
Aw(t, )+Bu,(¢, )=0, (21.3) 


where the constants A,, B,, A,, and B, are such that Aj+ B; 
0 and A;-+-Bi=0. 

As in the example of Section 20, let us first seek non- 
trivial solutions of equation (21.1) of the form 

u(t, x)== T(t) X (x), (21,4) 

Here, we require that these solutions satisfy the boundary 
conditions (21,3), At the moment, we donotconcern ourselves 
with satisfying the initial conditions. 

If such a solution exists, when we substitute it into (21.1), 
we obtain an equation that the functions X(x) and 7(t) must 
satisfy: 


A(t) T'X + C(x) TX" + D (t) T'X-+ E(x) TX’ 
+L (F(t) + F, (x) | TX =0. 


Since the function X(x) is not identically equal to zero, a 
point x, exists such that X (x,) 540. The equation 


A(t) T’ + D(t)T’+F, (t)T 


ee, ah C (xo) X” (xo) + E (x,) X’ (Xo) + Fy (Xo) X (x5) 
—— ee eM oe 


where i, is some constant, must be satisfied for all values of 
t, For the same reason, the function X(x) must satisfy the 
equation 


C(x) X" + E(x) X' + F, (x) X=1,X, 


where i, is a constant, for all values of x. Since 
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es (ie 
AWE +D() CLF (f 
D i ? 
= — Clx) 5 —E (x) FF, (x) (21.5) 


for all values of x and ¢ such that X(x)=40 and 7(t)=40,it 
follows that \, = — \, = — 1, and we obtain the following equa- 
tions for the functions X(x) and 7(?): 


A(t) T’ + D(t) 7 -+F, (t) T+iT=0, 
C(x) X” 4 E(x) X’ + F, (x) X —1X =0. 
(21.7) 


Since 7(¢) 40 for the function (21.4) to satisfy the bound- 
ary conditions (21.3), it is necessary that 


A,X (0) -+ B, X’ (0) =0, 
A,X (1) + BX’ (1) =0. 


(21.6) 


(21.8) 


The problem of finding nontrivial solutions of equation 
(21.7) satisfying the conditions (21.8) is called aneigenvalue 
problem, This problem does not have a nontrivial solution 
(that is, one not identically equal to zero) for all values of },. 
Those values of } at which a nontrivial solution exists are 
called eigenvalues of the problem, and the nontrivial solution 
itself is called the eigenfunction corresponding to the eigen- 
value in question. The set of all eigenvalues is called the 
spectrum of the given problem. 

In the following section, we shall show that the eigen- 
values of our problem constitute an infinite sequence 


hog a das 

To each eigenvalue }, there corresponds an eigenfunction 
X,(x) which, because of the homogeneity of equation (21.7) 
and conditions (21.8), is defined up to an arbitrary numeri- 


cal factor. Let us choose this factor so that 


l 
J p(x X;, (x) dx =1, (21.9) 


where p(x) >0 is some particular function corresponding to 
the given equation. This function will be determined in the 
following section. 

It will be shown later that the eigenfunctions corresponding 
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to different eigenvalues are ‘orthogonal with weight 9’; 
that is, they satisfy the equations 


l 
\ p(x) X, (x) X,(x)dx==0 for k=l. (21.10) 


Let us find the solution of equation (21.6) corresponding to 
each eigenvalue },. The general solution of equation (21.6) 
for }==)}, (which we denote by 7,(f)) is an arbitrary linear 
combination of any two linearly independent particular solu- 


tions 7;(f) and 7% (2): 
T, (t)= C,Tr() + C,Te (2). 


Let us choose 7% and T;, that will satisfy the following initial 
conditions at :=0: 


Tz (0) ==1; 7, (0) =0; 
(21.11) 


T; (0) ==0; 7, (0) =], 
and let us set 
u(t, x)= T, (t)-X, (x). 


For arbitrary &, the functions u,(f, x) satisfy equation 
(21.1) and the boundary conditions (21.3). 

To satisfy the initial conditions (21.2), we set up the 
series 


u(t, x) 2, Xg (2) [AgTe(O + BiTe (OM) 09439) 


If this series converges uniformly and iftheseries obtained 
by twice differentiating it termwise with respect to ¢ andto 
x converge uniformly, its sum will clearly satisfy equation 
(21.1) and the boundary conditions (21.3). For the initial 
conditions (21.2) to be satisfied, it is necessary that 


u(O, x)= > A,X, (x) =, (*), (21.13) 


kR=1 


u:(0, x)= >* BX, (x) =o, (x). 
pik do NOE) (21,14) 
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Assuming that the series (21.13) and (21.14) converge uni- 
formly, we can determine the coefficients A, and B, by 
multiplying both sides of these two equations by oX,, (x) and 
integrating from 0 to / with respect to x. Because of (21.9) 
and (21,10), we obtain 


M 


An = \ a(x) 9, (x) X,, (x) dx, 


0 


l 
B, = \ p(x), (x) X,, (x) dx. 


! 


When we substitute these values of the coefficients into the 
series (21,12), we clearly obtain the solutionof our problem 
if both the series (21.12) and the series that are obtained 
from it by differentiating twice termwise with respect to x 
and ¢ converge uniformly. 

Remark: We have shown the general procedure for apply- 
ing the Fourier method to solving the mixed problem for 
equation (21.1), This procedure can also be applied in the 
case of hyperbolic equations of a special form (see Section 
25) with several space variables. 


22. GENFRAL PROPERTIES OF EIGENFUNCTIONS 
AND EIGENVALUES 


1, In studying the properties of eigenfunctions and eigen- 
values, let us show first of all that equation (21.7) 


C(x) X” (x) + E(x) X” (x) + F, (x) X (x) — VX (x) = 0 
of the preceding section can be reduced to the form 
[p (x) X° (x)]’ — 9 (x) X (x) dp (x) X (x) =9, (22,1) 


by multiplying it by a suitably chosen function of x. 

In all that follows, we shall assume that C(x) <¢,<0, 
where ¢, is a constant. If we then multiply (21.7) by p(x), 
we obtain 


oCX" +- pEX’ -+- pF,X — hpX = 0. 
For the first two terms to be representable in the form 


[p (x) X’]’, 
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it is necessary that 
(eC) = pE. 


Determining p(x) from this differential equation, we obtain 


— 
0 (x) =e * >0. 


Here we have taken a particular solution of the differential 
equation for p(x). We define 


pC == — p and oF, ==. 


We can now write our equation in the form (22,1). It follows 
from the assumptions made that p(x) > p, ando (x) >9,, where 
p, and gp, are positive constants. 

We shall assume that p(x), p’(x), g(x) and 9(x) are con- 
tinuous for 0Dxx<i. 


2. Thus, we have an eigenvalue problem to investigate, that 
of finding a nontrivial solution of equation (22.1) satisfying 
the conditions 


A, X(0)-+ B, X’ (0) =0, 


A X(l) +B,X'(l) =0, (22,2) 


where A>-++ B}=40 and Ai-+- Bi <0. 


Theorem 1. If X, (x) and X, (x) are eigenfunctions corres- 
ponding to the same eigenvalue i, then X, (x) == cX, (x), 
where c is a constant. 


Proof: Since, by assumption, X,(x) and X,(x) satisfy the 
conditions 


A,X, (0) + B,X(0) ==0, 
A,X, (0) ais B,X,(0) = 0 


and A; + B)=40, the Wronskian determinant 


gt xi 


of the solutions X, and X, of equation (22.1) must vanish 
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at the point x 0, which means thatthefunctions X, (x) and 
X,(x) are linearly dependent. 

In what follows, we shall assume that the eigenfunctions 
are normalised with weight p, i.e. they are chosen so that 


t 


\ p (x) [|X (x)]? dx = 1. (22.3) 


Such a function X(x) can be obtained by multiplying an 
arbitrary eigenfunction X (x) by the number 


| 


— 
\ | 9 (x) [X (x)]? ax 


0 
Obviously, with the given eigenvalue, the normalised eigen- 
function is determined except for sign. 


Theorem 2. The eigenfunctions corresponding to different 
eigenvalues are orthogonal with weight p(x) ; that is, if 
4, A, and if X,(x) is the eigenfunction corresponding 
to the eigenvalue i, (for i==1, 2), then 


t 


\ pw) x, (x) X, (x) dx =0. 


0 


(22.4) 
Proof: Consider the identities 
(pX1) — 9X, +),pX,=0, (pX})’ — 9X,4-1, 0X, =0. 


If we multiply the first of these by ¥, and the second by 
X, and then subtract the second from the first, we obtain 
the identity 


[pXi]' X, — [pX,]’ X, +0, —),) px, X,=0. 


If we integrate this identity from 0 to / (and then integrate 
the first two terms by parts), we obtain 


l 
\ (4, —,) pX,X, dx 
0 
4 l l l 
— pxX_X, | — \ pX'X' dx + ( pX_X, dx. 
0 0 0 


= pX,X, 


0 
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The right-hand side of this equation is equal to zero since 
the last two terms cancel each other out and since 


P(A) [X,O X, (9 — XOX, O] =9 
and 
p(0) [X; (0) X, (0) — X;, (0) X, (0)] =0 


because of conditions (22.2). Therefore, 


t 


| pxX,X, dx =0, 


0 


since }, ~}.. 


3. To simplify the exposition that follows, we shall confine 
ourselves to consideration of the boundary conditions 


X (0) = 0, 
" (22.5) 


X (1) = 0. 


In this section, the problem of finding the eigenvalues will 
be reduced to the problem of finding a conditional extremum 
(specifically, a minimum) of some functional. This functional 
will be chosen in such a way that equation (22.1) will be the 
Fuler-Lagrange equation for it*. 

Consider the two quadratic functionals of thefunction X (x) 


l 
D(X) = ( (pX"* + 9X") dx, 
0 
t 


H(X) = \ pX* dx. 
0 


The functionals 
t 


D(Xx,, X,)= \ (pX,X,+ 4X,X,) dx, 


0 


* See LAVRENT’EV, M.A. and LYUSTERNIK, L.A., Course in the 
calculus of variations, 2nd. ed. Gostekhizdat (1950). 
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l 
H(X,, X,)=\ pX,X, dx 
0 


are called bilinear functionals, corresponding to the given 
quadratic ones. For these we have the following theorem. 


Theorem 3. If} is an eigenvalue of the eigenvalue prob- 
lem that we are considering andif X, is the normalised 
eigenfunction corresponding to it, then for any conti- 
nuously differentiablefunction f(x) satisfying equations 
(22.5), 


l 


D(X, fy = 1S eX fax =1H(%, f). 
0 


Proof: Integrating by parts and using conditions (22,5) for 
the function f and equation (22.1), we obtain 


t 
D(X N= \ PX +aXfi ae 
t t 
=x\| — \ (eXiy — 9%] fade =) \ Xa 
=X, /. 
Corollary. Suppose that X,(x) is the eigenfunction cor- 
responding to the eigenvalue A; then, 
D(X;)=}, D(X; X))=0, if by. 
Theorem 4. For X #0 the ratio a 


and, consequently, we have an exact lower bound. 


is bounded below 


This is true because 
l r 


D(X) = | (pX" +. qX") dx > \ gX" dx 
0 
. 
=\1ox*dx> min 2 +(x). 
as o<x <i P(X) 


If we consider functions that satisfy the conditions 
H(X)==1,the values of the functional D(X) itself will be 
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bounded below for these functions. And since every eigen- 
value }=D(X,) if H(X,)=1,we obtain the important con- 
sequence of this that the eigenvalues of our problem are 
bounded below. 

Let us consider the problem of finding the minimum of 
the functional D(X) under the condition that H(X)=1.We 
take as the class of admissible functions the set of functions 
X(x) that are twice continuously differentiable on the closed 
interval 0<x</ and satisfy conditions (22.5). We assume 
that this minimum is attained in the class of admissible 
functions*. Then, as we know from the calculus of variations, 
the function representing this minimum must satisfy for 
some i the Euler-Lagrange equation for the functional 


tl 
D(X) —) H(X) =\ [px + gX? — 1px") dx 
0 


tl 
=| F(x, X, X’)dx, 
0 


that is, an equation of the form 


which in our case coincides with equation (22.1). The bound- 
ary conditions of the eigenvalue problem and the variational 
problem in question also coincide. Therefore, the function 
X, (x) representing the extremum D(X) under the condition 
that H(X)=1 is an eigenfunction of the original eigenvalue 
problem. Since, according to Theorem 3, D (X,) =},the 
eigenvalue corresponding to X,(x) must Obviously be the 
smallest one. We denote it by \,. 


* The proof of the existence of a solution to this problem and of all 
the other variational problems of which we shall speak in the present 
chapter is given in the supplement by GEL’FAND, I.M. and SUKHOM- 
LINOV, G.A., to the book by LAVRENT’EV, M.A. and LYUSTERNIK, 
L.A., Fundamentals of calculus of variations, 1, Chapter II (1935). 

It is shown in the calculus of variations that if we required only 
the existence of continuous first derivatives of the admissible func- 
tions, the variational problem that we are considering would still 
have a solution. Its solution would necessarily have continuous 
second-order derivatives and therefore would coincide with the solu- 


tion of the same problem in the case of twice continuously differ- 
tiable functions. 
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Let us show that the function X (x) representing the mini- 
mum of the functional D(X)in the class of admissible functions 
that satisfy all the original conditions and in addition the 
supplementary condition 


£ 
| ox,X dx =0, 
0 


is the eigenfunction corresponding to the second smallest 
eigenvalue. 

The function representing the minimum in question must 
satisfy the Euler-Lagrange equation for the functional 


l 
D(X) —\H(X)—p S px, X dx, 


0 


which, in the present case, may be written in the form 


ne l =," 
(px) — qX + 9X +- > wpX, = 0; (22.6) 


where } and wp are constants. 
Let us show that #=0. To show this, we rewrite equation 
(22.1), replacing } with i, and X with X;: 


(pX1)’ — 9X, -+1,0X, =0. (22.7) 


Let us multiply (22.6) by xX, and (22.7) by X and then sub- 
tract one of the resulting equations from the other and in- 
tegrate from 0 to /. Repeating the integration by parts that 
was performed in the proofofthe orthogonality and using the 
fact that 


f 
| oxX,X dx =0, 


0 


we obtain 


{ 


u | pXidx=0, 


0 
from which if follows that 


t= 0. 
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Consequently, equation (22.6) takes the form 
(pX’) —gX +)90X =0, 


and X is thus an eigenfunction, Letus denote itby X,(x). Let 
us show thatthe eigenvalue }, corresponding to this function 
is the closest eigenvalue to i,-Obviously, \, 2 ,, since in- 
crease in the number of conditions on the admissible func- 
tions can only cause the minimum D(X) to increase, The 
value of 4,-cannot be equal to i, since then X, (x) would, 
from Theorem 1, be equal to + X, (x) which contradicts the 
t 


condition that | X,X dx =0. Consequently, }, >),. 
0 

Let us show that there are no eigenvalues between }, and 
h,. If there were three eigenvalues }, >i >i, correspond- 
ing to the eigenfunctions X,, X, and X,, then, as we can 
easily see, it would not be the function , but the function 
X that would, according to the corollary of Theorem 3, be 
the solution of the variational problem that we just examined. 

In an analogous way, it can be shown that the function 
X,(x) representing the minimum of D(X) in the class of 
twice continuously differentiable functions satisfying the re- 
lationships (22.5) and the conditions 


'f 


H(X)=1, \ex,Xdx=0 (j=1,2,..., 1n—1), 


0 


where 4*,(x) is the /th eigenfunction, is the eigenfunction 
corresponding to the 7 th eigenvalue. 

Thus, we have given the method for finding successively 
the eigenvalues and eigenfunctions. Since we shall show later 
that h,—+ co as N— oo, it follows that all the eigenvalues and 
eigenfunctions can be found in this way. 


4. A method exists for finding the 7 th eigenvalue and the n th 
eigenfunction without first finding the preceding eigenfunc- 


tions. This method is indicated by the following theorem by 
Courant: 


Theorem, Suppose that ¢, (x), 9, (x), ...,0,_,(x) form an 
arbitrary system of continuous functions on the interval 
[0, 4]. Let us denote by\(,, ..., 9,_,)the minimum of 
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the functional D(X) in the class of twice continuously 
differentiable functions that vanish at the end points of 
the interval and that satisfy the following additional con- 
ditions: 


A(X) = 1, (22.8) 


f 


| op,X dx =0 (i= 1, 2, ..., A—1). 


0 


(22.9) 


Then, theath eigenvalue i, for the above eigenvalue 
problem is equal to the least upper bound of the values 
(Yi, Yor +++, %,-,) Corresponding to all possible choices 
of the functions 9,, ..., 9¥,_, 


Proof: From what was said above, 


KOAGS, Sang hs 


so that it will be sufficient to show that, for an arbitrary 
choice of 9,, ..., On-4 


Mis sees Paar) SA, 


Let us show that, for an arbitrary system 9, ..., 9,_, and 
admissible function X(x) can be exhibited which satisfies 
conditions (22.5), (22.8) and (22.9) and that 


D(X) <},,. 
It will follow from this that 
h(y,, ac Pn-1) <h, 


which will prove the theorem, 
Let us seek a function X (x) in the form 


X()y= De CpX, (x). 


Clearly, such a function will vanish at x==0 and x=/ for 
arbitrary values of c, and it will have continuous first 
and second derivatives. Let us choose the coefficients 
c, in such a way that conditions (22,8) and (22.9) will 
be satisfied. When we substitute X into (22.8) and use 
the fact that H(X,,X,)=0 for izx4k (the property of 
orthogonality of eigenfunctions), we obtain 
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l 
H(X) = | pX*dx = > =. (22.10) 
0 


k=1 


Conditions (22.9) yield the system of equations 


t 


n 
( pyX dx = a cy \ pp.X, dx = 0 (i= 1, 2, .5., A—1). 
0 k=l 0 


This is a system of n —1 linear equations with 1 unknowns 
c,. It always has nontrivial solutions, When we normalise one 
of these solutions by use of (22.10), we choose the function 
X (x), We find D(X): 


oir [o( eka) + a(Deeds)'] dx 
=| fo YeaeXiXi-+4 > rear 


ko1li= Lisl 
=— De c,D(X,) + Da ¢,¢,D(X,, X;) 
k=1 RZ 


= DGD X= Le <Shy DE = he 


= k= _—_ 
_ —_— — 


which completes the prooff, 
Remark: Instead of finding the minimum of the functional 
D(X) under the conditions (22.8) and (22.9), we can seek the 


minimum of the ratio ee under conditions (22.9), The mini- 


mum value will be the same in both cases, However, in the 
second case, the function representing the extreme value will 
be determined up to a constant factor. 


0, For later investigation of eigenvalues and eigenfunctions, 
let us show how the eigenvalues change when the coefficients 
in equation (22.1) and the interval on which solutions are 
being considered change, 

(a) When thecoefficients p(x) and g(x) are bothincreased 
or decreased, the eigenvalues also increase or decrease re- 
spectively. More precisely, if we have two equations 


t Since eee ar are <h,. 
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(pX’) — qX + )pX =0, 
(p*X’) —g*X +-)pX =0, 
where 


p(x)<p* (x), g(x) <q* (x), 


then }, <},, Where i, and }, are respectively the n th eigen- 
values of the first and second equations above. 
The proof follows directly from the fact that 


l l 
D(X)=S (px + gX*)dx< | (ptX" 4 g*X)dx = D* (X). 
0 0 


Therefore, 
RGus weer Paar) AT (Pye ee es Prodds 


Since the class of admissible functions X(x) has not changed 
and, consequently, }, <),. 

(b) When the coefficient p(x) is increased or decreased, 
the eigenvalues decrease or increase respectively (that is, 
they change in the opposite way). 

Suppose that (x) <= p* (x),and that the remaining coeffici- 
ents in the equation are unchanged, Then, forevery function 
X (x), 


D(X) = D* (X), and H(X) <= H* (X). 
Therefore. 


D(X), DMX) 
H(X)> H¥(Xx)° (22.11) 


Every function X (x) satisfying conditions (22.9) for certain 
», (x) will satisfy the analogous conditions 


{ o* (x)p% (x) X (x) dx =0, 
0 


if we set 


o; (x)= ae @; (x). 


From this and from inequality (22.11), we conclude that 
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Mis veer Pony) A (Pry eee Gna): 


Since p* (x) = p(x) >p, > 0,the setofall (, (x), .--, 9, (*)) 


coincides with the set of all(y;(x), ..., 9n(x)), and there- 
fore, 1, =>), 

(c) The eigenvalues do not decrease when the length of the 
interval [0, /] is decreased. More precisely, if we replace 
the interval [0, /] in the eigenvalue problem in question with 
an interval [0, /*], where /*</ and the eigenvalues of the 
new problem are denoted by *, then \¥ >},. 

Proof: )*(9,, ..., 9,-,), which plays the same role in the 
new problem that A(y,, ..., 9,.,) played in the old, will coin- 
cide with the minimum ofthe functional D(X) defined for the 
interval (0, /] if we impose on the class of admissible func- 
tions X (x) not only the conditions (22.8) and (22.9) but also 
the requirementthat X(x)=0 for /* <x </. However, when 
the conditions are made more stringent, the class of ad- 
missible functions becomes smaller and the minimum ofthe 
functional can only decreasef. 

Consequently, 


* (9,5 melee Prat) = A(%, mee aoe Pos) 
Therefore, 
he 2, 


Let us look at the specific example considered in Section 
20, We can derive from it the familiar relationship between 
the length of a string and the frequency of its basic tone: the 
shorter the string, the higher will be the frequency of its 


natural vibrations (equal to = ) and the higher will be the 


note emitted by it 


6. In just the same way as we investigated the eigenvalues 
for the problem (22.1) under the boundary conditions 


T Requiring that the functions X(x) which are continuous and have 
continuous first and second derivatives on the interval [0,/] vanish 
for [*< x<1, amounts to requiring that not only the function X(x) 
but also its first two derivatives, vanish at x= /*. However, one can 


show that this additional requirement does not change the minimum 
of D (X) on the interval [0, /* }. 
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X(0)=0, X(/)=0, (22.5) 


we can investigate the eigenvalues for equation (22.1) with the 
boundary conditions | 


X'(0)=0, XX’ ()=0, (22.12) 
or with the boundary conditions 
Xx’ (0) —o,X (0) =0, Xx’ (2) +6,X (1) =0, (22,13) 


where 6, 20 and o,>0,or with a boundary condition of one 
of the types shown here imposed on one end point of the in- 
terval (0, /) and one of the other type at the other end. 

The fundamental theorem making it possible to investigate 
the eigenvalues under the boundary conditions (22.13) is the 
following theorem, which is analogous to the theorem of 
subsection 4, 


Theorem, Suppose that 9, (x), 9,(x), ..-, 9,-,(*) is an 
arbitrary system of continuous functions on the interval 
(0, ¢/]. Let us denote by \(y,, ..., %,.,) the minimum of 
the functional 


i 
\ (pX"° + gX*) dx +.a,p (0) X* (0) +-6,p (1) X7 (1) (22.14) 
0 


in the class of twice continuously differentiable functions 
satisfying the following conditions: 


rf 
H(X)=1, | pyXdx=0 (i=1,2,...,n—1). (22.15) 
0 


Then, the 7 th eigenvalue i, for this eigenvalue problem 
is equal to the least upper bound of the values i(q,, 
.-, %,-,) for all possible choices of continuous func- 
tions §,, «++, Dy} 


By use of this theorem, we may, just as in the case of 
fixed end points, investigate the dependence of the eigen- 
values on p(x), g(x), @(X), 0,, 9, 7. 

if for the functions 9,, ..., ¢,_, we take the first n—1 
eigenfunctions X,, ..., X,_, of the problem in question, then 
the function representing the minimum of the functional 
(22.14) under conditions (22.15) will be the n theigenfunction 
of this problem and the minimum of the function will be its 
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n th eigenvalue. 

If 6, ==-0 and o,=0, we arrive at the eigenvalue problem 
for equation (22.1) with the boundary conditions (22,12). In 
this case, the th eigenfunction will yield the minimum of 
D(X) in the class of twice continuously differentiable func- 
tions satisfying the same conditions 


rf 


H(X)==1, | pX,Xdx=0 (j= 1, 2,...,.2—-1), 
0 


where X,, ..., X,_, are the first eigenfunctions of this prob- 
lem, as in the case of fixedendpoints. Now, however, we re- 
quire of the admissible functions that they satisfy some con- 
dition or other on the end points of the interval (0, /). The 
function that satisfies this variational problem will automat- 
ically satisfy conditions (22.12). This is the‘ free problem’. 
It corresponds to the vibrations of afreestring, that is, one 
whose end points are not fixed. However, let us recall that 
when we Say that the string is not fixed at the end points, this 
means only that these ends may move freely along a straight 
line perpendicular tothe position of equilibrium ofthe string. 
It emphatically does not mean thatthese ends can move along 
the equilibrium position of the string. 

If we do not require that the admissible functions be conti- 
nuous at any interior point c of the interval (0, /), theclass 
of admissible functions will be made broader. Then, }(yq,, 
Yor «++, Y,_,), and, consequently, 4, can only be decreased 
as a result of this. The corresponding tone emitted by the 
string will be lower. This corresponds to a discontinuity in 
the string at some interior point c. Then, the ends of both 
portions of the string (each moving along a single straight 
line perpendicular to the stationary position ofthe stretched 
string) can move freely along that line. The corresponding 
eigenfunction X, will have a discontinuity ofthe first kind at 
the point c. In this case, 


Xn(c +0) =0 and Xn(¢ —0)=0. 


It follows from what was said above that the tones emitted by 
the string will be lower inthis case than the tones of the un- 
broken string. 


¢. Again, we shall confine ourselves to a consideration of 
boundary conditions of the type (22.5) since completely ana- 
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logous reasoning can be used in the other cases. 

Let us make an estimate of 1, ,dependingon 7. We denote 
the maxima of the functions p(x), g(x) and p(x) on the 
interval [0, /] by pmax, Ymax, and Omax respectively, and 
we denote their minima by pmin, Qmin, and Pmin . In addition to 
equation (22.1), let us look at the equations with constant 
coefficients 


Dirge — QmaxX + hominX = 0, (22.16) 
PminX” as minX + hOmaxX = 0. (22.17) 


It follows from the results of subsection 5 that 
hk 2h, 1,, (22.18) 


where i, and i, are theth eigenvalues of equations (22.16) 
and (22.17) respectively. However, equations (22.16) and 
(22,17) can be integrated in finite form and the values of 
h, and i, can be calculated precisely. If we solve (22.16), 
for example, and find a particular solution of this equation 
from the conditions X (0) = X (/) =0, we obtain 

2 


<’ 2 
hnPmin — Ymax eee nn 


Pmax 


Therefore, }, —=C,n>-+C,,where C, and C, are independent 
of n. 
Analogously, 


A, =e,’ +e,. 
When we substitute these values into (22.18), we obtain 
cm temh, <Cn’+C,. (22.19) 
From this it follows in particular that the eigenvalues in- 


crease without bound as n— oo. 


8. Let us now investigate the behaviour of the eigenfunc- 
tions with increase in 72. To do this, we simplify equation 
(22.1) by making the substitution 
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I 
s==\y(x)dx, u=paX. (22,20) 


We choose the functions ¢(x) > 0 and $(x) >0 in such away 
that, after the substitution (22.20), equation (22.1) will be-. 
come 


u” (s) t- hu = R(s) u. (22.21) 


When we carry out the substitution (22.20) with arbitrary 
functions (x) and ¥(x), we shift from equation (22.1) to the 
equation 

d’u , (pep) + 9¢'p du 1 ¢q— (Hp) 

asi ep on gp EP 
Let us now choose functions v(x) and %(x) in sucha way that 
this equation will take the form (22.21). Forthis, we need to 
determine the functions g(x) and y(x) from the system of 
equations 


eae ob ’ 1)’ == 0, 
ol, (pbp) + ¥Y p 


When we solve this system, we obtain 
ete yz aa 
ye et ep 


where ¢c is an arbitrary constant. 
Therefore, by making the change 


= P 4. , 
-“ V pax Te (22.22) 


for example, we can obtain equation (22.21). Here, R(s) is 
a continuous function if p" (x) and p” (x) are continuous since 
php 0. 

We need to find a solution of equation (22.21) on the in- 
terval 


t 
O<s<l where J, — | V 5 ax. 
0 


The boundary conditions for u(s) remain the same as for 
X (x), aS Can easily be seen: 
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u(O)=0, u(/,)=0. 


If X,(x) is the eigenfunction of equation (22.1) corresponding 
to the eigenvalue i,, then the eigenfunction u, of the equa- 
tion (22.21) corresponds to this same eigenvalue. 
If 
t 


\ pXidx=1, 
0 


then, aS can easily be seen, 


fy 


( us, (s)ds = 1. (22.23) 
6 


Let us give asymptotic formulae for u,(s)as m—-oo. 
Since we are concerned with the behaviour of u, (s) forlarge 
values of 2, we may, on the basis of (22.19), confine our- 
selves to positive },. Let us examine the nonhomogeneous 
equation for the function z(s) 


2" + iz=R(s)u, d»>0, (22.24) 


where u(s) is a Solution of equation (22.21) for the same .. 
The general solution of equation (22.24) is 


z(s) =C, cos V hs tC, sinVis 


S 


+77] R (x) u(t) sin Vi (¢ —*) de 


If we set C, =u (0) and C,= TS then z(s) will, fors=0O, 


satisfy the same initial conditions as does u(s). Therefore, 
on the basis of the uniqueness theorem for the solution of 
the Cauchy problem for equation (22.24), z(s) will be ident- 
ically equal to u(s), and we will obtain for u(s) the integral 
equation 


u(S)==u (0) cos Vist sin Wy 


En aN \ R(t) u(t) sin Vd (s —*) dt (29 95) 


Now, suppose that A coincides with the nth eigenvalue and 
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that v, (s) is the solution to equation (22.21) ath==1, satis- 
fying the initial conditions 


v,, (0) == 0; Up (0) =) .,. 
This function v, (s) will satisfy the integral equation 
U, (Ss) 


= sin Vist 


! 
Vi, 


The function v, (s) differs from the normalised eigenfunction 
u(s)only by sign and by the factor 


( R (2) a, (t) sin V1, (8 — +) dt. (22.26) 
0 


We shall show later that 
{2° 
Ni— V i 
First of all, let us show that all the functions v,(s) are 
bounded by some constant that is independent of n. Let us 


denote max|v,(s)| for O<s<i/ by M,. Then, from equation 
(22.26), we have 


10, (8) <I + = Ma (LRU a 


and, consequently, 


M, 
Vi, 


ly 
M,<1t+ JI RI ae, 


=1+0(=). (22.27) 


Mi<x 
oo 


1 


t 
Vi. JiR | dt 
0 


Since l,—- coas n—+00(see subsection 7), this inequality 
proves the boundedness of the functions v,,(S). 
In what follows, we shall need an analogous estimate for 
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the first and second derivatives of the eigenfunctions. To 
get it, we differentiate the integral equation (22.26). We 
obtain 


Un (s) = V }, cos Vi,st | R(x) v, (2) cos Vi (s —t)dt 


Un (s) == —1,, sin V1, s— Vi, \ R(t) vu, (t) sin Vx, (s—t) dt 


+ R(s)v, (Ss), 
so that 


lon(s)| Vi, + O(1), |on(s)[ <1, + O(VI,). (22.28) 


Let us now compute 


\ Un (S) ds, 

0 
that is, let us find the factor by which the functions v, (s) 
(and consequently their derivatives) differ from the nor- 
malised eigenfunctions u,(s) and their respective deriva- 
tives). From (22,26), we have 

l 
vm) 


v, (S) == sin’ Vis - of 
From this we get 


rf 
2 l i 
\ va (s) ds =p — MPT 4 0( = 3-+0/ 


0 


77): 


Therefore, for uw, (s), we immediately obtain estimates ana- 
logous to (22,27) and (22,28): 


=< VW 2+0( 7 
Jun (s)| <Vi, Vit ee (22.29) 


[un(s)| <<), VW = +0(Vi,) 


By a change of variables indicated informulae (22,22), we 
immediately obtain from (22,29) the corresponding results 
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l 


N 
fylx=S(xy— Ve, Xe), bv | ley f3(x) ax 


n=1 


We need to show that 6)—-0 as N—- oo. Since 


I og (xjax=1 


and since, in addition, 


Fo gy(x) X,(x)dx=0 (2=1,..., M), 


the function ¢,,(x) is one of the admissible functions of 
the variational problem examined in subsection 3 of this 
section*. The value of the minimum of D(X) for this prob- 
lem is equal to A,y,,. Consequently, 


D (9 w) = eat 


Let us now calculate D(9,). Using the notations of sub- 
section 3, we find 


f t 
D(e,)= J Pent a dei hat afar 
4 
== py —-Saxyetu—-S ¢,X,) | dx 
No n= — 
=, [D 2D Dv. +e 2 Clim (Xn Xm)| 


Shyey (22.32) 


On the basis of Theorem 3 of subsection 3, we have 


Dif, X,,) =i,¢ D(X, X,)=D(X,) =n 


avn 


aes m? X,)==Owhen n=ém. 


When we substitute these values of the functionals into (22.32) 
we obtain 


* See footnote on page 170. 
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N 
] 
IP) — > daCa] = Ayes 1? 


n=1 


so that 


N 
Dif) — > ok 
w< —— : (22.33) 
N ti 

In accordance with (22.19) there exist only afinite number of 
negative 1,. Therefore, the numerator on the right-hand 
side of (22.33) is bounded for all N. Since l,,,,—» co as 
N— oo, it follows that 6,—0 as N— oo.Thus, the series 
(22.30) converges in mean for every differentiable function 

that vanishes at the point «=0O and «=J. 

To free ourselves from the restrictions imposed on / (x) 
let us note that, for every piecewise-continuous square- 
integrable function / (x),there exists a continuous differenti- 
able function /* (x) that vanishes at the end points ofthe in- 
terval |0, /| satisfying the inequality 

t 


\ 0 [f(x) —S* (x) PP dx << e; 


0 


where ¢, is an arbitrary positive number. 
Suppose, further, that N is chosen sufficiently large that 


N 
\ p (x) [f* (x) — » Cn X (x)? dx Se, 


we | 


where the c,* are the Fourier coefficients for £*(x). Then, 


t N 
\ (x) (F(x) — Yc X, (x)]? dx 


nz} 
t 


N 
<JeMlIso—P oltre w— aX, (0) || dx 


0 ax} 
t 


<e te, +2 | pes —S* (x) [IP (0) 


0 


N 
—~»> cnX,,(x)|dx <e, te, +2 V ¢,-6,. 


n=1 
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To get an estimate of this last integral, we used Bunyakov- 
skii’s inequality. 

We have thus shown that, for every square-integrable 
function f(x), there exists an N and constants c, such that 
the quantity 


N 
p(x) (f(x) — DY 6, %, (x)]*ax (22.34) 


nai 


o Ce) 


will be arbitrarily small. However, we know (see, for exam- 
ple, my Letsii po teorii integral’nykh uravnenii (Lectures 
on the theory of integral equations), Gostekhizdat, 1951, 
pp. 66-67), an integral of the form (22.34) has its smallest 
value when the c, are the Fourier coefficients for the func- 
tion f(x). Therefore, if we take these coefficients for the 
c, in (22.34), the value of the integral (22.34) will not in- 
crease. 

By using the orthogonality ofthe functions X, (x), itis easy 
to show that 


N 


= \ [s(x]? dx — > c, 20 
0 nai 
(Bessel’s inequality), where the c, are the Fourier coeffici- 
ents for the function /(x). Consequently, the condition that 
the system of functions is complete may be written in the 
form of the following equation: 


co@) l 


Da C= 9 [4 (x))” dx (22,35) 


n=1 0 


(Parseval’s equation). 


10, Let us now prove the following fundamental theorem, 


Theorem, Suppose that acontinuously differentiable func- 
tion on the interval [0, /] vanishes at the end points of 
that interval. Then, its ‘Fourier series’ (22.30) con- 
verges absolutely and uniformly to that function, 


It will be sufficient to show that this series converges 
absolutely and uniformly in general, Indeed, since this series 
converges ‘in mean’ to f(x), if it converges uniformly its 
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limit cannot be any other function, 
Suppose that 7, is sufficiently large that i, >Ofornan 
By using Cauchy’s inequality, we can write, for n= 2, 


n-+s n+$ 


>, [c,X, |= ba Lo,V dp: 
kon 


n+s ee n+s oe 
</ bo Crh, _> oe V 2 Chh, > i. 


k=N9 


Let us now apply inequality (22.33) for an estimate of the 
first factor and let us take the quantity 


max |X, (x)| =M 
k, x 


from under the radical. Since it follows from inequality 
(22.33) that 


[0 @) no 
ba Ch, =D(f)+ p2 cel, <M, 
=o —e | 
we have 
n+s ns 
> [c,X,,{<M,M a 
ara kon Me 


Since, by virtue of (22.19), 


Ap = c,R° + Coy 
it follows that 


] 
~~ <= — 
dy c,k? +c,’ 


and the series 


converge. Consequently, for arbitrary positive ¢ and s and 
sufficiently large n , 


oe 
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and hence, 


n+s 
| CpXp] CE, 
that is, the series 


> CpX, (x) 


converges absolutely and uniformly. 


23. JUSTIFICATION OF THE FOURIER METHOD 


1. Consider equation (21.1). Let us assume that the coeffici- 
ents in this equation are three times continuously differenti- 
able functions in the cylinder C,, that A(t)>a, >0, and 
that C(x) <<. ¢, <0, in other words, equation (21.1) is ahyper- 
bolic equation*. 

Let us seek a solution of equation (21.1) that is twice 
continuously differentiable in C, andthat satisfies the initial 
conditions 


u(0, x)=, (x), 41 (0, x)= 4, (x) (23.1) 
and the boundary conditions 
u(t, 0) = u(t, 4) == 0; (23.2) 


The Fourier method leads to an examination of the series 
(21.12) (see Section 21). The functions X,(x) are eigen- 
functions of equation (22.1). Suppose that 


L(f\=(pfy — 4. 
Then, equation (22.1) can be written as follows: 
L(X,) =— 4, 0%, 


Theorem. If y,(x) has acontinuous third derivative on the 
interval [0, /] and satisfies the conditions 


go, ==L(y,) == 0 at x= 0 and x= /, (23.3) 


“It is easy to show that all of the theorems in Section 22 and the 
fundamental theorem in Section 23 are valid if C(x) and A(t) are twice 
continuously differentiable and if D(t), E(x), and F,(x) have continu- 
ous first-order derivatives and F,(t) is continuous. 
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and if y,(x)has a continuous second derivative on that 
interval and satisfies the conditions 


9, = 0 at x==0 and x=l, (23 4) 
then the function u(t, x) defined by the series (21.12) 
has continuous second-order derivatives and satisfies 
equation (21.1), the initial conditions (23.1), and the 
boundary conditions (23.2) throughout C,;. Here, term- 
wise twice differentiability of the series (21.12) with 
respect to ¢ and x is possible. The series that result 
from these differentiations converge absolutely and uni - 
formly in C, T. 


Proof: Consider the series (21.12) constructed in Section 
21 


u(x, t)= Pp) X,, (x) [A,Ta (ft) + B,Te (0). (23,5) 


Here, 


t 


L(X,)=—ypXy, | pXb (x) dx=1, 
t I 


A,= \ oy X,dxand B, = ( 00, X, ax. 


0 0 


The functions ie and Te are solutions of equation (21.6) at 
\==}, and they satisfy the initial conditions 


, dT, (0) 
we dT, (0) 
Tr (0) ==0, — =|, 


¥ Conditions (23.3) and (23.4) are necessary conditions for the exist- 
ence in C.. of a twice continuously differentiable solution of the 
problem stated. To see this, note that condition (23.2) implies that 
Ou/dt and d?u/dt? are equal to zero at x = O and at x = 1, In view of 
this fact, we obtain from equation (21.1) that, at x = 0 and x =] 


0? F) 
C(x) = + E(x) = + F, (x) u=0, 


thatis L(¢@o) = 0 at x = O and x = 7. 
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By a change of variables analogous to that of (22.20), we 
can reduce equation (21.6) to the form 


w” +-},w = R(s) W. (23.6) 
Since here 7 (ft) = (f)w, where (t) is some function thatis 
independent of &, the functions Wy and Wh corresponding to 


the functions 7, and 7, Satisfy the initial conditions 
w,(0) = a*, w, (0) == b* and w, (0) =0, wW, (0) = b**, 


where a*, 5*, and 6** are numbers that are independent of 
k. For solutions of equation (23.6), we may write an integral 
equation of the form (22.25). By a procedure analogous to 
that followed in Section 22, we may use this integral equation 
to obtain estimates for Wy and W, and their derivatives. 
Here, we obtain the following estimates for the functions 
T* (t) and 7** (t) for sufficiently large k: 


Rk? 


<MV iy, 


rica, [Stlcmvy, [BO 
# ae aa 
Ledtarart ar |< ™, ie 


where M >0 is some constant. 
Now, let us estimate the Fourier coefficients of the func- 


tion 9, (x): 


(23:7) 


L(X;,) Ax 
h 


l d 
A,= | petedx=— ¢, 
0 0 
1 
=—\>L (Y,) X, ax. (23.8) 
Q 


We obtained this last equation by twice integrating by parts 
and using the boundary conditions 


Po (0) = Fo (2) =X, (0) = X, (/) == (); 


We obtain from equation (23.8) 


l 
Ag=— | oP x, ax, 
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that is, the 4,A, are the Fourier coefficients of the conti- 


£9) 
P 


nuously differentiable function H(x) = which satis- 


fies the conditions H(0)= AH (/)=0. 
Uniform convergence of the series 


DPA Xe 


follows from the theorem of subsection 10 of Section 22. 
From inequality (22.33), we easily see that the series 


[e 6) 
D MeAt 
R=1 


converges. 
1 


Let us now estimate 8, = \ op,X,dx. When we again use 


0 


equation (22.1), integrate by parts twice, and use the bound- 
ary conditions 


9, (0) = 9, (2) = X;, (0) = 4, (2) =, 


we obtain 
l i 
B= lotede=— Vo ee ade , 
where the 8, are the Fourier coefficients of the continuous 
function HA, (x) = — =, On the basis of equation (22,35), 
we have 


By using the estimates (23.7) and (22,29) and by taking 
account of (22.20), we can easily show that the numerical 
series 


PANES | Axl +14, [1 [del ), (23.9) 


implies absolute and uniform convergence of the series 
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(21,12) and of the series obtained from it by twice differ- 
entiating it termwise with respect to x and ?¢, since, for 
sufficiently large values of &, the terms of these series do 
not exceed in absolute value the terms of the series 


M, 3 (yl Ael -+151V Tig) 


where M™, is some positive constant. To show that the 
series (23.9), converges, we note that, for sufficiently large 
il 


b 


n-+m n+m 


p» (Jie ll Ae! +] BIVind= Qu (1A, |, Ph et ee ; 


k=n 


. n+m > n+m 
Anh a ae vel d Pi) p>y. i; * (23.10) 


Here, we used Cauchy’s inequality. Convergence of the series 


co ie @) co 
Sani, Yt ana Y 8 
R=1 k=1 k k=1 


and inequality (23,10) imply convergence of the series (23.9). 
This completes the proof of the theorem. 


2. Let us now show that the next problem for a hyperbolic 
equation of type (21.1) has a unique solution. We have al- 
ready shown, in Section 18, that the mixed problem for the 
wave equation has a unique solution. 

By integrating by parts, one can easily show that for any 
two functions u(t, x) and v(t, x) that are twice continuously 


differentiable in C,; for0< 7,<7,the following formula 
holds 


{Sie E (2) ) C(x) 44D (1) ELE (x) Se 
Ty 


0? (A (t)v) , d2(C (x) v) 
HIF F, (2) a] — uf[ Soe eee 


— 0 ey LF, (t) LF, (x)) v| f dx dt 


(continued over page) 
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—| gE (1) St — aaa + Duo ay 2% 
Q 
T, 


Ee (x) ou jo ++ Ewo| 4 


\ Ox 
— ( Ee (x) u 2 oe ++ Ewe | a at. (23.11) 


Suppose that u(t, x) satisfies equation (23.1) andthe condi- 
tions 


uO, x)= 0, u(0, x)= 0, u(t, 0)=0, u(t, =O (23.12) 


in C;. Let us show that u(t, x) =0. 

Suppose otherwise. Assume that u(t, x) is nonzero at the 
point (7,, x,).Let us apply formula (23.11) to the function 
u(t, x) and to the function v(t, x), which we choose in such a 
way that, throughout Cy, ,it will satisfy the equation 


0? (A (£) v) eine (C(x)v) O(D(t)v)  dA(E(x) v) (23.13) 


~ of Oxe ot Ox 


+ (F, (t) + F, (x)) v= 0 


and the conditions 
v(t, 0)=0, vit, =O, v(T,, x) =0, 4: (T,, x) =a (x), (23.14) 


where a(x) is a Smooth nonnegative function that is nonzero 
only in a small neighbourhood of the point (7,, x,) in which 
u(t, x) keeps its sign. The existence of the function v(f, x) 
follows from the preceding theorem since the solution of 
(23.13) is of the form (21.1). 

It is easy to see on the basis of relations (21.1), (23.12), 
(23.13), and (23.14) that the left member of equation (23.11) 
is equal to zero and that the right member is equal to 

4 
( —a(T,, x) A(T,)a(x)dx 0. 
0 
This contradiction shows that u=0. 
Problem. Show that the solution of the mixed problem for 
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equation (21.1) depends continuously on the initial conditions, 
that is, that the solution u(t, x) of equation (21.1) satisfying 
conditions (23.1) and (23.2) will be or small in ab- 


solute value throughout C, if |g, (x)|, [= a and |p, (x)| is suffi- 


ciently small for all x in the interval (0, /]. 

To prove this assertion, one mustuse theestimates (23.7) 
and (22.29), equation (22.35) for the function 9g, (x), in- 
equality (22. oe) for the function ¢, (x), and the convergence 


of the series >: he 
=1 
Remark: It is easy to show that, if u(t, x) satisfies equa- 
tions (21.1), the initial conditions (23.1), and the boundary 
conditions (23.2) in C,, the integral 


\\ pu’ (t, x) dx at 
Ur 


i i 
will be arbitrarily small if { pg (x) dx and { peitx) dx are 
0 


sufficiently small. 
To show this, we represent u(t, x) in the formofa series 
(21.12) and obtain 


\ \ pu (t, x) dx at 


UT 


= \) o| DXelx) ATH + DY Xp) BT (o [ax at 
T =4 


=< 2 \\ o( 2 X, (x) A, Tr (t))? ax at 
T =1 
y, \\ p( 2 X,, (x) B,Te (t)) ax at 
T =I! 
{ 


ee oO : 
<K, 2 Atk, 2 By = K, \ pp? (x) dx + K, | py? (x) dx, 


where K, and K, are positive constants that are independent 
of 9, and g,. In ‘the derivation of these estimates, we used 


the elementary inequality (a-+ 6)’ < 2a’-+ 26’, the orthogo- 
nality (with weight p(x)) of the eigenfunctions (which are as- 
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sumed to be normalised), the boundedness of the functions 
T, and 7,, and Parseval’s equation (22.35). 


3, If the initial functions ¢, (x) and y, (x) do not satisfy the 
conditions formulated in the theorem of the present section, 
there may not be any solution to the mixed problem for equa- 
tion (21.1) that is twice continuously differentiable in C,. 
However, if y, (x) is acontinuously differentiable function that 
vanishes at x==0 andx=/ and if 9, (x) is acontinuous func- 
tion on the interval [0, /], then the series (21.12) converges 
and defines in C; a continuous function u(t, x). The function 
u(t, x) will then be a generalised solution ofthe mixed prob- 
lem for equation (21.1) corresponding to the initial conditions 
(23.1) and the boundary conditions (23.2).° 

We call the function u(t,x) a generalised solution of 
equation (21.1) with initial conditions (23.1) and boundary 
conditions (23.2) if u(t, x)is the limit in C; as n—+oo of 
a uniformly convergent sequence u, (tf, x) of solutions of 
equation (21.1) with boundary conditions (23.2) and initial 
conditions 


u,,(0, x) = Go (x), 
Gun (0, x) (23.15) 
of 1 AX); 
and if 
t 
J ply, (9) — 8 (x)} dx — 0 
and 
l 
\ oy, (x) — py (x)]? dx — 0 (23.16) 


0 


as 4—> OO. 

Let us show that if 9,(x) is a continuously differentiable 
function that vanishes at x=-0 and x=/ and if 9, (x) is a 
continuous function of [0, /], then to equation (21.1) with 
conditions (23.1) and (23.2) there corresponds a unique 
generalised solution. The existence of a generalised solu- 
tion follows from the fact that the partial sums of the series 
(21.12) form a sequence uw, (t, x), that satisfies the required 
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conditions, so that, consequently, the series (21.12) is a 
generalised solution. Let us now show that the generalised 
solution is unique. 

_ Suppose. that to two distinct sequences of functions > (x), 
g: (x) and Oo (x), Yi (x) ) there corresponded two distinct limit- 
ing functions u(t,x) and u(t, x) for the sequences u, (t, x) 
and u,(t, x) We would then have 


\ ( po (u —u)* dx dt 


eT 
=f p{(u—4,) +l, — u,) + G, — wf dx dt 
CT 
<3\p(u—u,)*dxat+3 \{ ou, — u,)* dxdt 
OF CT 
+3\{ p(u,— 4) dxdt. 
oF (23.17) 


On the basis of the remark in-subsection 2 of the preced- 
ing section, the integral 


\\ p(u, —a,)? dx dt 
oT 
approaches zero as n—+oo since 


{ 


\ 0(~0 — go) dx and \ 0 (~: — oi)? dx 


approach 0 as n—- oo. Since the two integrals on the right- 
hand side of inequality (23.17) also approach zero, we have 


\\ p(u— a)? dx dt =0. 
ef 


Since u—u and p>0 are continuous functions, we have 
u(t, x) =u(t, xX). 

From the definition of a generalised solution tothe mixed 
problem for equation (21.1) it follows that if for »,(x) and 
y, (x), there exists a solution to the_mixed problem that is 
twice continuously differentiable in C,,the generalised solu- 
tion of the mixed problem coincides with this solution. 

A function u(t, «) such that 
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lim \\ o(u,—uy dxat=0, (23.18) 
‘ 


nro u 


where the functions uw, (¢t, x) are solutions to equation (21.1) 
under the boundary conditions (23.2) and the initial conditions 
(23.15), and such that the relations (23.16) are satisfied is 
sometimes called a generalised solution of the mixed prob- 
lem for equation (21.1). 

Let us show other possible definitions of a generalised 
solution of the mixed problem in which the integral identi- 
ties (cf. Section 9) are used. For simplicity, let us consider 
an equation of the form 


Q* 0 6) 
Pw) =F (PW g/t U=0. 93 


__A function u(t, x) that is continuously differentiable in 
C, and that satisfies the conditions 


u(0, x)=, (x), u(t, 0)==a(t, 4) =0 (23.20) 


and the integral identity 


Ou dc Ou Oc 
J) (ara P Seon — 99 ) dx at 
t 


+1 9,(x)6(0, x)ax=0 
0 (23.21) 


for an arbitrary continuously differentiable functions (t, x) 
that vanishes at t= 7, at x=0, and x= / is calledagen- 
eralised solution of the mixed problem for equation (23.19) 
under the initial and boundary conditions (23.1)-(23.2). 

sometimes, it is convenient to use the following definition, 
A function u(t, x) satisfying the integral identity 


j) uP (a) dx at +S (x) $0, x) ax 


= \ ~, (x) o(0, x)dx—=0, (23,22) 


where o(f, x)is an arbitrary twice continuously differenti- 
able function such that 
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o(t, 0)==a(t, 4) =a (T, x)= S(T, x) =0 (23,23) 


is called a generalised solution of the mixed problem for 
equation (23.19) under the conditions (23,1)-(23.2). 

Obviously, a generalised solution defined by the identity 
(23.21) under the conditions (23,20) will at the same time 
be a generalised solution in the sense of (23,22), The con- 
verse does not in general hold. 

By introducing generalised solutions, we can in some 
degree, broaden the class of initial conditions under which 
a solution of the mixed problem exists. Here, itis very 
important that the uniqueness theorem remain valid in the 
new class of solutions. 

Problem 1. Show that the generalised solution of equation 
(23.19) under the conditions (23.1)-(23.2) that is defined by 
the relation (23,18) (where p= 1) exists and is unique if the 
functions 9,(x) and 9,(x) are piecewise continuous and 
square-integrable on the interval (0, /]. 

2. Show that the generalised solution of equation (23,19) 
under the conditions (23.1)-(23.2) that is defined by the re- 
lations (23,20)-(23,21) exists and is unique if the function 
y,(x) is twice continuously differentiable on the interval 
[0,4] and the function ¢, (x) is at least once continuously 
differentiable on that interval and if 


9, (0) = 9, (/) = 9, (0) = 9g, (/) = Oandg (x) > 0. 


Hint: To prove the uniqueness, use the function 
1 
6 (ft, x) = | [u, (t, x) —u,(t, x)] dt, 
T 


where uw, and u, are two generalised solutions of the same 
mixed problem, 

3, Show that the generalised solution of equation (23.19) 
under the conditions (23,1)-(23,2) that is defined by the re- 
lation (23,22) exists and is unique if the function 9, (x) is 
continuous on the interval [0, /], vanishes at x—=U and 
x==/, and has a piecewise continuous square-integrable de- 
rivative on that interval and if the function ¢,(x) is piece- 
wise continuous and square-integrable on the same interval 

0, Z|. 
Hint: To prove the uniqueness, use the results of sub- 
section 4 of the present section. 
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4. The Fourier method for a nonhomogeneous hyper - 
bolic equation Let us considerin C, the mixed problem for 
the equation 

ou — 2 ( pix) St) —g(xyut s(t OSL IAS 2), (23.24) 
That is, let us seek a solution to this equation that is twice 
continuously differentiable in C; that satisfies the initial 
conditions 


u(0, x)=, (x), u2(0, x) = 9, (x) (23.25) 
and the boundary conditions 
u(t, O)=ua(t, )=0. (23.26) 


Here, it will be sufficient for us tofind a solution satisfying 
the conditions (23,25) when 4g, (x) =g, (x)==0 since we will 
obtain the desired solution by adding toitthe series (21.12). 

Let us seek a solution u(f, x) of this problem in the form 
of a Fourier series 


p> a, (t) X, (x) 


of the eigenfunctions of equation L(xX)=—)dX with the 
boundary conditions X(0)=.X (/)=0. When we expand the 
function /(f, x) in a Fourier series of these eigenfunctions 
and equate the Fourier coefficients on the right and left 
sides of equation (23.24), we shall obtain differential equations 
for determining the Fourier coefficients a,(t) of the form 


ay (t) = — ya, (t) +f; (2), 
where eS . (23.27) 


l 


fy (th = J F(t, x) X, (x) dx 


L(X,)=—1,%,. 


It is easy to show that the function 


and 


, ! 
ae (t) sin Vd, (£ — +) de. 


is a solution of equation (23.27) satisfying the conditions 
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a, (0) = ag (0) = 0. 


Thus, the solution u(t, x) of equation (23.24) that satisfies 
conditions (23.26) and the conditions 


u(Q, x)==u;(0, x)= 0, (23.28) 


must be expressed in the form of the series 


me rie 4 ae 
u(t, ae (Sz | fet si Vit 9) ds ) X, (x). (23.29) 


If this series and the series obtained from it by differentiat- 
ing it termwise twice withrespectto x and ¢t convergeuni- 
formly in C;,then the sum of this series is a function that 
is twice continuously differentiable in C, and that satisfies 
equation (23.24) and the conditions (23.26) and (23.28). Con- 
vergence of these series will be ensured if we require that 
the continuous function /(t, x) have a continuous second 
derivative with respect to x and that the conditions /(f, 0) 
=f(t, /)=0 be satisfied for all ¢. Here, we assume 
that the coefficients p(x) and g(x) have continuous sec- 
ond derivatives. Proof of this is exactly analogous to 
the proof of the fundamental theorem of the present sec- 
tion. The Fouriercoefficients /f,(f) ofthefunction f(t, x) 
are evaluated tn the same way as the coefficients B, 
of the series (21.12). 


24. APPLICATION OF GREEN’S FUNCTION TO THE EIGENVALUE 
PROBLEM AND TO THE JUSTIFICATION 
OF THE FOURIER METHOD 


The existence of a complete system of eigenfunctions in an 
eigenvalue problem and the basic properties of this system 
can be shown without solving the variational problems but 
by a completely different method. This can be done by re- 
ducing the boundary-value problem to a Fredholm integral 
equation of the second kind. This reduction can be carried 
out with the aid of what is calleda Green’s function. We now 
turn to the construction of this function. 


1, Consider the problem of finding the solution on the in- 
terval (0, /) of the equation 
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(pX") — qX =f (x), (24.1) 
satisfying the conditions 
X (0) = X (f) = 0. (24.2) 
Together with equation (24.1), let us consider the equation 


(PY) —qY=8, (x, x) (24.3) 


with the same left member as equation (24.1) but with the 
free term 


l E é 
&.(%, “=| ee er oe 


Q for all other x. 


Here e¢ and x, are constants such that e >O0C x, </, 
and0< z< min{x,, /—.x«,}.Let us assume that we know the 


solution Y,(x, x,) of this equation that satisfies the same 
boundary conditions (24.2) but which depends on the constants 
é and x, *. 

Let us multiply equation (24.1) by Y,. Then, let us re- 
place Y in equation (24.3) with Y, and multiply this equa- 
tion by X. Finally, let us subtract the second of these re- 
sulting equations from the first and integrate the difference 
over the interval (0, /).We then obtain 


rf 


( lipx'y’ Y¥, —(p¥e)’ XJ ax 
l 


=\{¥,(x, x,) F(x) — X (0) g, (x, »,)] de. 


0 


Since the functions A(x) and Y,(x, x,) vanish at the two 
limits of integration, the left member of this equation is 
equal to zero, which is easily seen by twice integrating by 
parts: 


* In equation (24.3), the right side has two points of discontinuity of 
the first kind, namely, at x = x9 + €/2. It can be shown that if q>0 
there exists a unique solution of equation (24.3) that satisfies the 
boundary conditions (24.2) and that is continuous and possesses a 
continuous first derivative on the interval 0 < x < 1. The second de- 
fivative has a discontinuity of the first kind at x = x, + €/2. 
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I i i 
V(px'y ¥,dx = pXx'¥,| — J px’ rede 
0 


0 0 


0 0 


“PX (Ad) \=epx Cad) (+ |yt4d—= 


Consequently, 


i 4 


\ V(x, x) flde= | g, (x, x,) ¥ (x) dx 


0 0 


= | N(x) dx = X (x,). (24.4) 


If we assume that the function Y,(x, x,) approaches some 
limiting function (which we denote by G(x, x,)) uniformly 
with respect to x as ¢ approaches 0, then, by taking the 
limit of the first and last members of (24.4), we obtain 


t 


x (x,) = § G (x, x.) f(x) ax. (24.5) 


0 


This limiting function G(x, x,) is called Green’s function 
for equation (24.1). 

This nonrigorous reasoning does not yet enable us to give 
an exact proof of any facts at all. Therefore, we shall de- 
fine Green’s function independently of the comments that we 
have just made, and weshall show, first, that such a function 
exists and, second, that formula (24.5) is valid. 

Before giving a precise definition of Green’s function, let 
us show clearly what properties the limit Y,(x, x,) must 
possess if such a limit exists. Let us replace Y with 
Y.(x, x,) in the identity (24.3), and then, let us integrate this 
identity with respect to « from x,—é to x,+ 6, where 


é> = . This will give us 


xo? Xo +8 
| {(pYe(x, x,)] —9¥, (x, x,)} x= ) 8. (x, x,)dx=1. 


Xo —8 Xo 


The first term can be integrated in explicit form, so 
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that we have 


Xo+8 Xo 
pY. (x, x,) | — ( GY (xX, X,) dx = 1. 
é 


Xo —5 407 


If we now assume the validity of formally passing to the 
limit as ¢ approaches 0 with 6 fixed, we obtain the equation 


D(x, +8) G(x, +8, x.) — p(x, — 8) Ge (x, — 8, %,) 
Xo+6 
a \ q(x) G(x, x,)dx=1, 


xo=~ 


which is valid for every ¢>0. If we now take the limit as 
6 approaches 0 and assume that p(x), q(x), andG(x, x,) 
are continuous functions, we obtain the equation 


p(x,)[Gx (x, +0, x,) —Gr(x,—0, x,)]=1. 


From this it is clear that under the assumptions made, the 
derivative G(x, x,)of Green’s function with respect to x 


J 
must have a saltus equal to Pix) at x==x,. 


2. We shall now give a formal definition ofGreen’s function 
for equation (24.1) and we shall prove that such a function 
exists. 

The Green’s function for equation (24.1) with boundary 
conditions (24.2) is the function G(x, s) defined on the square 
O<x<l/, O<s<i/that satisfies the following conditions: 

(1) G(x, s)as a function of x for «=4s is continuous and 
has continuous first and second derivatives and it satisfies 
the homogeneous equation 


[pG.(x, s))x—qG(x, s)=0. (24.6) 
(2) G (0, $)==C (/, s)= 0. 


(3) G(x, s) is continuous in the squareO< x <l0O<cs ci, 
and G,(x, s) as a _— of x has adiscontinuity ofthe first 


kind with a saltus 5 at x= s; that is 
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G.(s+0, s) —G,(s—0, J=—5 (O<scd). 
In proving the existence of such a function, we assume 
that g=0 so that }=0 is an eigenvalue of the equation 


(pX') —qX +ipX =0 


with the boundary conditions (24.2). [See Section 39 of my 
Lektsii po teorii obyKnovennykh differentsial’nykhuravnenii 
(Lectures on the theory of ordinary differential equations) 
1952. | 

With this assumption, the existence of the Green?s func- 
tion is simply shown by its construction. Specifically, sup- 
pose that X,(x) is any nontrivial solution of the equation 
(pX’)’ —gX =0, satisfying the condition 


X,(0)=0, 


and that X,(x) is a nontrivial solution of the same equation 
sutisfving the condition 


X, (f) = 0. 


Because of the assumption made, the solutions X,(x) and 
X,(x) are linearly independent. If this were not the case, they 
would be proportional to each other and each of them would 
vanish at x==0O and x=/ without being identicaliy equal to 
zero, which is impossible since 40 is not an eigenvalue. 
Let us set 


A(s) X,(x) Oxx<s, 


Oe =| B(s) X,(x), S<Ox<l. (24.7) 


Then, conditions (1) and (2) are satisfied for an arbitrary 
choice of A(s) and B(s). 

Let us now choose A(s) and B(s) so that condition (3) will 
be satisfied. Since G(x, s)is continuous at x«==s we have 


A (s) X, (s) = B(s) X, (8), 
from which we get 


A (s) = ¢(s) X, (8), 
B(s) = Cc (s) X, (Ss). 


We require that the saltus in the derivative at the point 


206 Partial differential equations 


1 
x==s should have the given value —— : rahe 
G(s —0, s)=c(s)X, (s) Xi(s), 
G,(s-+-0, s)==c(s) X, (s) X2(s), 


from which we obtain 


1 
p(s) [X,(s) X; (s) — X, (s) X, (s)] 


The denominator p(s)[X, (s) X,(s) — X, (Ss) X,(s)] is independ- 
ent of s, This is true because the expression in the square 
brackets is the Wronskian determinant 4(X,, X,) of the 
linearly independent solutions X, (s) and .X,(s). According 
to a well-Known formula, 


c(s)= 


Pp (x) _ A. p (0) 
~ p(x) 


A(X,, xX y= he -* ; 
from which we see that c(s) is constant. 
Therefore, Green’s function has the form 


G(x, s)==7—~ X, (s) X, (x) for O<x<s, 


b, p (0) ro (24.8) 


G(x, s)=——, X, (s) X, (x) for sxx<cl. 


d, eI) 


This proves the existence of a Green’s function. 
It is immediately obvious from formula (24.8) that the 
Green’s function is symmetric with respect toits arguments: 


G(x, s)==G(s, x). 


Let us now prove formula (24.5) for the solution (x) of 
equation (24.1) that satisfies the boundary conditions (24.2). 
Let us first show that the function 


l 
X (x)= \ G(x, s)f(s)ds (24.9) 


satisfies equation (24.1). Because of the symmetry ofGreen’s 
function, the function defined by formula (24.9) coincides with 
(24.5). To evaluate X" (x), let us represent (24.9) inthe form 
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x l 
X (x)=) Gl, 5) f(s) as + | G(x, s\f(s)ds. (24 10) 


If we differentiate this equation with respect to x, we obtain 


1 
X' (x)=) Gr(x, 8) f(s) dst | Gi(x, s) f(s) ds 
+ G(x, x—0)f(x) — G(x, «-+-0)f(*). 


Because of the continuity of Green’s function, we have 


t 


X' (x)=) G(x, f(s) ds) Gk(x, VFS) dS. (94 1 


0 x 


Differentiating this with respectto x«, we obtain an expression 
for X” (x) in the form 


X" (x)=) Gi. (x, 5) F(s)ds + | Gie(x, 5) £(s) ds 


+G,(x, x—0) f(x) —G, (x, «+ 0) f(x). 


since 
, l 
Gx (x +-0, x) — Gx(x—0, x)= 
we have 
G(x, x—0) — G, (x, eo Os 
Therefore, 
f(x) 
" Xx 
x (eS \ Grx (x, 8) f(s) 4s >: (24,12) 


0 


Substituting into equation (24.1) the expressions for X, 
X',and X”, we obtain 


l 


(pX')’ — 9X = V [lp (x) Gide — 9] f(s) ds + F(x) =F (2). 


0 
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It is clear from the form of the right member of equation 
(24.5) that the function (x) defined by equation (24.5) van- 
ishes at x0 and x=1. 

Thus, formula (24.5) gives a solution of equation (24.1) 
satisfying conditions (24.2). Because of the assumption that 
g == 0, this solution of equation (24.1) is unique. 


3. Let us show how Green’s function for equation (24.1) can 
be used to reduce the eigenvalue problem examined in the 
preceding sections to an integral equation. To do this, we 
write the fundamental equation (22.1) in the form 


(pX") — qX =— eX (24,13) 


and, by setting f(x) ==—)pX, we apply formula (24.9) to it. 
We then obtain the equation 


i 
X(s) +4 \ G(x, s) p(x) X (x) dx=0, (24.14) 


0 
which is Fredholm’s homogeneous equation of the second 


kind with symmetric kernel and parameter A. 
The kernel of equation (24.14) can be symmetrised by 


multiplying that equation by V p(s). Then, this equation 
becomes an equation with anunknown function V p(s) X(s) and 
symmetric kernelG(x, s) V 6 (x) p(s). Onthe basis of formula 


(24.5), equation (24.13) with the boundary conditions xX (0) 
= X (/)=0 and equation (24.14) are equivalent in the sense 
that every solution of (24.13) that vanishes at x=0 and 
x=! is a solution of equation (24.14) with the same \ and 
vice versa. 

On the other hand, for equations of the form (24.14), the 
theorems on the existence of eigenvalues and eigenfunctions 
and the orthogonality of the system of eigenfunctions that 
were proven in Section 22 remain valid as does the theorem 
on the possibility of series expansion. [See, for example, 
my Lektsii po teorii integral’nykh uravnenii (Lectures on 
the theory of integral equations), Gostekhizdat, 1951, Sec- 
tions 11-14.] The theorems on the existence and orthogonality 
of the eigenfunctions and the expansion theorem, which were 
proven in Section 22, follow immediately. True, to prove 
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that the function f(x) can be expanded, we need to require 
continuity of its second derivative inorder to represent it in 
the form (24.5) and to use the Hilbert-Schmidt theorem, 

A Green’s function which reduces the solution of a dif- 
ferential equation to that of an integral equation can also be 
defined for other types of boundary conditions and even for 
equations with several independent variables. However, as 
a rule, we can get an effective expressionof it only for very 
special types of equations and boundary conditions. 


4, With the use of Green’s function, we can give the basis 
of the Fourier method of solving the mixed problem for 
equation (21.1) under conditions (23.1)-(23.2) without using 
the results of Section 22. 

For simplicity, let us consider an equation of the type 
(23.19), where p> 0 and g=>0 and let us prove the theorem 
stated in subsection 1 of Section 23 for this equation. The 
series (21.12) in this case takes the form 


SX, (x) (A, cos Vigt + 2 sin Vixt ). 
kR=1 VY» 


(24.15) 


Here, the i, ure eigenvalues and the X,(x) are the eigen- 
functions of the equation 


L (X)=(pX') — gX = — 1X (24.16) 


with boundary conditions (24.2). The existence of eigenvalues 
and eigenfunctions follows from the fact that equation (24.16) 
with conditions (24.2) is equivalent to the integral equation 
with symmetric kernel 


l 
X (x) +1) G(x, s) X (s) ds =0, 


0 


(24.17) 


where G(x, s) is Green’s function for the problem (24.16)- 
(24.2): 

Since the initial functions y, (x) and 9, (x) satisfy the con- 
ditions of the theorem in subsection 1 of Section 23, the 
conditions (see Section 23) 
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1 t 
B= 9, Xde= — - { L (y,) X, ax. (24.19) 


0 0 


hold for the coefficients A, and 8, in (24.15). 

To show that the series (24.15) and the series that are 
obtained by twice differentiating termwise with respect to 
x and ¢ converge uniformly, it will be sufficient to show 
that the following series converge uniformly on the interval 
0Ox<x<l 


OQ 


20 
S| Xe) [Og | Ag] + V 2! Be), (24.20) 


k=1 


S| Xe (x) | (14nl+ TA). (24.21) 
k=) 


fe @) 
“ B | 
| Xe (x) | (14 4+ 18a!) (24,22) 
py lt 
From equation (24.16), we have 
is ara : ° eee | 
Xp= x,+4 raat 


Consequently, the uniform convergence of the series (24.22) 
will follow from the uniform convergence ofthe series (24.20) 
and (24.21). 

As before, let 


l l 
Dif, a)=\ (pf'e' + afe)dx, = Dif) =\ (pf? + af?) dx. 
0 0 


Obviously, D(f)=0 for an arbitrary function /. Ifwe multi- 
ply both sides of equation (24.16) by X, and integrate from 
0 to /, we obtain, upon integrating by parts, 


wal X? dx =D(X,), 
0 


Since X¢(x) #0, it follows that },>>0 (for k =1, 2, ...). 


Lemma. Suppose that the function f(x) is continuous on 
the interval (0, /], that it vanishes at x0 and x=J/, 
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and that ithas a piecewise-continuous square-integrable 
derivative on that interval. Then, 


co 
ce =e DIS), 
p> oe) (24,23) 


l 

where ¢, = | fX,dx (fork==1, 2, ...). 
0 

Proof: Integrating by parts, we obtain 


D(f, X,)= —\ f[(pXy)! — gX,] dx =), 053 


D(X, X,)=)hy ( X,X, dx = dy Sip 


| 
=| 


From this, we obtain 


N N 
4-2 Cy, = Dif)+D ( Se, o 
k=1 k 


=! 


N N 
— 2D { f, c, X,\=D(f)— ¥ i, ce, 
( 2 k ‘) f) Pa RvR 


from which (24.23) follows. 

By assumption, the function Z(¥,) satisfies the conditions 
of the lemma just proven. Therefore inequality (24.23) holds 
for L(y,) . By using (24.18), we obtain 


Sb Ab < D(L (9,) )- 
p> (24.24) 


The function £(,) is continuous on the interval [0, 4. 
From the relation (24.19) and from Bessel’s inequality, we 
obtain 


1 
Yk Bi < I [L (9,)]?ax. (24.25) 


From equation (24.17), we have 


1 
2410) = —([G(x, 5) X,(s) ds. 
0 


‘ (24.26) 
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Consequently, for fixed x, the ratio =) isthe &£th Fourier 


coefficient of the function~G(x, s), which satisfies the condi- 
tions of the lemma on the intervalO<s</. Therefore, 


co Xe 
y a <D(G)<M, for 0<x <i. (24.27) 
Rk 


k=1 


When we differentiate (24.26), we obtain 


Xx : (x) 
hp 


if 
= —|G, X, (s) ds. 
0 


It follows from this on the basis of Bessel’s inequality that 


>= 


k= Me 


ee) 


< for Oxx<l 
<{ Oras< <M, for x we 


Let us now show that the series (24.20) converges uni- 
formly on the intervalO<x<J/. By applying Cauchy’s 
inequality and using the estimate (24.27) we obtain 


LAC LAE a ANEAD 


= ¥ eel ay] t 1B) 


k=n 


wily Bas) Smet) 


k=n 


From this it follows that the series (24.20) converges uni- 


0 ¢) ad 
formly, so that the numerical series Sly Ag and SMB; 
k=1 k=1 
converge by virtue of (24.24) and (24.25). 
Let us prove that the series (24,21) converges uniformly. 
Because of (24.28), we have 
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n-+m 
oe A ) 
= oo s+ Be 
-> en [Ay] + V 3181) 
<Vm, ( n+m V Sa 
) Davai -|- Ss. ‘ Bi ) «04.09 


The series \; Az Converges by virtue of Bessel’s in- 


wwe 


io 8) 
equality for the function L(~,). The series ))),8% con- 
k=1 
verges by virtue of the lemma (applied to the function y,). 
Therefore, it follows from (24.29) that the series (24.21) 
converges uniformly. 

Remark 1: By following the same line of reasoning, we 
can show the basis of the Fourier method for solving the 
mixed problem for the general equation (21.1) if we use 
an estimate of the form (23.7) for the functions T; (t) and 
T, (t)and their derivatives. 

2: The results of the present subsection yield the funda- 
mental theorem of subsection 10 of Section 22 by following 
a different path. Indeed, for a function satisfying the condi-~ 
tions of the lemma of the present subsection, we obtain on 
the basis of inequalities (24.23) and (24.27) 


~~ VE tata) 
IEC)» he 1€x| 
kon k=n 
n-+m 
<V D(A > heck <E 
k=n 


co 
for n>N(e). In other words, the series )c, X, (x) con- 
k=\ 


verges absolutely and uniformly on the interval [0, /]. 


25. STUDY OF THE VIBRATIONS OF A MEMBRANE 


1. In Section 1, we considered as an example the equation 
of the vibrations of a membrane 
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Cu dou , Ou 
Gat a ail 


Suppose that in its position of equilibrium, the membrane 
coincides with some bounded region G of the x y-plane that 
has a piecewise smooth boundary [. Then the function 
u(t, x, y) representing these vibrations must satisfy equa- 
tion (25.1) and the initial conditions 


u (0, x, y)y=9,(*, y) (initial deviation), 
; (25.2) 
uzy(O, x, y) =, (x, y) (initial velocity), 


when the point (x, y) €G. Also, on the boundary [I of the 
region G, the function u(t, x, y) must satisfy certain bound- 
ary conditions of the type considered in Section 1. 

Let us consider the simplest case, that of a membrane 
that is firmly fastened at its edge. Then, the boundary 
condition is 


u(t, x, y)=0, when (x, y) ET. (25.3) 


If we solve this problem (again by the method of separat- 
ing the variables), we obtain 


u(t, x, y)==T(t)u(x, y). 


By a procedure analogous to that of the one-dimensional 
case, we obtain the following equations for the functions 
T(t) and v(x, y): 


r 4+1T=0, —_ 
0’v Ou 
a og te (25.5) 


For equation (25.5) with boundary condition (25.3), there 
exists an infinite sequence of eigenvalues. The eigenfunctions 
corresponding to the different eigenvalues are orthogonal 
to each other. In contrast withthecaseof a single independ- 
ent variable, to certain eigenvalues there may correspond not 
one but several linearly independent eigenfunctions. Such 
eigenvalues are said to be multiple-valued. From among the 
eigenfunctions corresponding to a given eigenvalue, we can 
always choose a finite system of linearly independent and 
mutually orthogonal eigenfunctions such that each eigen- 
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function belonging to the eigenvalue in question can be ex- 
pressed as a linear combination of the others, 

The set of eigenfunctions chosen in this way corresponding 
to all the eigenvalues forms a complete orthogonal system 
of functions 


V(x, Y), V(X, VY), «+2, Uy(X, VY), ee 


Let us expand the functions 9, (x, y) and 9, (x, y) inseries 
of functions v, (x, y): 


9, (x, Y= LAY, (x, y), 9, (%, y= B,v, (x, y) 


n=1 


(25.6) 


Let us choose two linearly independent solutions 7* (f) and 
T** (t) of equation (25.4) that will satisfy the conditions 


T* (0) = 1; T*' (0) ==0; T** (0) = 0; T**’ (0) =I, 


The series 


ie 8) 
u(t, x y= Dv,(x, y)[AnTa() +8,7n (4) 
n= (25.7) 
represents the solution of our problem in the case in which 
this series and the series that are obtainedfrom it by twice 
differentiating termwise with respect to ¢, x and y con- 
verge uniformly. 

We shall stop here for two particular cases in which the 
eigenfunctions of equation (25.5) can in their turn be found 
by the method of separation of variables. One may proceed 
in an analogous manner in the case of a larger number of 
independent variables. These cases can be completely in- 
vestigated by reducing them to the one-dimensional eigen- 
value problem by means of the following lemma. 


Lemma, Suppose that ¢, (x), 9, (x), ..., 9, (x) constitute a 
complete system of orthogonal functions on the interval 
(a, 6] that are normalised with weight p,(x). Suppose 


also that for each n(n=1, 2, ...), there is a complete 
system of orthogonal functions 
Pat (y), Vrae (y), eas Yam (Y)r--. (25.8) 


on the interval [c, d] that are normalised with weight 
o,(y) The functions p, (x) and p,(x) are assumed to be 
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continuous and non-negative. In this case, the functions 
Di (x, y) aati (x) Vim (y) 

constitute a complete system of orthogonal functions in 

the rectangle axjx<ib, c<y <d that are normalised 

with weight p(x, y)= 0, (x)p,(y) . In other words. the 


equations 


d b 
\\ el Y) Xam (% Y) Xam’ (%, y) dx dy 


1 for n=’, m= m', 
~ \ 0 for ns6n or msm’, (25.9) 


hold, and if 


db 
Cam =\{ OC VSI) Xam % y) ax dy, 


ae 


then, for an arbitrary function f(x, y) thatis continuous 
in the rectangle referred to above, Parseval’s equation 


if pte WU, y)Pardy=> 3 chm eer 


mai AS! 


holds. 


Formula (25.9) may be proved valid by inspection. To prove 
(25,10), let us set 


6 
{p(x F(x, y) 9, (*) dx = g, (y). 


Then, it is obvious that 
d 


( P.(y) 8, (Y) Sam (y) dy =Car 


6 CO 
Cee yPdx= Sealy 


n=) 


and that 
d eo 
\ e. (Y) Bn (y)dy= > Chitin 
c 


m=1 
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since the systems 9,,,(y) are complete for arbitrary n and 
since the function g, (y) is square-integrable. 
Since the series 


= 2 

> &nly) 

n=1 
consists of positive terms and converges to a continuous 
function at every point of the interval [c, d] it follows from 


Dini’s theorem that it converges uniformly on that interval. 
Therefore, 


do d — 
Ff elx vfs, wax dy =I p(y) & an (yi dy 
ao d ao o 
= 2 Se gn(vdy= 2 Dd thn 


which completes the proof. 


2, Let us now consider the first particular case referred 

to above, namely, the vibrations ofa rectangularmembrane. 
Suppose that the regionisarectangle Ox x<a, 0O<y<b, 

Separating the variables in equation (25,5), we obtain 


U(x, y) = X (x) Y(y). 


When we substitute these functions into equation (25.5), it 
will assume the form 


XY XY" LAXY =0. 


4 


When we divide by XY and transpose om to the left side of 
the equation, we obtain 


y” De 
a ea 


which is equivalent to the twoordinary differential equations 
xX" +aX=0, y"+pY=—0, 


where 2 is a constant and B =) —a.In accordance with the 
boundary condition (25.3), the first of these equations must 
be solved under the conditions 
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X (0) = X (a) = 0, 
and the second under the analogous conditions 
Y (0) == Y(b) = 0. 
To satisfy these conditions, we must assume that a and 8 
are both positive (see Section 20). By repeating the reason- 


ing of Section 20, we obtain sequences of eigenvalues and 
normalised eigenfunctions of the two equations above: 


(fn, m==1,;. 2,2 6-.). 


According to the lemma, the system of functions 


Onl x, y) = T= sin x sin = (25.11) 
is a complete system of orthogonal normalised solutions of 
equation (25.5) for the rectangleQ<=x<a, 0O<y <bwith 
boundary conditions (25.3). (Here, Y,,,(v)=Y,,(y) for arbi- 
trary n.) To each function v,,, (x, y) there corresponds the 
eigenvalue 


Obviously, if the numbers a and b are commensurable, we 
can get the same i for different choices of n and m, that 
is, for different eigenfunctions. Thus, we have here an ex- 
ample of multiple eigenvalues. 

The question of expanding the initial conditions ina series 
of functions of the form (25.11) is the well-studied question 
of expanding functions in a double Fourier sine series. 
suppose that the initial conditions are extended as odd 
functions of x and y to the rectangle |x|<a, |y|<6 andas 


periodic functions over the entire plane. Suppose that they 
are then four times continuously differentiable functions. 
Then, the coefficients in the expansions (25.6) converge to 
zero with sufficient speed that the series (25.7) can be 
twice differentiated. Thus, in this case the Fourier method 
for solving the given problem is completely justified. We 


Hyperbolic equations 219 


see that an arbitrary vibration of a membrane, just as the 
vibration of a string, can be represented as a series ex- 
pansion of simple, so-called ‘ natural’ vibrations corres- 
ponding to the eigenvalues },_. 

Of interest are the ‘nodal curves’ of such vibrations. 
These are the curves along which the eigenfunction corres- 
ponding to a given eigenvalue vanishes. Let us consider 
these curves in the case of a rectangular membrane. If the 
given eigenvalue is not multiple, that is, if only one eigen- 
function 


77H AT sp MT 

Va — x sin ys 
corresponds to it, then the nodal lines will be simply seg- 
ments of straight lines parallel tothe sides of the rectangle. 
On the other hand, if the eigenvalue is multiple, different 
nodal lines will correspond to the different combinations of 
the eigenfunctions belonging to it and their form may be 
quite varied. Figure 11 shows the nodal curves of a square 
membrane whose side is of unit length that correspond to 
the values }=5n?, 10m’, 13m’, and 17n’, Under the drawings 
of the nodal curves, are shown the corresponding eigen- 
functions. 


3, As our second example, let us consider acircular mem- 
brane. To study it, it is natural to write equation (25.5) in 
polar coordinates. 
Setting x= pcosy, y=psiny, we obtain 
07” 1 Ov 1 6?v 


If we place the coordinate origin at the centre of the circle 
D representing the edge (fixed) of the membrane and if for 
simplicity we take the radius of this circle as being equal 
to unity, the boundary condition (25.3) takes the form 


v(I, 9) = Q. 
Applying the method of separation of variables, we set 


v(p, 9) =R (p) P (¥). 


When we substitute this expression into (25.12) andseparate 
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the variables, we obtain the following two ordinary differen- 
tial equations for R(p) and ® (¥): 


®" (9) +-aP (y) = 0, 


6°R" (9) +- pR’ (p) 4- (ap? — 2) R= 0. (25.14) 


In solving equation (25.13) we get the condition of periodi- 
city form the physical properties of the problem. We are 


NIN 


(25.13) 


sina sinay Sinxsunay Sing sinry 
+\3sin2x siny = +sinAc siny 
sinx sin3y sina sin3y sinx sin3y sinxsin3y sinx sin3y 
tsinaxsiny  — A sin3xsiny “4 sin3xsiny --sin3xsiny 


~ 


sindxsin3y  — sinaxsin3y —_ sinx sindy 
Hsin3xsinagy — *sin3xsin2y 

sinx sin 4y sinx sin4y sinxsin by sinx sin by 
+k VRsin bx siny Vxsin bxsiny *sin 4x siny 


Fig, 11 


interested only in solutions with the period 2 .Such solutions 
exist for 


a=Q, ae 2 aes n* ee 8 


For these values of a, 


D, (9) =A, cos np +-B_ sin ng. 
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We can choose a complete system of orthogonal functions 
®,(y) that are normalised on the circle, for example, 


* l : x = ] : Rt = l . 
o. = P, (~) = V = cos ngs ®, (y) = V Lsinng. 


Let us return to equation (25.14). After making the sub- 
stitution a=”’ and the change of independent variable 


p.=eVa 
we obtain Bessel’s equation of ath order 


piR” (p,) + 6,2" (p,) + (p1 — 2”) R (p,) =. 


Its only solution (up to a constant factor) that is bounded as 
5, — 0 (that is, as p> 0)is Bessel’s function of nth order of 
the first kindf, denoted by J, (9,). 

As we know, for an arbitrary ”, the function /,(x) has an 
infinite number of positive roots ii 07) sees in, oxary SO 
that J, (no) = 0. 

We also know that for an arbitrary fixed 2, the functions 
J, (0) x) (for m=1, 2,...) are mutually orthogonal with 
weight x on the interval (0,1) and they form a complete 
system of orthogonal functions on that interval: 


i 
\ bi (00 x) J (nx) dx=0 for mm,. 


Q 
For arbitrary vn, the functions 


J, (wx) 
L 


{x Uy, (um x}? dx 
0 


Pam (x) = 


constitute a complete system of orthonormal functions. We 
shall not give proof of these facts? but only nofe that they 
are a generalisation of the properties of eigenfunctions 
shown in Section 22 to equations with more general coeffici- 


t See, for example STEPANOV, V.V., Course in differential equations, 
Chapter VI, section 2, 250, Fizmatgiz (1959). 


{ See, for example, KUZ’MIN, R.O., Bessel functions. ONTI (1935) or 
TIKHONOV, A.N. and SAMARSKII, A.A., The equations of mathematic- 
al physics, Gostekhizdat, 566-619 (1953). 
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ents than was assumed in that section. Specifically, equation 
(25.14) can be written in the form 

(pR’') —~R+)pR=0, 
and we see that the first and last coefficients vanish at the 
lower end point of the interval [0,!] and that the fraction 
7 becomes infinite at that point. In connection with this, 


it can be shown that boundedness of the solution at p=0 is 
a sufficient boundary condition of the eigenvalue problem 
for equation (25.14) for the solution to be determined up to 
a constant factor if at p= 1 any condition of the type (22.2) 
is given, 

Let us require that 


J, (V 4s) =0, 
at p= 1,that is, we require that 
J, V0) = 0. 


We see that, if Then uo”) ar wo ... 18 the sequence of 


zeros of thefunction J, (x), theeigenvalues } of ourproblem 
will be 
dam ae [im |? 


and the normalised eigenfunctions of equation (25,14) will be 
the functions 


I 
?) 
Y \ eH 9)]? de 


Applying the lemma of subsection 1, we canobtain a com- 
plete system of eigenfunctions 


Yam (P) Pn ()s Yam (P) Pn () 


Yam (P) = J, (Min 


of equation (25,12) and thus find the solution of our problem 
by expanding the functions ¢,(p, 9) and 9, (p, 9) in series of 
the form 
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IMs 


fo (Ps $= [enn Pn (9) + Cm Pn’ (9)] Dam (6), 


[drain P, (~) + din ®, (¢)| Vim (p). 


3 3 
Ms Me 


pat 


ibs 


?; (p, 9) cae 


When we multiply the terms in the first sequence by the 
corresponding functions 7*(t) and the terms in the second 
series by the corresponding function 7**(t) and when we 
add the series that are thus obtained, we obtain the series 
(25,7), which represents the solution of the given problem. 
The uniform convergence and the possibility of termwise 
differentiation of this series will, as usual, be assured for 
sufficiently smooth functions ¢, (p, ») and 9, (p, ¢) if they sat- 
isfy the same boundary conditions that the desired solution 
of equation (25.1) must satisfy plus certain additional condi- 
tions on the boundary of the circle. 


26. ADDITIONAL REMARKS ON EIGENFUNCTIONS AND 
SOLVABILITY OF THE MIXED PROBLEM FOR 
HYPERBOLIC EQUATIONS 


1, Everything that has been saiduptonow with regard to the 
eigenvalue problem for equation (22.1) can be carried over 
in a natural manner to the analogous problem for the equa- 
tion 


(Dux )x + (pay yy — qu +-hpu = 0 (26,1) 
and the equation 
(pe) xt (Pally y+ (Paltz )z— Gu + lpu=0 (26.2) 


under the assumption that the functions p,, theirderivatives, 
and p are continuous and that p, and p are bounded below 
by some positive constant, 

Let us seek solutions to equation (26.1) in some finite 
region G with a piecewise smooth boundary £ that are not 
identically zero and that satisfy either the condition 


—" (26.3) 
or the condition on the boundary 


a +-ou = 0. (26 .4) 
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We shall bear in mind, that in this case the partial differ- 
entiation operator 2 indicates the differentiation in the 


direction of the ‘conormal’. This ‘conormal’ is defined at 
every point on the boundary as being the vector [(p, cos (”, *), 
p,cos(n, y))],where cos(#, x), and cos(n, y) are the respec- 
tive cosines of the angles which the direction of the outer 
normal makes with the x- and y-axes and whereg is some 
nonnegative function defined on the boundary of the finite 
region G. Analogously with the procedure which we already 
adopted above, let us determine first the eigenfunctions and 
the eigenvalues of this problem. We construct the functionals 


H (u) = \) ou? dx dy, 


D(u) = \\ (pai + p,u} + gu’) dx dy 
G 
in the case of the boundary condition (26.3) and 


D* (u) = D(u) + \ ou’ dl 
L 


=$J\ (puis + pau + qu) dx dy + § cura 


G L 


in the case of the boundary condition (26.4). Then, we can 
easily carry over to this case all the theorems regarding 
the properties of eigenfunctions and eigenvalues that were 
shown in Section 22. 

In particular, Courant’s theorem on the extreme-value 
property of the eigenfunctions and the consequent dependence 
of the eigenvalues on the coefficients of the equation, on the 
region G , and on the boundary conditions apply tothis case. 
As can easily be seen, the nth eigenvalue does not decrease 
when the functions 


o(/), Pi Poy q; > 
increase. 

We arrive at problems of this type when, for example, we 
study the vibrations of a membrane. 

Then, properties analogous to those described in sub- 
sections 5(c) and 6 of Section 22 have an interesting physical 
interpretation illustrating the nature of the change in 
frequency of the natural vibrations of the membrane when 
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it is fastened at certain portions of the region G (see 
subsection 9(c)) or when there is friction in the membrane 
(see Subsection 6). 

This last property corresponds to the familiar physical 
fact that objects emit a lower tone after they are broken 
than before. 

For equations (26.1) and (26.2), the theorems onthe com- 
pleteness of the system of eigenfunctions and the possibility 
of expanding in absolutely and uniformly convergent series 
of eigenfunctions each function f/f that satisfies on the bound- 
ary the same boundary conditions as do the eigenfunctions 
that we have been considering also remain valid. However, 
in the theorem on the possibility of expansion, we now need 
to require greater smoothness of / than we didinthe case of 
u Single independent variable. 

When there are two or three independent variables, it 
is sufficient to require that the function f have continuous 
first and second derivatives in a closed region and that the 
boundary of the region be sufficiently smooth. The method 
of proof of the expansion theorem that we used earlier for 
the case of a single indpendent variable is not applicable 
in these cases. Here, we need to use integral equations. 

The eigenfunctions for general second-order elliptic equa- 
tions have been investigated by M.V. Keldysh*. The proper- 
ties of the eigenfunctions and the eigenvalues for such equa- 
tions (the expansion theorem. the structure of the spectrum) 
are considerably more complicated than in the particular 
cases (22.1), (26.1). and (26.2) that we examined above. 


2. When we were speaking of the behaviour of the eigen- 
functions of equation (22.1), we did not treat the question 
of the frequency of change of sign (the ‘ zeros’) of the 
function X,(x) corresponding to the eigenvalue i, on the 
interval (0, Z). The so-called oscillation theorems of Sturm 
deal with this question, 

It turns out that, first, the 7th eigenfunction for equation 
(22.1) under the boundary conditions (22.5) has exactly n— 1 
zeros in the interval [0, /| and that, second, the zeros of the 
function X,,,(x) alternate with the zeros of the function 
X,(x); that is, in every interval between two zeros of 


X,+,(x)lies one zero ofthe function X, (x) [cf.1.G.Petrovskii, 


* KELDYSH, M.V., Dokl. Akad. Nauk SSSR, 77, No. 1, 11-14 (1951). 
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Lektsii po teorii obyknovennykh differentsial’nykhuravnenil 
(Lectures on the theory of ordinary differential equations), 
Gostekhizdat, 1952, Section 39]. 

With regard to the nodal lines of the nth eigenfunction of 
equation (26.1) with the boundary conditions (26.3), it is 
shown that they partition the basic region G@ into no more 
than 2 subregions, and it is known that, in contrast with the 
case of a single independent variable there cannot be fewer 
than 2 of these regions. For the case ofseveral independent 
variables, no theorems have been proven that are analogous 
to Sturm’s theorem on the alternation of the zeros of suc- 
cessive eigenfunctions of an ordinary differential equation. 
We know even less about the asymptotic behaviour of the 
eigenfunctions for arbitrary regions. 


3, Many problems in physics, both classical and modern, 
lead to a determination of the eigenfunctions and eigenvalues 
of the equation 


a" +-u==R(x)u (26.5) 


in the interval —co <x < oor in a finite interval (0,/) but 
under the assumption that the function R(x) becomes infinite 
at one or both end points of the interval*. 

The theorem on the possibility of expansion in eigen- 
functions is generalised in different ways according to the 
different cases. We shall present the two most important 
cases. 

(a) A finite interval0< x </ with R(0)=oo.In many pro- 
blems, instead of a boundary condition at the point x=0, 
we have the condition that 


f 


a” (x, h) dx < 00, 


0 


(26.6) 


where u(x, A) is a solution of equation (26.5). Here, it turns 
out that in certain cases not all solutions of the equation 
satisfy the condition (26.6). In many cases, condition (26.6) 
and the boundary condition atthe point x =/ determines uni- 
quely (up to a constant factor) the eigenvalues and eigen- 
* We recall that it is possible to reduce an arbitrary equation of the 


form (22.1) with sufficiently smooth coefficients to this form by a 
change of variables. 
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functions. Furthermore, the spectrum is discrete and 
Sturm’s oscillation theorem remains valid. 

In other cases, it turns out that all solutions of equation 
(26.5) satisfy conditions (26.6). Then, condition (26.6) is in- 
sufficient for determining the spectrum of equation (26.5). 
A supplementary boundary condition at the point 0is neces- 
sary. We shall not stop to explain the nature of this additional 
condition. Under this supplementary condition and the condi- 
tion at x=/, the spectrum becomes discrete. In both cases, 
the theorem on the possibility of series expansion remains 
valid for a broad class of functions. 

Both possibilities are clearly illustrated by Bessel’s equa- 
tion 


y'+4y4( 8-4) y=o. (26.7) 


Its solutions are* 


ies. Vigge  e | cos ve = J_, (sx) 
If we make the substitution y, =V xy, equation (26.7) be- 
comes 


y* l 
tla ~ 4 
ytle— Z _— (26.7) , 


which is of the type (26.5). 

If v2 1, condition (26.6) is satisfied only by the function 
V x J, (sx). For 0<v< 1 all solutions of equation (26.7) sat- 
isfy this condition. 

In the first case, to obtain the eigenfunctions and eigen- 
values, we need to impose aboundary condition, for example 
the condition 


_ (Vx J,(sx)}xa1— HV x J, (8x))xar=0. (26.8) 


on the function V x J,(sx) only at the point /. This condition 
and condition (26.6) determine the eigenfunctions andeigen- 
values. 

In the second case, when0<v< Il, in addition to the 


* For v an integer, the function Y (sx) is defined as the limit of the 
expression the right as vy approaches the given integral value. 
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condition (26.8) we need to add some condition at the point 
<== 0, 

(b) The interval (0, oo) with R(x) a continuous function, In 
this case, physical problems usually lead to a search for 
solutions u(x) of equation (26.5) that satisfy some boundary 
condition at x=0 and that remain bounded as x — oo. In 
this case, if R(x) is an absolutely integrable function inthe 
interval (0, oo), we obtain what is called a continuous spec- 
trum, that is, a continuous sequence of eigenvalues and a 
family of eigenfunctions u(x, i), that vary continuously with 
change in \. Parseval’s equation, that is, the definition of 
completeness of a system of eigenfunctions, is generalised 
to this case. We have the following 


Theorem. Suppose that f(x) is a square-integrable func- 
tion on the interval (0, oo). Then, 


\ F(x) ax= ( F?(\)do(k) (Parseval’s equation) 


where F (i) [the generalised Fourier transform of the 
function f(x)] is the limit of a sequence of functions 


n 


F,0) =) f(x) u(x, dx, 


0 


that converge in means aS n—+©oo 


+o 
lim | [FQ)—F, ()]?de 0) =0. 


NO "op 


Here, p(k) is Some nondecreasing function. 

The representiation of the function f(x) in the form of an 
integral of eigenfunctions with respect to a function of the 
parameter i, that is, a formula of the form 


+ co 
f(x)= J u(x, NdgQ) 


—-@ 


for some function g(h) (the analogue of theordinary Fourier 
integral for the equation 4” +)u—0),is valid under much 
stronger assumptions, which we shall not present here. 
The reader can find a more detailed explanation of ques- 
tions of this nature in the book by B.M. Levitan, Razlozhenie 
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po sobstvennym funktsiyam (Expansion in eigenfunctions ), 
Gostekhizdat, 1950. 


4, In the case of several dimensions, just as in that of a 
single independent variable, we sometimes need to examine 
the eigenvalue problem for an equation with coefficients that 
become infinite. There is no general theory atall regarding 
such problems but, inparticular cases, mathematicians have 
succeeded in finding the complete solution to the problem and 
in exhibiting the expansion in the eigenfunctions of the pro- 
blem, As an example, we cite the equation of the vibrations 
of a gas in space 


Au — Up. 


In solving this equation by the Fourier method, we encounter 
the problem of determining the eigenfunctions of the equa- 
tion 


Au-+-hu=0 


for some region G. If the region Gis a sphere of radius 1 
with centre at the coordinate origin, then by converting the 
equation to spherical coordinates and finding solutions of 


the form 
u(p, 6, ~) =f (p) Y (6, 9), 


we obtain for the function V (9, 9) the equation 


1 fa/ 1 oY 0/... oY 
sit [35 ( ant ae ) + (sind $)] tayo, 


the coefficients of which become infinite at the poles of the 
sphere §6=0 and 6=—n. For boundary conditions for this 
problem, we have the conditions that the solution be con- 
tinuous and single-valued on the sphere p=1. As in the 
case of continuous coefficients, we obtain under these condi- 
tions an infinite sequence of eigenvalues k, =n(n-+-1). To 
each eigenvalue &, there correspond 22-+ 1 linearly inde- 
pendent eigenfunctions Y, (9, y) (the Legendre functions of 
nth order, m=1,2, ..., 2a2-+1). Here, the sequence of 
eigenvalues is complete on the surface of the sphere and 
every continuous sufficiently smooth function on the sphere 
can be expanded in a uniformly convergent series of Le- 
gendre functions. 
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5. Variational methods for finding approximation of 
eigenfunctions and eitgenvalues*, As was shown in Sec- 
tion 22, the problem of finding the first eigenvalue and the 
first eigenfunction of equation (22.1) with boundary conditions 


X(0) =X (I) =0 


is equivalent to the problem of finding the minimum of the 
functional 
1 
72 2 
DX) =\ (x + 9X?) dx (26.9) 
under the condition 
L 
———— 2 —_— 

H(X) = oX*dx = 1 (26.10) 
in the class of functions X(x) that are continuously dif- 
ferentiable on the interval [0, /] and that vanish at the end 
points of that interval. For an approximate solution of this 
problem, we use Ritz’ method, which consists in the fol- 
lowing: We consider an arbitrary system composed of an 
infinite number of linearly independent functions y, (x), for 
0O<x</,that are continuously differentiable and that satisfy 
the boundary conditions 


9 (0) = ¢ (¢) =0. 


We shall seek an approximate solution of this extreme-value 
problem in the form of a linear combination of a finite num- 
ber of functions 


N 
X x(x) — AAP n (x) 26 11) 


with undetermined coefficients a, 

When we substitute (26.11) into (26.9) and (26.10) and carry 
out the integration, we arrive at the problem of finding the 
minimum of the quadratic form 


t 


N 
&(a,,...,ay)= 2: a,,2, \ [Pn (x) Pm (x) 
n, m1 0 
(Continued on top of next page) 
* See KANTOROVICH, L.V. and KRYLOV, V.L., Approximate methods 
of higher analysis, Gostekhizdat, Chapter IV, 258-373 (1952). 
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+995 (¥) Pq ()] dx = > A 


m,m=1 


manent, 


under the condition 


Eada ay) = s anFn PPnP mtx = s B nine, = I. 


n,m=1 A, m=! 


hia 


This is now a problem in differential calculus, which in 
practice is easily solved since the derivatives of g and hk 
with respect to a, are linear functions of a,, ..., @,, So 
that the system of equations 


0(g —Ah) 


da, TO (R= 1, 2, «0 M (26.12) 


is a linear homogeneous system of equations in a,. The 
determinant of this system is an Nth-degree polynomial in 
h. It vanishes at 


ea AGP, ee we 1. ah”. 
All the } are real. For every \(™, there exists anontrivial 
solution a®, a, ..., a of the system (26.12). If M™” is a 
root of multiplicity & of the determinant, the system (26.12) 


has & linearly independent solutions (a, se 29 ay) for k=1{" 

Suppose that the system of functions 9, (x) is such that, 
for every continuously differentiable function /(x) defined 
on the interval [0, /] that satisfies the conditions /(0)=/(é) 
==0Q and for arbitrary ¢>0, itis possible to find a linear 
combination 


D oaPe 
R=1 
of functions 9, with constant coefficients such that 
IF (x) — 2 eae (<e and | (x)— DY capa (xi] Le 
=1 =1 


on the interval [0, /]. Then, for every fixed value of /, 
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where h, is the ith eigenvalue of the given problem, The 


numbers 1!” for i not exceeding some fixednumber ™. and 
for N sufficiently large, are approximate values ofthefirst 
M eigenvalues of the equation (22.1) under the boundary 
conditions 


X (0) = X (4) = 0. 


From the sequence of functions X{*) we can choose a 
subsequence xy) such that 
Doe (x) —> X, (x) when N’' — oo, 


uniformly on the interval (0, f where X,(x) is the / theigen- 
function of the given problem. 


The rapidity of covergence of x (x) to X,(x) dependsin 
a significant way* on the choice of the functions 9, (x) and 
the smoothness of the coefficients p(x), g(x), and 6 (x) 

A detailed exposition of the methods of Ritz, Galerkin, and 
others can be found in the bookbyS.G.Mikhlin Variatsionnye 
metody v matematicheskoi fizike (Variational methods in 
mathematical physics) Gostekhizdat, 1957, 


6. Basts of the Fourier method for solving the mixed 
problem in the case of several independent variables, 
The Fourier method can be used tosolve the mixed problem 
for a hyperbolic equation of the form 


Oru 9 Ou 
af = 2a oy, fai; Oxy oes Xe) Se | Oley a X,,) u 
E.G 6 ki 
/ oe n) (26 13) 
in a right cylinder C, of arbitrary height 7, one base of 


which is a region G in the hyperplane ¢=0 under the in- 
itial conditions 


) 
4(0, x)= (x), (0, x) = (x) 
(26.14) 
and the boundary condition 


* See, for example KRYLOV, N.M. and BOGOLYUBOV, N.N., Izv. 
Akad. Nauk SSSR, seriya fiz.e-matem., 43-71 and 105-114 (1930). 
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u==0 on the boundary of G. (26.15) 


As in the case of two independent variables, the solution of 
this problem is formally represented by a series 


x [4 cosVigtt oe sin Vig t 


k=1 


f 
+7 | f, (2) sinV, (tf —9) ax | Vy (Xyp 0-0 Xp), 


(26.16) 
where the v, (x,, ..., x,) are the eigenfunctions of the equation 
x2 aa (a ere se) aut =0 
with boundary condition (26.15) and 
hio=). ‘ NS (t, x, oo ey X,,) VU, (x,, coe, x,) dx, ece ax,,. 
G 


S.L. Sobolev first considered generalised solutions of the 
mixed problem, He obtained so-called ergodic inequalities 
for solutions of equations (26.13) in the cylinder Cy, These 
inequalities make it possible forus to prove the convergence 
in mean of the series (26.16) and also of the series that are 
obtained by differentiating this series termwise with respect 
to x, and ¢. They also enable us to showthatthe sum of the 
series (26.16) is a generalised solution of the mixed problem 
(26,.13)-(26.15). 

Sobolev’s studies on hyperbolic equations, in which theo-~ 
rems proven by him on the embedding of functional spaces 
were systematically applied and the concepts of generalised 
solutions and generalised derivatives were used, hada great 
effect on subsequent investigations of the mixed problem. 

For the nonhomogeneous wave equation with several in- 
dependent variables, Kh.L. Smolitskii, by using estimates 
derived by him for eigenfunctions and their derivatives, 
proved the existence of an ordinary solution to the mixed 


problem. 
O.A. Ladyzhenskaya has shown* that under certain condi- 


* LADYZHENSKAYA, O.A., The mixed problem for hyperbolic equa- 
tions, Gostekhizdat, (1953). 
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tions on the coefficients of equation (26.13), the initial func- 
tion, and the boundary of the region G, the series (26.16) 
and the series obtained by twice differentiating it termwise 
with respect to x, and ¢ converge uniformly throughout 
Cx . V.A. Il’in has presented another justification of the 
Fourier method of solving of the mixed problem (26.13)- 
(26.15). In this case, the assumptions regarding the boundary 
of the region G were reduced to a minimum*. M.A. 
Krasnosel’skii has proposed a general procedure for justi- 
fying the Fourier method for a broad class of problems. 
His procedure was based on the use ofthe theory of fractional 
powers of operators in functional spaces**. 


7. Solution of the mixed problem for the seneral 
linear hyperbolic second-order equation. The mixed 
problem for hyperbolic equations of the form 


07 Ou Ou 
OS ee "iF Ox, Ox, Ox; +Le of aS; fe+d Oia. 
+b, Meu + F,(26.17) 


where the @;,, a,;, 0;,6,, cand f are sufficiently smooth 
functions of t, x,,...,x,, was first solved by Krzyzanski 
and Schauder t by means of an analytic approximation 
of the coefficients of the equation andof the initial and bound- 
ary conditions. Here, it was necessary either to impose 
stringent restrictions on the smoothness of the initial condi- 
tions or to assume that the altitude of the cylinder C, was 
sufficiently small. 

By the method of finite differences,O.A.Ladyzhenskayaftt 
Showed that the mixed problem for equation (26.17) can be 
solved in a cylinder C, of arbitrary altitude 7 under cer- 
tain natural assumptions regarding the coefficients and initial 
conditions. She also studied the question of the existence, 
uniqueness, and differential properties of the generalised 


* IL’IN, V.A., Uspekhi matem. nauk, 15, 2, 97-154 (1960). 


**See KRASNOSEL'SKII, M.A. and PUSTYL'NIK, Ye.l., Dokl, Akad. 
Nauk SSSR, 122, No. 6, 978-981 (1958). 


+ KRZYZANSKI and SCHAUDER, Studia Mathematica, 6, 162-189 (1936). 


tt See footnote to subsection 6. 
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solution of the mixed problem. 

The mixed problem for equation (26.17) in the cylinder 
C, can be reduced to the Cauchy problem for an operator 
equation in some functional space. This space possesses, in 
particular, the property that all smooth functions belonging 
to it satisfy the boundary conditions given on the lateral sur- 
face of the cylinder C,. This approach turned out to be 
possible also for equations and systems of a more general 
kind, This made it possible to prove the theorems on the 
existence and uniqueness ofthe generalised solution to mixed 
problems for such equations and systems by the methods of 
functional analysis*. 

Extremely general results regarding the solvability of 
mixed problems for different classes of equations have been 
obtained by means of the apparatus of the theory of gen- 
eralised functions**. 


* See, for example, VISHIK, M.I. and LADY ZHENSKAYA, O.A., Uspekh 
matem. nauk, 11, 6, 41-97 (1956). 


** LIONS, Acta Mathematica, 94, No. 1-2, 13-153 (1955). 


Chapter 3 


Elliptic equations 


27. INTRODUCTION 


In this chapter, we shall study Laplace’s equation 


Date S20. (27.1) 


2 2 
Ox: Ox; 


as the simplest representative of elliptic equations. 

The basic properties of the solutions of this equation do 
not depend on 7. For simplicity in writing, we shall there- 
fore examine the caseinwhich n=2 without always pointing 
it out when analogous considerations can be applied for 
n> 2. At the end of the chapter, we shall give a summary 
of the results known for elliptic equations of a more general 
type. 

Steady states are described by elliptic equations. In Section 
1, we saw, forexample, that a steady-state temperature u in 
a homogeneous disc or a homogeneous solid satisfies Lap- 
lace’s equation. We also saw that this equationdescribes the 
shape of a membrane that is stretched across some curve 
in space in its equilibrium position. The potentials of a 
gravitational field or of a stationary electric field also 
satisfy Laplace’s equation at points where there are no 
masses or electric charges. 

One of the most basic properties of the solutions of elliptic 
equations is their smoothness, This corresponds exactly to 
the fact that elliptic equations describe steady states, It is 
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physically clear that all original unevennesses must be 
smoothed out by the time a steady state is attained. In this 
chapter, it will be shown that all continuous solutions of 
Laplace’s equation are analytic with respect to all independ- 
ent variables, However, it would not be correctto assert that 
all solutions of Laplace’s equation are analytic. For example, 
the function uw defined by 


u(x, y) =: Reel {e ~ 2 when z=£0,where Z£==X + ly, 
u(0, 0)=0. 


satisfies the equation 


(27.2) 


at all values of x and y. However, it iseasyto see that this 

function not only is not analytic in a neighbourhood of the 

coordinate origin but is discontinuous at the origin. Thus, 

to assert that u is analytic, we need to assume some in- 

itial degree of smoothness for the function 4. Continuous 

solutions of Laplace’s equation (that is, continuous func- 
2 


tions for which the derivatives < exist and for which 


are called harmonic functions. 

A typical boundary-value problem for elliptic equations is 
the first boundary-value problem (the Dirichlet problem), 
of which we spoke in Section 1: A continuous function / is 
given on the boundary [ of somefinite region G of the space 
(x,,...,%,). Find a function u(x,, ..., x,) that is harmonic in 
G and that assumes the given values of f on I’. The precise 
meaning of the words ‘the functions (x,, x,, ..., x,) must as- 
sume given values on the boundary’ is as follows: the func- 
tion coinciding with u (x,, x,, ..., x,) within G andcoinciding 
on the boundary with the value of the function / given there 
must be continuous on G=G--T. 

The second boundary-value problem (Neumann’s problem) 
is the following: Consider a finite region G bounded by a 
surface [ with a continuously turning tangent plane. Find a 
harmonic function w(x,,..., *,)that is continuous inG-+-T 
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and whose derivative oo in the direction of the outer nor- 


mal at each point of the boundary of G is equal to the value 
at that point of the given function /. 

In Section 1, we considered examples of physical problems 
that lead to the first and second boundary-value problems for 
Laplace’s equation. 

In what follows, we shall consider in detail the questions of 
the existence and uniqueness of a solution to these problems 
for Laplace’s equation. 

Problem, Suppose that 


U(X. 2oay. &,)==/ {r). 


r=) (x, — 4)? + e's +(x, — Xn)’, 


and that the function f(r) is defined for r >0 and has acon- 
tinuous second derivative. Show that, ifu(x,, ...,x,)is har- 
monic for r >0, then 


where 


C, 
f(r) =C, +455 for liza 2, 
firy=C,4C,In+ for n=2. 


28. A PROPERTY OF EXTREME VALUES 
AND ITS CONSEQUENCES 


I. We shall confine ourselves toa consideration of harmonic 
functions u(x, y) of two independent variables, All the asser- 
tions proven in this section are validfor harmonic functions 
of an arbitrary number of independent variables and they 
can be proven in an analogous manner. 


Lemma 1. Suppose that a continuous function u(x, y) is 
defined inside and on the boundary of a circle of radius 
R and that u(x, y) is harmonic at all interior points of 
that circle, Suppose thatu (x, y)>u(x,, y,) at allinterior 
points, where (x,, y,) is some point lying on the boundary 
of the circle, If the function u(x, \) has a derivative in 
direction v at the point (x,, y,), where v forms an acute 
angle with the inwardly directly normal, then 
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Ou 
> > 0. 


Proof: Since a harmonic function remains harmonic under 
a translation of the coordinate axes, we may assume that the 
coordinate origin is at the centre of the circle. Consider the 
function 


1 r? 1 l 
v(x, y)= IN + apr — Ing — ZF, 


where r==) x*-+ y’.Since on the boundary of the circle v=0 
and 

Ov | r 
oe oR 


if O0<r<R, we have v > 0 atall internal points of the circle 
except the centre. It is easy to show that 


if x* + y’ £0. 
Let us denote by D the set of points (x, y) for which 


= R< x’? +y?< PR’. Let a denote the smallest value of the 


function u(x, y)—u(x,, y,) on the circle eye . It fol- 


lows from the conditions of the lemma that a> 0. 
Consider the function 


) v(x, y) 


w(x, y) = U(x, Y)— U(x, ¥.) — TB 
o(Z, 


defined on D, It is easy to see that w= 0 onthe boundary of 
D , The function w(x, y) cannot have its lowest value within 
the region D because 


O*w tw a 
eto =e <0 
OF (Eola 


in D and at a minimum it is necessary that Se >0 and 
Ow 
oy? 
in the region D; that is, 


>0O. Therefore, w must be nonnegative at all points 
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a 
u(x, Y)— 4 (Xp) Yo) > Teme y). 
v 


2 ai 
At the point (x,, y,), we have 


Ou Ov 


| a is (vy, r), 


where cos(v, r) denotes the cosine of the angle between the 
direction of the radius vector at the point (x,, y,) and the 


direction y. Obviously eo 0. Since the functions u(x, y) 
—u(x,,y,) and v(x, y) vanish at the point (x,, y,) andsince 


a 


U(X, Y) — U(X, Yo) = TE UI(*Y)s 
(2) 


in the region D, we have 


Ou a Ou 
re: — 
Uv zy 19 


at the point (x,, y,), which completes the proof, 


Extreme-value theorem, A nonconstant harmonic func- 
tion u(x, y) cannot attain either the least upper bound 
or the greatest lower bound of its values in G at any 
interior point of that region. 


(If the region G is finite and if u(x, y) can be extended 
to G in such a way that this extension, which we still 
denote by u(x, y) will be continuous in G, then it is obvious 
that the least upper and greatest lower bounds of the values 
of u(x, y) in G will coincide respectively with its maxi- 
mum and minimum values in G.) 

Proof*: Let us suppose that a nonconstant harmonic 
function assumes in the region G a value m equal to the 
greatest lower bound of the values of u(x, y) in G. Sup- 
pose that E is the set of those points in G at which 
u(x, y)==m.Since the function u(x, y) is nonconstant in G, 
there exists a region G, the closure of which is contained 
in G and which holds certain points of the set E and at 
least one point not belonging to &, Within the region @G, 
there exists a point P not belonging to E whose distance 


* OLEINIK, O.A., Matem. sbornik, 30 (72), 3, 696-697 (1952). 
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from the set E& is less than the distance to the boundary of 
G since there exists points in G, that are arbitrarily close 
to — but that do not belong to £, and for such points in 
G,, the distance to the boundary of G is greater than some 
positive number*, 

Let us consider a circle K with centre at the point P 
and with radius equal to the distance fromthe point P to be 
set &. This circle lies within G, andallofits interior points 
belong to E, On the boundary of A, there is a point Q be- 
longing to E. This follows from the definitionof the distance 
from a point to asetandfrom the fact that the cluster points 
of the set that lie in G belong to E&. The derivatives 
= and 5 must vanish at points of the set E. 

By applying Lemma 1 to the function u(x, y) and the 
circle X, we see that the derivative of u(x, y) at the point 
Q in an arbitrary direction not tangential to the circle at 
the point Q, if such a derivative exists, is nonzero. This 
contradicts the fact that * and > vanish at the point Q 
since at least one of the coordinate axes does not coincide 
with the tangent to the circle atthepoint Q. This contradic- 
tion shows that the harmonic function u(x, y), which is not 
constant, cannot assume a value equal to m inG 

If u(x, y) assumed within G a value M™ equal to the least 
upper bound of the values of u(x, y)in G, the function 
—u(x, y) would take a value equal to the greatest lower 
bound of its values in G, which is impossible. This proves 
the theorem, 

Corollary, A function that is harmonic in a finite region 
G and continuous in G@ takes its greatest and lowest values 
on the boundary of that region. 


2. Uniqueness of the solution of the Dirichlet problem fol- 
lows immediately from the theorem that we have just proven, 
Let us suppose that two harmonic functions uw, and ua, coin- 
cide on the boundary on some finite region G. Then, their 
difference, which obviously is also a harmonic function, is 
identically equal to zero on the boundary of the region, and, 
from what we have just shown, it cannotassume values either 


* The term ‘distance from the point P to the set I refers to the greatest 
lowest bound of the distances from P to points inDt 
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greater or less than zero within the region, Thus, 


u, —u,=0 and u, =u,. 


It also follows from the extreme-value theorem that the 
solution to the Dirichlet problem depends continuously on 
the boundary conditions for an arbitrary bounded region 
G. To see this, let us suppose that u, and uw, are solutions 
to the Dirichlet problem for some region G, that the values 
of these solutions on the boundary IT of the region G are 
given by functions /, and f/,, and that |/,—/,|<¢ every- 
where on I, Then, the boundary values of the harmonic func- 
tion u,—u,, that is f,—/,, satisfy the inequalities 


—eE <VJ/;, =, < &. 
It then follows from the extreme-value theorem that 
—e<u,—Uu,<cég, 


throughout the region G; that is |u, —u,|<c¢, which was to 
be proven. 

From this, we obtain the following lemma, which will be 
useful in what follows. 


Lemma 2. Suppose that a sequence of functions that are 
continuous in some closed bounded region and harmonic 
within that region converges uniformly on the boundary 
of that region. Then, it also converges uniformly 
throughout the entire region. 

To prove this, let us consider such a sequence 4u,,...,u,, 

. and letusdenote by f/f, the values ofthe function uw; on the 

boundary I of the region G. By hypothesis, the sequence 
{f;}converges uniformly. From the Cauchy criterion, for 
every ¢>0O there exist an N such that forn2, m>WN we 


have |f,—/,|<.¢ everywhere on I. But then, from what 
we have proven, |u, —u,|<¢ everywhere in G for these 


values of nm andm. From the sufficiency of the Cauchy 
criterion, we conclude that the sequence u,,...,u,,... con- 
verges uniformly in the closed region. 


3. By using Lemma 1 and the extreme-value theorem, we 
may now prove the following theorems: 
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Theorem 1. Suppose that the boundary [ of a region G 
is such that each point P of the boundary I can be 
touched by a circle K, contained in the region G. In 
other words, suppose that, for every point P, there 
exists a circle KX, that holds the point P all the in- 
terior points of which belong to G (as will be the 
case, for example, where the curve bounding the region 
G has at every point a finite curvature). If a harmonic 
function w(x, y)is continuous in GUT and is not con- 
Stant, then at the point P, oftheboundaryof G atwhich 


1 
u(x, y) assumes its smallest (greatest) value, the de- 


rivative se of the function u(x, y) in the direction of 


the outer normal is negative (positive) provided the 


derivative oo exists at that point. 


Proof: Consider a circle Kp. By hypothesis, all interior 


points of this circle belong to G. If u(x, y) is not constant, 
the extreme-value theorem tells us that the function u(x, y) 
assumes its smallest value only at points onthe boundary of 
G. Therefore, the value of u(x, y) at all interior points 
Kp, is strictly less than the value of u(x, y) at the point 


P,. By applying Lemma 1 of this section, we obtain <0 


at the point P, provided this derivative exists. 
At points of I at which u(x, y) assumes its greatest 
value, the function — u(x, y) assumes its smallest value and, 


from what has been proven, 2 (— u) <. 0 and hence > 0. 
Theorem 2. Two solutions of the same second boundary- 
value problem can differ from eachother only by a con- 


stant term if the boundary of G satisfies the condition 
stated in Theorem 1. 


Proof: Suppose that u,(x, y) and u,(x, y) are harmonic 
functions in G, that they are continuous on G-++T, and that 
iy = Sis on I. Thefunction u(x, y)=u, (x, y)—4, (x, y), 
which is harmonic in G, is continuous in GT and —=0. 
If u(x, y) were not constant, the derivative oo would, ac- 


cording to Theorem 1, be nonzero at the point P, at which 
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u(x, y)attains its smallest value. Consequently, u(x, y) is 
constant. 

Problem. The third boundary-value problem consists in 
finding a function u (x, y) that harmonic inaregion G and 
continuous in G U I such that 3 = + au assumes atevery point 
of the boundary of the region pe the value ofa given function 
yf, where a>0O, a#0, and x is the derivative in the direc- 
tion of the outer normal. Prove the uniqueness of the solu- 
tion of the third boundary-value problem for Laplace’s 


equation under the assumption that the boundary I of the 
region G satisfies the condition stated in Theorem 1. 


29. SOLUTION OF THE DIRICHLET 
PROBLFM FOR A CIRCLE 


1, Suppose that a continuous function f(s) is given on a 
circle of radius 1. Here, s denotes the arc lengthas meas- 
ured from some fixed point, andwe assume that /(0) = /(2n). 
Let us construct afunction u thatis harmonicinthe interior 
of the circle and that takes the given values of /(s) on the 
circle itself. 

We place the coordinate origin in the centre of the circle 
and we let the positive path of the x-axis pass through the 
point s=0. Let us shift to polar coordinates, taking the 
x-axis as the polar axis and the origin O asthe pole. Then, 
the equation of the bounding circle in polar coordinates is 
o0==1, and f(s) f(y), where » is the polar angle of the 
point in question on the circle. 

Let us apply the Fourier method to the solution of this 
problem, assuming first that f(s) has a continuous second- 
order derivative. Later, we shall dispense with this restric- 
tion. Laplace’s - in polar coordinates takes the form 


(On 4-O4u 
sits ap ae Fi = 0. (29.1) 


Let us seek a solution to this problem in the form ofa 
product of two functions: 


Eee a (29.2) 


When we substitute this product into equation (29.1) and 
separate the variables, we obtain (by procedure analogous 
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to that used in Section 20) for the functions R(p) and ® (9) 
the ordinary differential equations 


ob’ +- d= 0 
p°R" + pR’ — LR = 0. (29.3) 
From the nature of the problem, the function ®(y) mustbe 


periodic with period 2n, which can be the case only for } 
equal to the square of an integer, Setting }==n’? and 


®, =a, cosny +b, sin ng, 
we obtain from (29.3) the following equation for R: 
oR" + pR’ —n'R=0. 


This equation* has the linearly independent solutions 
R=o" and R==9~”. Since the second solution has a dis- 
continuity at the origin, the particular solutions of the form 
(29.2) that are continuous inside a unit circle will be the 
functions 


u,(o, ¥) == p" (a, cos np + O, sin ng). 


Furthermore, for }==0, we obtain the solution u,(p, 9) 
= const, which we denote by Z. For arbitrary bounded a, 
and 0, ,the series 


@ 
u (9, 9) = 2-4 > P” (a, cosng-+ 6, sin ng) 


n=l 


(29.4) 


converges at any interior point of the circle since, for 
9<_1 this series is majorised by a convergent series of the 
form 


M(1-+p,t pt... eit...) 


where p<p, <l. 
To show that the function (29.4) isharmonicforO<p<l, 


we write the series (29.4) in Cartesian coordinates: 


(29.5) 


u(x, y) =% +- » Ree} [(a, —1b,,) (x + iy)’]. 


n=l 


(29.6) 


* By making the substitution p = e!, we can reduce this equation to an 
equation with constant coefficients. 
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The series (29.6) and the series that are obtained from it 
by termwise differentiating it with respect to x and y an 
arbitrary number of times converge uniformly forO<p 
<p,<1 since these series are majorised by the series 
(29.5), and by the series that are obtained from (29.5) by 
termwise differentiating with respect to p,. From this, it 
follows that u(x, y) satisfies Laplace’s equation since each 
term of the series (29.6) is a harmonic function. 

If we set p=1 and u(1, y)=/(¢), we obtain from (29.4) 
the equation 


S(¢) = s+ > (a, cos ng -+ 6, sin ny), 


i —* | 


which will be valid under the hypotheses made regarding 
/(9)if we set a,, a, and 6, equal to the Fourier coefficients 
for the function /(¥): 


Zn 
a, == |S (9) a3 
2n 
a, = ~\F(9) cos ny dy; 
0 


on 
b, =~ \ S19) sinny do. (29.7) 
0 


For the series (29.4) with coefficients determined by for- 
mulae (29.7) to give the solution to the Dirichlet problem, 
we still need to show that this function is continuous in the 
closed circle p<=1 (see Section 27). Now, for p<1 the 
series (29.4) is majorised by the series 


Jol Sh ag +1 yl, 


nal 


which converges by virtue of the hypothesis that the second 
derivative of the function /(s) is continuous*. 

Thus, for twice continuously differentiable boundary func- 
tions f(s), the Dirichlet problem for a unit circle is solved 
by the series (29.4). 


* In this case, as we know, a, = O (1/n*) and b, = O (1/n?). 
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Let us now show that the series (29.4), where a, and 6b, 
are determined by formulae (29.7) also represents (for 
6 <1)the solution to the Dirichlet problem in the case in 
Which f(s) is an arbitrary continuous function. First, we 
construct a sequence of twice continuously differentiable 
functions f(s) that converges uniformly to the continuous 
function f(s) given on the circle p=1. Suppose that ua, 
is the solution to the Dirichlet problem corresponding to 
the function /,(s). From Lemma 2 of Section 28, the se- 
quence u, converges uniformly on the circle 9<1 to the 
continuous function u(x, y). Obviously, for p=1, the func- 
tion u(x, y) coincides with /(s). 

Let us show that, for p< 1, the function u(x, y) is given 
by the series (29.4) with the coefficients (29.7). From what 
has been shown, this series converges for p<1 and itis 
a harmonic function. Suppose that a™) and 6’ are the 
Fourier coefficients of the function /,,. 

For sufficiently large m and all 7, we have 


ja,—a™|<e, |b, —b™|<e, 


where ¢ is an arbitrary positive number. 
Therefore, 


fo @) 
$24 Sp cor np +0, 3 0) 


n=l 


a 


= “te + > 0” |(a,, — a”) cosny + (b, — 6) sin n¢] 


i e—s| 


(oe) 
— 1 
<= 2¢ >» p == 2¢ =". 
n=0 
Thus, the function u(x, y) is given by the series (29.4) 
and is the solution to the Dirichlet problem corresponding 


to the harmonic function /(s). 


2. Let us transform the series (29.4) by replacing the co- 
efficients a, and b, with the expressions given for them 
in formulae (29.7). For 9<cl, we obtain 


u(p, get > p"(a, cos ny -+ 6, sin ng) 


n=! (continued over page ) 
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=5\ soe +4 se" {{ 70 cos ny db-cos ny 


n=l 


+ (7 sin nb dy-sin ng | 


0 


=5 Bs () dh + > Liv pcos n(p— 9) dd 


=h(ym(142> p" cos n(b— 4) ) de. 


Let us set y—=w in the parenthesized expression. We 
obtain 


OO io) 
1+ 2 YS) pcos nw = — 1-+2 >) p" cos no 


n=!) azo 


antiga se gt a +2Reel ———_ 
— pe 


n==0 


1 — 9 (29.8) 
= I +9? — 20 cosw ° 
Therefore, for 9<l, 
2n 
] | — 9 
u(0, N=R ISM 1 + 9? — 26 cos(> — 4) dy. 
0 (29.9) 


The integral (29.9) is called Poisson’s integral. 

For a circle of arbitrary radius R and an arbitrary 
continuous function f(s) we obtain the solution to the 
Dirichlet problem by replacing op in formula (29.9) with 


5 Instead of ~, we may take s=Rg as our variable ofin- 
tegration. Then, we obtain Poisson’s integral for an arbi- 
trary circle 


ork 
R? — 9? 
(0, Q=F >| SS) gs Ets Po coal co) ds. 
BE oe ER ERE OER 55).210) 


Remark: Formulae analogous to (29.10) are valid for the 
solution of the Dirichlet problem for an n-dimensional 


Elliptic equations 249 


sphere. For n=3, the corresponding formula is of the 
form 


l i ct R?—r’ 
, 9, 9) = — 0’, Ss 
u(r, U, Y) =F WV“ 4 ) ip — oF Reosy bry do, 


where the integration is taken over the sphere » of radius 
R,and y is the angle between the radius vectors ofthe point 


(r, 9, y) and the variable point (R, 9’, ©)on the surface >. 
Problem 1. Show by direct verification that Poisson’s 
integral (29.10) is a harmonic function in a circle of radius 


2. Show that the limiting values on thecircle p=—=R of the 
function defined by Poisson’s integral (29.10) coincides with 


f(s). 


3. We shall now show a different approach to the solution 
of the Dirichlet problem forthe circle.Itis based on the use 
of Green’s function. 

We first give Green’s formula, which is valid for any two 
functions u(x, y) and v(x, y), that possess continuous first 
and second derivatives in DUT,where p is some bounded 
region with a piecewise-smooth boundary I. If we apply 
Ostrogradskii’s formula, we obtain 


Ou OV Ou dv __ 0 dv 
= \\(Saet xa) axdy=\\15(u 55] 
D D 
) Ou 07u ou 
D 


=| seds—(\u Avdx dy, (29,11) 
r D 


O?”u 07u Ou : ; ; 
= __ ean tas notes the derivatives of v in 
Here, Av Sat xyes ane 5, de 


the directionofthe outer normal tothecurve I, Analogously, 
we obtain 


l= { vs ds—\\ vAudxdy. 
: = (29.12) 
From equations (29.11) and (29.12), we get Green’s formula: 
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i) (v Au—u Av) dx y= \ v5 — us) ds. 29.13 


Suppose that the function u(x, y) is harmonic inthe region 
D. Starting with equation (29,13), we shall derive a formula 
giving the value of u at an arbitrary point (x,, y,)of the 
region D in terms of the boundary values of u. 

We set 


{ 
U(X, Yi Xo, Yo) == In—, 


where r=V(x— X,)° + (y — Yo) 


and we apply Green’s formula (29,13) to thefunctions u and 
v in the region D, bounded by the curve I and the circle 
r, with centre at the point (x,, y,) and with an arbitrarily 
small radius ¢. We obtain 


1 ou 6) ] 
\ |! a5 —# aa =) les 
1 Ou 6] ] 
+I | ny On, On, ns Se (29.14) 
€ 


The direction of the normal 7 to [, that is directed out- 
wardly from the region D. coincides with the direction along 
the radius of I, from the point (x, y) to the point (x,, y,). 
Therefore, on [, 


In —) = In—)=—=- 
2 (wtja-Z(mtatet ges 


Because of the continuity of the first derivatives of u, we 
obtain 


where C is independent of ¢. Therefore, 


| Ou ! Ou 
A - om |= In = \ 5 ds, 
r r € 
€ € 


<C-2ne-In+ —0 


aS e—> 0). 
On the basis of (29.15), we have 
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0 | 1 
\ ear (in =) ds, == | uds, = 2 nu (x, y.)s 
r r 
€ € 


where (x,, y,)is some point on [,. Consequently, the last 
integral on the left-hand side of (29.14) tends to—2 1-u“(x,, y,) 
as ¢€—>+0Q. ) 


Taking the limit as ¢—-+0 in equation (29.14), we obtain 


i l Ou 0 ] 
U(x) Yo) = i | jin ron” On (In -)| ds. (29.16) 
Let us suppose that we have succeededin constructing a 
function v(x, y; x,, y,) that is harmonic in the region D, 
that has bounded first and second derivatives in D, and that 
coincides on IT with the function ~ In + Applying Green’s 
formula (29.13) tothe functions u and v, intheregion D,we 
obtain 
—_ Ou Ov, 
o=|(v, 7 — Uf a | ds. (29.17) 
cr 
If we subtract equation (29.17) from equation (29.16), we 
arrive at the relation 


0 J 1 
u(x, y= lus (— pin +0,) as. (29.18) 


cr 


Thus, for a function u(x, y) that is harmonic in the region 
D, we have obtained formula (29.18), which expresses the 
value of this function at an arbitrary point (x,, y,) of the 
region D in terms of the values on the boundary. The func- 
tion 


] 


1 
G(x, y; Xo Vol 95 In — — 


is called Green’s function of the Dirichlet problem for the 
region D, From (29.18), we have 


aG 
u(x, y= — \f(s)s— ds, 
\ On (29.19) 


where /(s) is the value of u(x, y) on [. 
In deriving the relation (29.19), we earlier assumed that 
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there exists a function w(x, y) that is harmonic in D and 
that assumes the values f(s) on I. Therefore, now that we 
have constructed Green’s function for the region D, we 
still need to verify directly that the right-hand side of 
formula (29.19) is indeed a solution of the Dirichlet pro- 
blem in the region Dwith the given boundary function /(s). 

For some regions, Green’s function can be constructed 
in explicit form, Thus, for a circle of radius R with centre 
at the point O, Green’s function is represented as follows: 


Here, 
r==MM,, p= OM,, 7, = ™MM;; 


the points M and M, have coordinates (x, y) and (x,, y,) 
respectively, and M, is the point on the continuation of the 
radius OM, for which OM,-OM,= Rk’. It is easy to show (we 
leave this for the reader) that formula (29.19) coincides in 
the case of a circle with formula (29.10), which we obtained 
earlier by a different method. 

Problem 38, Construct Green’s function for the Dirichlet 
problem for a semicircle. 


30. THEOREMS ON THE BASIC PROPERTIES OF 
HARMONIC FUNCTIONS 


Proofs of almost all these theorems will be based on the fact 
that if a function w is harmonic in some closed circle x, 
it can be represented in this circle inthe form of Poisson’s 
integral, which is very convenientfor investigations, Indeed, 
if a function uw is harmonic and, consequently, continuous in 
the circle A, it is possible to construct from its values on 
this circle a function uw, in the form of Poisson’s integral 
that is harmonic within A and that assumes on the boundary 
of K the same values as does the function u., But from the 
theorem of the existence of a solution to the Dirichlet pro- 
blem, uw, must be identically equal tou; that is, Poisson’s 
integral represents the original function u. 


Theorem 1 (on the arithmetic mean). Suppose that a 
function u(x, y) is harmonic insideacircle K andcon- 
tinuous on Kk. Then, its valueatthecentreof K is equal 
to the arithmetic mean of its values on the circle. 
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Proof: Let us represent u within K according to formula 
(29.10). When we apply this formula to the centre, that is, 
for 9=0,we obtain 


anR 2nR 
! 
aid = ag \ Ss)ds= a | 4(R, 94s, (30 1) 


where b= which means that u(0, 9) is equal to the 


arithmetic mean of the values of uw on the circle of radius 
R. 

Problem 1. Prove the extreme-value theorem (Section 28) 
by using the above theorem for harmonic functions. 

2. Suppose that a function u(x, y) is continuous in a 
region G and that its value at the centre of an arbitrary 
circle contained in G is equal to the arithmetic mean of 
its values on the circle. Show that the function u(x, y) is 
a harmonic function. 


Theorem 2. Suppose that a function u(x, y) is harmonic 
and bounded within a circle K. Then its value at the 
centre of K is equal to the arithmetic meanofits values 
in the interior of this circle. 


Proof: Suppose that 0<( R<_R,, where R, is the radius of 
the circle K. From (30.1), we have 


2nR 


2R-u (0, y= | u(R, d)ds. 


When we integrate this equation with respect to R from 0 
to R,, we obtain 


Ro onR 


Ro-u (0, g=—\aR\ aR, b) ds, 


0 0 


so that 
J 
1k We \ J u(R, )aQ, 


which completes the proof. 


Theorem 3. Every harmonic function u(x, y) is analytic 
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with respect to x and y. 


This means that the function u(x, y) can be expanded in 
a series of powers of x — x, and y—y, in theneighbourhood 
of any point (x,, y,) within the region in which u(x, y) is 
harmonic. 

Proof: Suppose that a function u(x, y) is harmonic in a 
circle K of radius R withcentre at (x,, y,). By atranslation 
of the coordinate origin and a similarity transformation, we 
can have the point {x,, y,) at the coordinate origin and the 
radius of K equal to 1. Therefore, we may assume that 
x, —=y, =0 and that R= 1. 

In subsection 1 of Section 29, it was shown that u(x, y) 
can be represented by the series (29.6). Let us now con- 
sider the series 


3+ SST Reel [(ap4, — Deas) Cob  x*y'], (30,2) 


k=0 l=0 


where the C,i., are the binomial coefficients and £7 + /* 0. 
Since Cyi;< 2"*‘ and since a, and 6, are bounded, the 


series (30.2) is majorised for [xfs and |y|< > by 
the convergent series 


MS S* 2°) x Fly |’, 


k=o /=0 


where ™ is a positive constant. 

Since the partial sums of the series (29.6) form a sub- 
sequence of partial sums of the absolutely convergent series 
(30.2) and since the series (29.6) converges to u(x, y) the 
series (30.2) also converges to u(x, y). Thus, we have shown 
that u(x, y) can be expanded in a series ofpowersof x and 
y in a neighbourhood of the point x= y= 0. 


Theorem 4 (on uniformly convergent sequences of har- 
monic functions). Suppose that a sequence of functions 
u,(x, y)(for k=-1,2,...) that are harmonic inside a 


finite region G andcontinuousin G converges uniform- 
ly on the boundary of G. Then, it converges uniformly 
throughout the entire region G. Also, the limit function 
will be harmonic inside G. 
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Proof: According to Lemma 2 of Section 28, the sequence 
of functions u, (x, y) converges uniformly throughout the 
entire region G. It remains to show that the limit function 
is harmonic within G. To dothis, letus take a point Q with- 
in G and let us construct a circle K withcentre atthe point 
Q and contained in G. In this circle, each of the functions 
u,(x, y) can be represented in the form of Poisson’s in- 
tegral. 

Suppose that 

2n 
u(x, N=o- (4,0) epee ap, (80.3 
il ay: a R? + p? — 2o R cos (» — d) : -2) 
0 


where the f, (0) are the values of u, on the boundary of the 
circle K of radius A. Because of the uniform convergence 
of the sequence of the functions /, (b) and the convergence 
of u, at an arbitrary interior point (x, y) of the circle K, 
we may pass to the limit on both sides of equation (30.3). 
Denoting the limit functions respectively by u(x, y) and 
} (v), we obtain 


as Jt R? o? 
u(x, y= > \7 pap thaw 


From this itis clear that u(x, y) is harmonic in the circle 
K. 

This theorem is often referred to as the first Harnack 
theorem. 

Remark: It follows from this theorem that the set of 
generalised functions for Laplace’s equation as defined at 
the beginning of Section 9 coincides with the class of all 
harmonic functions if we consider only the continuous solu- 
tions of Laplace’s equation. 


Theorem 3 (on monotonic sequences of harmonic func- 
tions). Suppose that a sequence of functions u, (x, y) that 
are harmonic in a region G converges at some interior 
point A of this region and that, for arbitrary 7, 


Unda (x, y) eu, (x, y) 

at all points of the regionG,. Then, the sequence u, (x,y) 
converges throughout the region G to some harmonic 
function u(x, y). Furthermore, this convergence will be 


uniform in every closed bounded subregion of the regionG. 


2956 Partial differential equations 


Proof: Let us first show that our sequence converges 
uniformly at every point in_a circle K, of radius R with 
centre at A if its closure K, is contained in G, Let us 
estimate the difference u,,,—4,—,,,, Where p is anarbi- 
trary positive integer, By hypothesis, v, |, = 0. Let us take 
a circle K* that is concentric with K, but larger, having 
radius R-++¢ but still contained (together with its boundary) 
in G. Let us represent each of the functions v, , in the 
circle K, in the form of Poisson’s integral 


U ’ 
np : iy) R+ (30.4) 
—_ ake Ua rey) (R-+€)° + 6? — 2(R-+Pe)p Cosi? — 4) a 


0 


Since —1<cos(w—%)< +1, we have 


Bs I) sn, ee 
R+eteo  (R+e? +e? —2(R+e)pcosig—p  R+-etE—-¢ © 
(30.5) 


Since ¥,,,, (R-+, bv) > 0, we obtain on the basis of (30.4) and 
(30.5) 


| Piece 
we Rpt EN REE NASH, WF 


0 


But, from the arithmetic mean theorem, 
2n 


| 
Fe | Mp RF Yab=v,,(0, 9 =v, (A). 


0 


Therefore, 


fie =e Sea wie 
UV, p\A)S, (0, VY < trey (A). 
Rp ee ee ig R+-e—¢ np | ) (30.6) 
From this it is clear that the sequence uw, converges uni-~ 
formly in XK, if it converges at the point A. Therefore, in 
accordance with the first Harnack theorem, the limit func- 
tion is harmonic within K,. 
To show that the sequence of the u, converges at any 
point B of the region G, we connect this point with A by a 
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broken line / consisting of a finite number of links and 
lying entirely within G. This is possible because of the de- 
finition of the region. The broken line / including the end 
points A and & is a closed set. Since it has no points in 
common with the boundary of G,it lies ata positive distance 
0 from this boundary, which is also a closed set. Now, let 
us take a point A, on the intersection of the circle K, and 
the line /, Let us describe a circle K, of radius 8/2 with 
centre at A, From what was said above, the sequence of the 
u, converges uniformly inside and on this circle. Similarly, 
it converges uniformly inside and on thecircle K, ofradius 
¢/2, where the centre of K, lies on the intersection of / 
and the circle A,. We can cover the entire line with a finite 
number of such eiecles K, (forimt1,..., N) in such away 
that the point 8 will lie within K,, This shows that every- 
where on the line / and, particularly, at the point 8 the 
sequence of the u, converges. Since this sequence con- 
verges uniformly in each of the circles KX; and, in parti- 
cular, in Ky, the limit function must, from the first 
Harnack theorem, be harmonic in a neighbourhood of B. 

Let us now show that the sequence of the uw, (x, y)con- 
verges uniformly on every closed bounded set Fcontained 
in G, From the Heine-Borel theorem, the set F can be 
covered by a finite number of the circles K,, ..., Ky, 
whose closures are contained in G, From what we have 
just proven, the sequence of the u(x, y)converges at the 
centre of each of these circles. Consequently. from what 
was proven ahove, this sequence converges uniformly in 
each of the circles A;, and, consequently, on the entire 
set F, 

This theorem is often called the second Harnack theorem. 


Theorem 6 (hounds of the derivatives of harmonic func- 
tions). Suppose that a family of uniformly bounded har- 
monic functions is giveninaregion G, Then, in an arbi- 
trary region G’ whose closure is contained in G, the 
derivatives of all functions belonging to the family are 
uniformly bounded. 


Proof: Suppose that M is the least upper bound of the 
absolute values of the functions belonging to the family in 
question and that />0 is the shortest distance from the 
boundary of G’ to the boundary of G. Then, thecircle K of 
radius > with centre at an arbitrary point (x,, y,) of 
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the region G’ lies entirely within G. 
Since the derivative of a harmonic function is also har- 
monic, we obtain from Theorem 2 


Ou —; 
Ay (Xoo V ) = Sa me y SN as ~ Ax dy == | wos (2, x) ds. 
(30.7) 


Here, u(x, y) is an arbitrary function belonging to the 
family in question, S is the boundary of the circle A, and 
nis the outer normal to S. From (30.7), we have the in- 
equality 

2a l 4M 


< pMens t ° 


= = (Xp, Yo) 


Since the point (“,, y,) and the function uw are arbitrary, it 
follows that the derivatives with respect to x of functions 
belonging to the family are uniformly bounded in G. The 
uniform convergence of their derivatives with respect to y 
in G’ is proven analogously. 


Theorem 7 (on the compactness of thefamily of uniformly 
bounded harmonic functions), An arbitrary infinite col- 
lection of harmonic functions that are uniformly bounded 
in a region G contains an infinite sequence that con- 
verges uniformly in an arbitrary bounded region (@’ 
whose closure is contained in G, 


This assertion follows from a theorem of Arzela since 
the set consisting of all these is, as a consequence of 
Theorem 6, equicontinuous in G. 


Theorem 8 (Liouville). A function u (x, y)that is har- 
monic on the entire xy-plane cannot have either an 
upper or a lower bound unless it is a constant. 


Proof: Suppose, for example, that 4(x, y) is always 
greater than some constant M. By adding a constant to 
the function u(x, y) if necessary, wecanalwayshave M>0O. 
Let us assume that M20, and let us show that the value 
of uw at an arbitrary point Q(P, 9)is exactly equal to the 
value of uw at the coordinate origin (pole) O. This will 
show that uw is constant. To do this, we take a circle K 
with centre at the point O and with radius R sufficiently 
large that the point Q(p, y) lies inside it. When we re- 
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present the function u in Kin the form of Poisson’s in- 
tegral, we obtain 


ae Sell 


HAO) = De ac  ?) R? + 9? — 2Re cos (9 — $) ss 


From this, we obtain in analogy with (30.6) 


Sivan ae <p 


As R increases without bound, we have u(O) <u(Q) <u(O), 
so that u4(Q) =u(0O). 


Since Q is an arbitrary point in the plane, this means that 
the function uw is constant. 


Theorem 9 (on isolated singularities). Suppose that u(x, y) 
is a bounded function that is harmonic in a neighbour- 
hood of a point A except at the point A itself (where 
u(x, y)is undefined).Then, the function u(x, y)can be 
defined at the point A in such a way that u(x, y)will 
be harmonic throughout the entire neighbourhood of 
A including the point A itself. 


Proof: For simplicity of notation, we take as the point A 
the coordinate origin. Suppose that K is a circle of radius 
R with centre at A and that AK lies within the neighbour- 
hood in question of A. Suppose that uw, is a function that 
is harmonic within K and that coincides with uw on the 
boundary of K. Let us set u—u, =v.The function v(x, y) 
will be bounded and harmonic throughout the circle K, 
except at the point A, at which it is not defined. On the 
circle K, the function v vanishes. Let us show that v=0 
(and hence that uu, everywhere in the interior of K 
except at the point A. Once this is done, we shall set the 
function v equal to zero at the point A. This will make 
u==u, everywhere in the interior of K, which will com- 
plete the proof of the theorem. 

To prove the identity v=0 throughout the entire circle 
Kexcept at the point A, let us define the function 


e 
M In = 
w,(P)= € , 


In 
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everywhere in the circle, where M is the least upper bound 
of |vjin K, & is some small positive number, and p= AP. 
The function w,(P) is a harmonic function in the region 
bounded by the circles s=Aand p=g, and it vanishes for 
9==R and is equal to M for p==e.From the extreme-value 
theorem of harmonic functions, we have, for an arbitrary 
point P lying in the annulus between the circles p= A and 
o=e (for any ¢) 


\v(P)| <M—,, (30.8) 


since - w,(P)<vu(P)<w,(P) on thesecircles. But the right 
member of inequality (30.8) approaches 0 as ¢ approaches 
0. Therefore, the left member is equal to 0 since it is in- 
dependent of ¢«. 

Remark 1: Theorem 9 remains valid under the more gen- 
eral formulation: Suppose that u(x, y) is aharmonic function 
in a neighbourhood of the point A except at the point 4 (at 
which u(x, y) is underfined) and that, for an arbitrary point 
P in this neighbourhood, 

| 
|u(P)| <<" (P)Inz5, (30.9) 
where BL. (P) — 0 as P—A. Under these conditions, the func- 
tions u(x, y) can be defined at the point A in such a way 
that u(x, y)will be harmonic throughout the entire neigh- 
bourhood of the point A including at the point A itself. 

Proof of this proposition is analogous to the proof of 
Theorem 9, 

2: Suppose that u(x, y)is bounded and harmonic in a re- 
gion G and that it is continuous at all but a finite number 
of points on the boundary of G. Under these conditions, the 
function u(x, y) cannot take values within G that are greater 
than the least upper bound of the values of u(x, y) on the 
boundary of G or lower than the greatest lower boundof the 
values of u(x, y)on the boundary of G. 

To show this, suppose that M is the least upper bound 
of the values of u(x, y) on the boundary of G. For simpli- 
city, let us assume that u(x, y)is continuous at all points 
on the boundary of G with the exception of one point P. 
Suppose that all points of G lie at a distance from P, no 
greater than Rk, Let us define the function 
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Consider the region G, consisting of the points of the re- 
gion G whose distance from P, exceeds 6. It is easy to 
see that u(P)< w,(P) on the boundary of this region if é is 
sufficiently small. From the extreme-value theorem of 
harmonic functions,u(P) < w,(P) in G;. When we let ¢ 
approach zero, we have u(P) <M at any arbitrary point P 
in the region G. In just the same way, we see that u(P)>m, 
where m is the greatest lower bound of the values u(x, y) 
on the boundary of the region G. 

Remark 3: All the properties of harmonic functions of two 
independent variables that we have proven in the present 
section remain valid for harmonic functions of an arbitrary 
number of independent variables and can be proven in an 
analogous manner. Condition (30.9) in the case of n >2 
independent variables should be replaced with the condition 

WP) <ERP aaa 
where AP is the distance from the point A to the point P 
and where 4. (P) approaches zero as P approaches A. 


381. PROOF OF THE EXISTENCE OF A SOLUTION TO 
THE DIRICHLET PROBLEM 


The idea of the proof that we are about to give belongs to 
Poincare. Poincare’s original proofwas somewhat improved 
by Perron. Since the following considerations are equally 
applicable to regions in a space of an arbitrary number of 
dimensions, we shall not confine ourselves to aconsideration 
of the two~dimensional case. 


1.Basic definitions and method of solving the problem. 
Suppose that a continuous function v is defined in an 
n-dimensional bounded region G and on its boundary. We 
shall always denote by AK any n-dimensional sphere all 
interior points of which belong to G. We shall denote by 
(v), a continuous function that is equal to uv outside K 
and on its boundary and whichis harmonic inside this sphere 
K. For the function v to be harmonic, itis obviously neces- 
sary and sufficient that (v),=v for every sphere A. (Of 
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course, for n=2, the ‘sphere’ is a circle.) 
We shall call a function v superharmonic (resp. sub- 
harmonic) if, for every sphere K, 


(UV) ¢ <= VU (resp.(v) , = V). (31.1) 


Suppose that a continuous function f is defined on the 
boundary of G andthat a superharmonic (resp. subharmonic) 
function v is defined in G. with the property that, on the 


boundary of G, 
vic>f (resp. u<f). 


We shall call this function v a superfunction (resp. sub- 
function) for the function /. 

In all that follows, we shall consider only superharmonic 
and subharmonic superfunctions and subfunctions that are 
continuous within G and on its boundary. Therefore, when 
we speak of super- and subharmonic functions, we shall 
assume that they are continuous within and on the boundary 
of G without explicitly mentioning this fact. 

The Poincaré-Perron method consists in the following: 
For a given bounded region G and a continuous function / 
defined on its boundary, we define the collection of all super- 
functions. It is clear that this collection is not empty since 
every constant c=>sup/ is a superfunction. Let us define 
the value of the function uw at a point P belonging to G as 
the greatest lowest bound of the set of values of all super- 
functions at this point. We shall show that the function u is 
harmonic within G, that it assumes the given values of / 
and is continuous at all boundary points of this region at 
which certain conditions of which we shall speak later are 
satisfied. As a preliminary, we need to prove certain pro- 
perties of superharmonic functions and superfunctions. 


2. Certain properties of superharmonic functions 
and superfunctions. 


Theorem 1. (a) Every harmonic function is superhar- 
monic and subharmonic. (b) If v is superharmonic and 
uis harmonic, then v--_u is superharmonic. (c) The 
sum of two (and hence ofan arbitrary number of) super- 
harmonic functions is superharmonic. (d) If v is super- 
harmonic and w is subharmonic, then v— w is super- 
harmonic. 
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Analogous theorems hold for subharmonic functions. 
The first of the above assertions is obvious. The other 
three are easily proven if we keep in mind the fact that 


(v, + V)e= (VW) et (V2) 4 


With the aid of this relationship, we shall prove assertion 
(c). Suppose that v, and v, are two superharmonic func- 
tions, Then, 


(Y, ie SV, (Va) x SV, 


and consequently, 


(v, i Vw) p= (U,)y sa (Ui) x S VU, _' VU», 
that is, v, 4+-v, is a superharmonic function. 


Theorem 2, A function v that is superharmonic in a 
region G assumes its smallest value onthe boundary of 
G. 


Proof: Let us suppose that the function v assumes its 
smallest value m at some point P belonging to theinterior 
of G. Then, we can draw a sphere K with P as centre that 
touches the boundary G. On the boundary of this sphere, wv 
must everywhere be equal to m because otherwise we 
would have, from the arithmetic mean theorem, 


U< (V)y. 


at the point P. Consequently, the function v must be equal 
to m at certain points of the boundary G. 


Theorem 3. Every superfunction v iseverywhere at least 
as great as any subfunction w. 


Proof: According to Theorem 2, the superharmonic func- 
tion vu—w assumes its smallest value on the boundary of 
the region, but it is nonnegative there. Consequently, it is 
nonnegative in the interior of the region. 


Theorem 4, The function 


v==min{v,, Vs, eeey Obi, 


where v,, U,, ..-, U, are superfunctions, is also a su- 
perfunction. 
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Proof: It is clear that the function v is continuous within 
G and on its boundary and that v=/ on the boundary of G. 
It remains to show that v satisfies inequality (31.1) for 
every sphere K. We note that u(P) is equal to the value at 
the point P of one of the functions 4,, v,,...,U,, let us Say, 
v,- Therefore, at the point P, 


VU, S (0) pS (Vx, 
which proves inequality (31.1). Here, we use the fact that 
v<v, implies that everywhere (V0), < (U,)x. 


Theorem 5. If v is a superfunction, then (v), is also a 
superfunction. 


Proof: Let us set 
(V) ~-==z. 


Of all the properties that a superfunction must satisfy, the 
only one that needs to be proven is, obviously, that for any 
sphere K,. 


(2) x, Sz. (31.2) 


This property is also obvious if the sphere K, lies entirely 
within K or entirely outside A. It remains only to consider 
the case in which the sphere A lies within K, or when the 
boundaries of these spheres intersect. 

On the boundary of K,, 


2S. 


Therefore, even within K,, 
(2), S(V) x 


since both the functions (z), and (v),, are harmonic within 
K,. Since v is superharmonic, we have 


(V) a OF 


Outside the sphere A and on its boundary, the functions z 
and v coincide. Therefore, whether K is within K, or 
whether they intersect, relation (31.2) is validoutside K and 
on it. The validity of this same relation in the intersection 
KK, of the interiors of K and K, follows from the fact that 
the functions z and (z), areharmonicwithin Kx,.andsince 


Elliptic equations 265 


relation (31.2) is valid on the boundary KK,, it is also valid 
inside that region. 


3. Proof that the greatest lower bound u(P) of all 
super functions ts harmonic. To prove that the function 
“is harmonic in the entire region, it will obviously be 
sufficient to prove that it isharmonicinan arbitrary sphere 
kK .Let us takeone ofthe superfunctions v, whose value is no 
greater than u(P)-+e atthe centre P of the sphere K. We 
may assume that v, is harmonic inside K.If v, were not 
harmonic inside K, then, instead of v, we could take (v,),, 
which, from Theorem 5, is also a superfunction and which, 
like v,, assumes a value no greater than u(P)--e at the 
point P. 

Let us also take the superfunction Vs, which assumes a 
value no greater than u( (P) ++ = at the point P. We set 


v, = (min(v,, V2)) x 
From Theorems 4 and 9, the function v, is also a super- 
function, 

Continuing these constructions, we obtain an infinite 
decreasing sequence of superfunctions v,, v,,..,U,,... that 
are harmonic inside K, This sequence is bounded below 
(see Theorem 3), Consequently, from Theorem 9 of Section 
30 (the second Harnack theorem), this sequence converges 
uniformly within AK to some harmonic function v, 

Let us show that v==u inside K, We suppose that this is 
not true, Then, there exists a superfunction z thatassumes 
a value smaller than v(P,) at some point P, inside the 
sphere K. We describe a sphere A, ofradius 9 withcentre 
at the point P the surface of whichholds the point P,. Then, 
every function 


Z, = (min(z, v,)), 
is a superfunction, Since the sequence JV, in K converges 
uniformly to v, it follows that z,(P) also converges uni- 
formly to K,. Therefore, for sufficiently large n, the func- 
tion z,(P) differs by an arbitrarily small amount from the 
value at the point P of thefunction (min (z,v)),, which is less 
than v(P), which in turn isequalto u(P). However, this con- 
tradicts the assumptionthat u(P) isthe greatest lower bound 
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of the values of all superfunctions at the point P. 

It is customary to call the greatest lower bound of all 
superfunctions the generalised solution, corresponding to 
the given boundary function /, of the Dirichlet problem, 
Obviously, if the Dirichlet problem has a solution in the 
region G that assumes the given values of / on the bound- 
ary, this solution will coincide with the generalised solution 
of the Dirichlet problem corresponding to the given function 
f. We shall call a point Q on the boundary of G regular if, 
for any continuous function / defined onthe boundary CG the 
generalised solution of the Dirichlet problem corresponding 
to the function / is continuous at Q and is equal to /(Q). 
Below we shall give a number of sufficient conditions for a 
point Q on the region G to be regular. 


4, Behaviour of a function u(P) on boundary of G. 


Theorem, A function u(P) is continuous and assumes the 
value /(Q) at a boundary point Q if this point satisfies 
Condition A. A superharmonic function Wo (called a 
barrier function) exists that is continuous within G and 
on its boundary and that possesses the following pro- 
perties: (1) 9(Q)=0, (2) at all points P ofthe region 
G and its boundary, except the point Q, 


P)> 0. 


Proof; For any positive number ¢, we can always, 
because of the continuity of f, choose a neighbourhood 
Ug of the point Q sufficiently small that, at each point P, 
in it belonging to the boundary G, we have 


S(Q)V—ex<f(P)y<f(Q)te. 


Therefore, by using the fact that everywhere in G outside 
Ug the function ®o(P) exceeds some positive constant, it is 
easy to show that the function 


9 (P) = f(Q) —& — Cg (P), 


will be a subfunction provided C > 0 is chosen sufficiently 
great and that the function 


} (P) =F (Q) -F € + Cag (P) 
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will be a superfunction. 

Let us show, for example, that the function b(P) is a 
superfunction. It is easy to see that it is superharmonic for 
every nonnegative C. It remains to show that it is nowhere 
less than f on the boundary of G. The validity of this as- 
sertion in the neighbourhood Uo of thepoint Q follows from 
the definition of the neighbourhood Ug and from the fact 
that Cwo(P)=0.Outside this neighbourhood, on the other 
hand, Wo (P), exceeds some positive constant by assumption 
and therefore, for sufficiently large C, the quantity Cw, (P) 
can be made arbitrarily large everywhere on the boundary 
of G outside Uo. 

Obviously, for every positive ¢, the function u(P) lies 
between these two continuous functions 9(P) and %(P). Con- 
sequently, 


f(Q) —&=9(Q) <limu (P) <limu(P) <b(Q=/(Q) +e. 


P30 P+Q 
Since ¢€ is arbitrarily small, 
lim u (P) = f(Q), 
P+Q 


and the function u(P) that we have constructed is continuous 
at the point Q. 

For n> 2, it is easiest of all to construct a barrier for 
a boundary point Q for which there exists an n-dimensional 
sphere with centre at some point O within which thereis no 
point of the region G and whose boundary holds only one 
point Q in common with the boundary of G. Then, for the 
function @)(P), we may take the function 


1 l 
OO"? — PO» 

where PO (resp. OQ) denotes the distance between the points 
P and O (resp. O andQ). For every 2 >2, this function 
is harmonic. 

In the case of n==2, one can show that every boundary 
point Q of a region bounded by asingle non-self-intersecting 
curve satisfies Condition A. This is true because if Q is 


taken as the coordinate origin, the function ar ara 
where p and g are respectively the real and imaginary 


parts of Jn as , possesses the same properties of Woy 
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where D denotes the diameter of the region G. But the 
function 


— Ree] ——_—— aaa 


2D 


— ype 


may no longer possess these properties if the point Q lies 
on the boundary of a non-simply-connected region G, This 
will be the case, for example, if the region G lies between 
two concentric circles and the point Q = on the smaller 


of them. In this case, the function ——;—>— is no longer 


Pp” + q 
single-valued. Therefore, it is expedient to replace Condi- 
tion A with the following more general 


Condition B. For an arbitrarily small neighbourhood U 
of a point Q (here, Up, denotes that portion ofthe entire 
neighbourhood of the point that belongs to the region G 
and its boundary), there exists a single-valued super- 
harmonic function QM, (a barrier function) possessing 
the following properties: 1, Q9 isdefinedwithin Ug and 
on its boundary, and it is everywhere eontnicue: 2. 
Q, (Q)=0. 3. 25> 0 at every point except Q. 

SP Tor these three properties of Qa fourth property 
can be derived: 
4.25 2k>0 at all boundary points of Ug that belong 
to G; here, k is some constant. 


Let us show that if the point Q satisfies Condition B, 
it must also satisfy Condition A, Letus construct the function 
Wo (P), setting 

Wo (P) = min { + Qo (P), 1 \insideUo, 
Wo (P) = loutside Uo. 


We assert that this function possesses all properties en- 
umerated in Condition A, Specifically, (1) g(P) is conti- 


nuous throughout G; (2) Mo (Q) = 0; (3) Wo > 0 at all points 


of G except at the point Q; (4) it remains to show that the 
function ® 9(P) is superharmonic, that is, that 


(Wo) nS Wg: (31.3) 


We denote by G, that portion of G at which Wo == 1 andwe 
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denote by G, the remainder of the region G. Then, it will be 
obvious that (31.3) is valid if the interior of the sphere K 
holds either points of G, aloneorpointsof G, alone. There- 
fore, we consider the only remaining possible case, namely, 
that the interior of the sphere K contains points belonging 
to G, and points belonging to G,. In this case, (31.3) will be 
valid for that portion of the sphere A that belongs to G, 
because there w)—1 and (Won !. On the other hand, 
(31.3) is valid for points of the intersection KG, of the re- 
gions AK and G, because in each of these regions from which 
KG, is constituted, the function ®o is superharmonic and the 
function (9), is harmonic. Furthermore, the values of Wg 
on the boundary of each such region is not less than the 
values of (wo), 

For n=1, the boundary value problem that we are con- 
sidering is trivial. Therefore, in what follows, we shall 
assume that ™=>2. 

In the case of n=2, it is easy to show that boundary 
point Q of the region G satisfies Condition B if the point 
Q is an end point of some curve / lying outside G+TI that 
intersects all neighbourhoods of sufficiently small radius 
with centre at the point Q. Specifically, we translate the 
coordinate origin to the point Q and we assume that the 
neighbourhood Ugis sufficiently small that all its points lie 
at a distance less than c from Q, where c <1, and the arc 
/ intersects the circle enclosing Ug. If we now set 


In (x 4-iy) =p +- ig, 
the function 
ee ee ee eee 
. P+? 
will possess all the properties enumerated in Condition B. 


In the case of n> 2 it is easy to construct the function 
2, for every boundary point Q that is the vertex of some 
circular a-dimensionalcone Cy withrectilinear generators 
and with all points sufficiently close to Q lyingin G.Let us 
consider a simply-connected region G* formed of points 
lying inside some 7-dimensional sphere S ofradius A with 
centre at the point Q and outside the cone Cg. On the bound- 
ary of G*, we define the function /* by setting 


T* (P) = QP, 
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where QP denotes the distance between thepoints P and Q. 
The greatest lower bound 4* of all superfunctions con- 
structed for the region G* and the function /* assumes 
(because of the criterion formulated on page 268 concerning’ 
a sphere) the value /* at all points of the boundary G* with 
the exception of the point Q, to which this criterion is not 
applicable. To see that the function u* possesses all the 
properties of the function 9, we still need to show that it 
assumes the value 0 at the point Q. To do this, we note 
first of all that u*(Q)=> 0, since the identically zero function 
is a Subfunction. We use the following notations: 


u*(Q)=limu*(P), and u* (Q) =limu* (P). 
- P3Q P+Q 


It remains to show that 
u*(Q)=0. 
Let us suppose that this is not the case but that 
u*(Q)=c>0. (31.4) 


We then take the point Q as the coordinate origin and we 
consider the function 


u*¥* (x, eee 4 x,,) =u" (AX, ee RX ,)y 


where & > 1. Obviously, 
un (O== a Qe 30. 


But, on the other hand, by using the fact that u*(P)< R 
within G*, it is easy to see that 


u* = cu**, (31.5) 


everywhere on the boundary of the region G** at which the 
function u** is defined except at the point Q. Here, c, is 
Some constant less than unity that depends on &. The func- 
tion u* —c,u**, which is harmonic in G**, is continuous at 
all points of the boundary G** except at the point Q, and 
the least upper bound of the values of u* —c,u**on the 
boundary of G** is nonpositive. Therefore, according to 
Remark 2 in Section 30, u*—c u** <Q everywhere in the 
region G**, 

The fact that relation (31.5) is satisfied throughout the 
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entire region G** implies that 
u* (Q) <c, u** (Q)=c.c. 


Since ¢, < 1, this relation contradicts (31.4) if c > 0. 

Problem 1. Show that no function u(x, y) exists that is 
continuous on and insidethe circle x?-- y? < 1 andharmonic 
everywhere in the interior of this circle except at the 
centre and that assumes the value 0 on the circle itself and 
the value 1 at the centre. 

Problem 2. Show that no function u(x, y, z) exists that 
(1) is continuous in the cylinder 


{et y<l,—-l<z<}} 
(2) is harmonic everywhere inside this cylinder except on 
the segment — > <z2< = ,x<==y=0, and (3) assumes on 


this segment the value 1 and on the boundary of the cy- 
linder the value 0. 


382. THE EXTERNAL DIRICHLET PROBLEM 


We shall call the following problem the external Dirichlet 
problem: 

Suppose that we have a bounded region G such that 
points not belonging to G or to its boundary I constitute a 
region whose boundary is I’. Suppose that a continuous func- 
tion f is given on the boundary of this region. Find a func- 
tion u(P) that is harmonic outside G U I and that takes the 
values of f on TI. 

Here, we shall say that the function uw assumes the values 
of f on the boundary of G if the function v that coincides 
with 4 outside G UT and with f on [I is continuous where- 
ever it is defined. 

Example. Suppose that a definite time-independent tem- 
perature uw exists at every point (x, y, z) of space outside 
a body and on the boundary of that body. We know that in 
this case, uw satisfies Laplace’s equation outside G. Thus, 
to find the steady-state temperature outside G, we need to 
solve the external Dirichlet problem. 

If we do not impose any restrictions on the behaviour of 
the solution to the external Dirichlet problem at distant 
points of space, this problem has many solutions. To ensure 
uniqueness of its solution, we require in the two-dimensional 
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as ae aan 


proaches infinity. (The function u(P) is said to approach zero 
as P—+oo if |u(P)|<ce, where ¢ is an arbitrary positive 
number, for all points P lying outside a sphere of suffici- 
ently large radius with centre at the coordinate origin.) 

The solution to the external Dirichlet problem reduces to 
the solution of the Dirichlet problem for bounded regions 
which we studied in Section 31 and which now, by analogy 
with the external Dirichlet problem, we shall call the in- 
ternal Dirichlet problem. Here, a role is played by those 
supplementary conditions at infinity that are imposed on the 
solution of the external Dirichlet problem (more precisely, 
that are imposed on the values of this solution at distant 
points). 

Inside the region G, let us take some point O and a 
sphere (circle in the two-dimensional case) S of radius 
R with centre at the point O. Let us make a transformation 
of the space by means of inverse radius vectors relative 
to this sphere; that is, let us make a transformation under 
which every point P of this space is mapped into a point 
P* lying on a ray OP such that OPx OP* =R’. Under this 
transformation, points on the sphere S remain unchanged, 
but the entire portion of space outside (resp. inside) S is 
mapped onto that portion of space lying inside (resp. out- 
side) S. 

Thus, all those points of space lying outside G are 
mapped into a bounded region G* surrounding the point O. 
To every point in G* except O there corresponds under the 
transformation one and only one point lying outside G. No 
point in space corresponds to the point O under this trans- 
formation. Further consideration must be made separately 
for two- and three-dimensional spaces. 

Let us first consider the two-dimensional (plane) case. 
Suppose that wis the solution of the external Dirichlet 
problem for the region G. We set 


u* (P*)=u(P) and f/* (P*) =f (P). 


The function u* will be defined everywhere in the region 
G* except at the point O and will assume the value of 
/*(P*) on the boundary of G*. By direct calculation, one 
can show that the function u* (P*) will be a harmonic func- 
tion of the coordinates of the point P* (more briefly, a 
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harmonic functionof P*) if a(P) is aharmonic functionof Pt. 

If the function u4(P) is bounded, u*(P*) is also bounded. 
Then, from the theorem on isolated singularities, u* can 
now be defined at the point O in such a way that the final 
function is harmonic throughout the region G*. From the 
theorem on the uniqueness of the solution of the internal 
Dirichlet problem, it follows that a bounded function u*is 
uniquely defined in G* by its values on the boundary, It 
follows from this that the solution of the external Dirichlet 
problem is unique in the class of bounded functions. The 
existence of a solution follows from the fact that all points 
on the boundary of G* are regular because G is simply 
connected (See page 269). 

The three-dimensional case. Suppose again that u is the 
solution of the external Dirichlet problem for the region 
G. Let us set 


5 R = 
or, equivalently, 


(32.1) 


u (P) = Tu (PX), 
Analogouslv we set 


PP) = oe SP) 


or, equivalently, 


f(P\= Spf (PP). 


This defines the function u* everywhere within G* except 
at the point O. It will assume the value /* everywhere on 
the boundary G*. Bv converting the equation to spherical 
coordinates, we can show by direct calculations that u* (P*) 
will be a harmonic function of P*if w(P) is a harmonic 
function of P. If u(P) approaches zero as P—, then, as 
one can eusily see, u*(P*) will satisfy the equation 


Ju* (P*) | <|u(P)|-aoe where |u(P)|—+0 when OP*—+ 0. 
t To prove this, we need to reduce Laplace’s equation to polar co- 


ordinates with pole at the point O. The simplest formulas for our 
transformation are written in polar coordinates. 


274 Partial differential equations 


Then, according to Remarks 1 and 3 ofSection 30, the func- 
tion u* can be defined at the point O in such a way that it 


is harmonic inside G*. Because the solution to the internal 
Dirichlet problem is unique, the bounded function u™* is uni- 
quely determined in G* by its values on the boundary of G* 
From this it follows thatthe solution tothe external Dirichlet 
problem is unique in the class of functions that tend to zero 
as P—+oo. 

If the region G* is such that all the points on its boundary 
are regular, it follows from what we have said above that 
the external Dirichlet problem has a solution for the region 
G for every continuous function defined on its boundary. 
Furthermore, this solution will, as can easily be seen from 
(32.1), satisfy the equation 


ms 
OP ' 


where M is some constant and OP is the distance from the 
point P to some fixed point O. 

Examples. When the function defined on the boundary is 
everywhere equal to some constant C, the function that is 
equal to C everywhere throughout G is the unique bounded 
solution to the Dirichlet problem for the plane. 

In three-dimensional space, when the region in question 
is bounded by the sphere of radius R with centre at the 
point O and when the function defined on thesphereis equal 
to a constant C, the function 


Ju(P)l< 


C-R 
~OP- 
will be the solution to the Dirichlet problem. This is the 
only solution of the external Dirichlet problem in question 
in the class of functions that approach zero as OP— oo. 

One can show that the solutions of the following two heat- 
flow problems tend to a constant C in the two-dimensional 
case and to the function (32,2) in the three-dimensional 
ease. 

1. Suppose that the temperature on the surface of an 
infinitely long cylindrical tube has a constant value C. 

The initial temperature of the surrounding air is zero. 
Then, the temperature u(t, x, y, z) of the air at an instant 
tat a point (x, y,z) approaches C as t-+oo. Physically, 
this means that one may heat all the surrounding air to a 
temperature C with an infinitely long tube whose surface 
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is kept at a constant value C, 

Show that any function u(x, y) that is bounded and har- 
monic outside a finite closed interval approaches some 
limit as x?’ -+ y?—+ o. 

2. The temperature on the surface of asphere with centre 
at O and radius R is held at a constant value C. The initial 
temperature of the Surrounding air is everywhere 0. Then, 
the temperature, u(f, x, y, z) of the air at the instant? 
at the point (x, y, z) approaches the function (32.2) as 
f—> ao 

Show by means of a transformation reversing the radius 
vectors that the solution to the external Dirichlet problem 
is unique in the class of bounded functions for the plane 
case and in the class of functions that approach zero as 
OF —+ oo for the three-dimensional case if the region Gis 
infinite. 


33. THE SECOND BOUNDARY-VALUE PROBLEM 


1, The internal second boundary-value problem. Let 
us suppose that the region Gin the x, y-plane is finite and 
bounded by a curve I of bounded curvature, As we stated 
earlier (Section 27), the second boundary-value problem 
consists in finding a function u(x, y) that is harmonicin G, 
that is continuous in GUT, and whose derivative in the 
direction of the outer normal is equal at every point of the 
boundary of G@ to the value at that point of a given function 
yf. We shall assume that the function / is continuous. This 
problem is also called the internal second boundary-value 
problem to distinguish it from the external second boundary- 
value problem that we shall consider in subsection 3 of 
Section 33, In Section 28, we showed thatall solutions of the 
internal second boundary-value problem with a given function 
/ can differ one from another only by constant terms. 

A necessary condition for the existence of a solution to 
the internal second boundary-value problem is that the 
integral of f/ along the boundary of the regicn G be equal 
to zero. 

We shall prove the necessity of this condition, assuming 
that u(x, y) has continuous second derivativesinside G and 


that rd and x have a continuous extension onto the bound- 


O 
ary G. In Section 35, we shall dispense with these restric- 
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tions. In the present section, we shall prove the existence of 
a solution to the second boundary-value problem ifthe neces- 
sary condition stated above is satisfied. 
Suppose that u(x, y) is a solution of the second boundary- 
0 
value problem in the region GO and that — =f (5) on [. 
Consider the integral 


O7u 0711 
\S (Get Ge) dx ay. 
G 


It is equal to zero since the function u isharmonic. If we 
transform this integral into aline integral around the bound- 
ary T of the region G, we obtain, from Ostrogradskii’s 
formula, 


| eas =0 or \ s(s) ds =0, (33.1) 
- 


t' 


since, by hypothesis, oe = f(s) on the boundary of the region. 


If the region G is multiply connected and if its boundary 
consists of a finite number of closed curves, the integral in 
equation (33.1) must be taken over all these lines and the 
direction chosen as the positive direction around each of 
these curves must be chosen in such a way that the region 
G will lie to the left of the boundary. 

In the three-dimensional case, these same considerations 
may be used. In just the same way, we would see that the 


integral over the boundary Q@ of the values of = that are 


given on this boundary must be equal to zero. 


2. For a two-dimensional simply-connected region G, the 
internal second boundary-value problem is easily reduced to 
the internal Dirichlet problem by the following procedure. 
Let us suppose that the internal second boundary-value pro- 
blem has a solution uw and that this solution and its first 
derivatives have continuous extensions onto G. Let us then 
construct a function v in G in such a way that the Cauchy- 
Riemann equations 


Ou Ov Ou Ov 


Ox Oy’ Oy. Ox eon) 
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are satisfied inG, The function v, with derivatives de- 
fined by these equations exists since the condition 


is satisfied. It is defined by these equations up to a con- 
stant term, It is easy to show that_at every point in G the 
derivative of uw in some direction 72 is equal to the deri- 
vative of vin the direction obtained by rotating 7 90° 
counterclockwise. In just the same way, we may show that 
the derivative of uw on the boundary of G in the direction 
of the normal to the boundary is equal to the derivative of 
v along the tangent to the boundary. Therefore, when we 
fix the value of v at any boundary point A in the region, 
we see that 


B 


v(B)— (A) = \ f(s) ds, (33,3) 
A 


at every point & of the boundary G, where ds denotes an 
element of length of the boundary of G. Since the integral of 
/ (Ss) over the entire boundary of G is equal to zero, equation 
(33,3) defines v on the boundary of G as a function that is 
everywhere continuous and single-valued, 

It is easy to see that if u is harmonic, the function v 
defined by equations (33.2) is also harmonic, Therefore, 
when we know the values of v on the boundary of G, we 
can determine uniquely the value of v anywhere within G. 
Thus, if we assume that a solution u(x, y) to the internal 
boundary-value problem exists in a region G for a given 
function f(s) and that this solution and its first derivatives 
have continuous extensions onto G UTI, we can determine 
u(x,y) up to a constant term from equations (33.2) by con- 
structing the corresponding solution u(x, y) of the Dirichlet 
problem. 

In the case of a three-dimensional region, analogous con- 
structions are impossible, 


3, The external second boundary-value problem.Sup- 
pose that a bounded single-valued region G has a smooth 
boundary I’. Suppose that the points not belonging to GUT 
form a region H with the boundary I’. Find a function that 
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is harmonic in H, that is continuous in H UT, and that has 
a derivative in the direction of the normal directed out- 
wardly from H at each point of the boundary of H that is 
equal to the value at thatpointofthe given function /. Here, 
we shall require also that the solution u (P) of the external 
second boundary-value problem be bounded in the case of two 
independent variables and that it tend to zeroas the point P 
tends to infinity in the case of three and more independent 
variables, 

In the case of two independent variables, the external 
second boundary-value problem can be reduced to the in- 
ternal second boundary-value problem by a transformation 
reversing the radius vectors. Here, it is very significant 
that, because of the conformality of this kind of transfor- 
mation all angles are conserved. Therefore, the normal to 
the boundary of the original region becomes a line normal 
to the boundary of the new region. The boundary function for 
the internal second boundary~value problem that we get in 
this way is obtained in the following way for the two-di- 
mensional case. Keeping the notations used in considering 
the external Dirichlet problem, we obtain 


u* (P*)—=4(P), OP. OP* = R’, 


Here, s and s* denote respectively points of the boundaries 
of the original and the new regions; n and n* denote the 
normals to their boundaries; = denotes the coefficient of 
stretching at a point on the boundary in the direction of the 
normal. Since the coefficient of stretching at a given point 
is independent of the direction in the case of a conformal 
transformation, in calculating sm we may assume that the 
directions of m and n* pass through the centre O of the 
transformation. Then, 
dn __ d(OP) R? 


dn* — d(OP*)_ (OP**° 
For the external second boundary-value problem to have 
a solution, it is necessary and sufficient that the internal 
second boundary-value problem corresponding to it have a 
solution. And, as will be shown in Section 35, for this it is 
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tem 7 (s*) ds* = Vor ods = (r09 ds. 
L* L L 


Here, L* denotes the curve onto which L is mapped under 
the reciprocal transformation. Because of the conformality 
of this transformation 


dn ds* 
dn* ds” ° 


Therefore, by reducing the external second boundary- 
value problem to the internal one and by using the isolated- 
singularity theorem, we see that in the case of two inde- 
pendent variables two solutions of the same external second 
boundary-value problem can differ one from the other only 
by a constant term and condition (33.1) is a necessary and 
sufficient condition for the existence of a solution to the 
external second boundary-value problem. 

In the case of three independent variables, we cannot use 
a reciprocal transformation to reduce the external second 
boundary-value problem to the internal one since in this 


oy 
case or on the boundary is given not only in terms of 
Ou 


ri but also in terms of the values of the unknown function 
a itself on L. 

In the case of three or more independent variables, it is 
easy to show that the solution of the external second bound- 
ary-value problem is unique in the class of functions that 
approach zero as the point P approaches infinity. (Here 


‘approaches zero’ is understood in the sense that | u(P)|<eé 


for arbitrary e >0 if the distance from the point P to the 
coordinate origin is sufficiently great.) We shall assume 
that the boundary [ of the region H is such that each point 
of the boundary maybe touched by a sphere belonging to 
the region H. 

Suppose that u(P) is a harmonic function that is continuous 
in HUT. Suppose also st = 0 lf and that w(P)—0 as 
P— oo. Let us show that 41=0. 

Consider the region bounded by [ and a sphere of suf- 
ficiently great radius that |u(P)|<ce on that sphere. Since 
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ct =0 on the boundary [T, it follows from Theorem 1 of 
Section 28 and from the extreme-value theorem on harmonic 
functions that the function u(P) assumes its largest and 
smallest values on the surface of the sphere; that is, 
|u(P)|<e throughout the region in question. Since e >0 
can be chosen arbitrarily small, u(P)=—O90 at every point 
P of the region H, which completes the proof. 
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i. In the next two sections, we shall obtain the solution of 
the fundamental boundary-value problems for Laplace’s 
equation and also Poisson’s equation (see Section 1) by the 
method of integral equations. This method is based on the 
representation of the solutions in the form of integrals that 
are often encountered in mechanics and physics and that 
have borrowed from these sciences the name potentials. 
These potentials are constructed with the aid of special kinds 
of particular solutions that have a definite type of singularity 
at a variable point. 

Suppose that a point electric charge q is placed ata cer- 
tain point O of the space (x, y, z). Then, from a familiar 
law of physics, this charge creates an electric field whose 
intensity & at anarbitrary point Q distinctfrom O is equal 
to 


or, in components, 


x—a 
rs 


ze-—-cC 
rs 


E..=kq ; E,=kq-——; £,=—h9q 


Vv 


(34.1) 


Here, a,b, and ¢ are the coordinates of the point O; x, y, 


and z are the coordinates of Q; r=—OQ, andr= OQ, the 
coefficient of proportionality k depends on the choice of 
units. 

The right-hand members of (34.1) are equal withopposite 
Sign to the partial derivatives of the function 


ut (Q) == kg— 1 const (34.2) 


with respect to x, y and z respectively. This function is 
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called the potential of the given electrostatic field. It is 
customary to take the arbitrary constant in the right mem- 
ber of (34.2) equal to zero so that u(Q)-—+0 as Q is moved 
infinitely far away. Also, in mathematical writings, it is 
customary to take k=1 for simplicity. Thus, we shall 
assume that the point charge of magnitude g creates a 
potential 


q q 
u SS SS. ,, 


Since the potentials caused by several point charges are 
additive, the potentials caused by continuous distributions of 
charges are found in the form of the limit of a sum, that is, 
in the form of an integral. In particular, if a charge is 
distributed over a surface S with a surface density w(A) 
(where AES), the potential caused by this charge is equal to 


a=$) ; a oy as (34.4) 


Here, 7 (A, Q) is the distance from A to Q and A is a vari- 
able point of integration, which is emphasised by the sub- 
script in the differential. If the charge is distributed through- 
out a volume V with volumedensity @(A) where (A € V), the 
potential caused by this charge is equal to 


u(Q)= S\\-rta, or dV. (34.5) 


The right member of (34.4) is called the potential of a simple 
lamina and the right member of (34.5) is called a volume 
potential. Necessary assumptions ensuring the existence 
of these integrals will be given later. 

Suppose now that two charges g and —g lie on an axis 
{ (Fig. 12) at a distance #4 >0O from each other, Suppose 
that they both move toward a point O and that the direction 
from —g tog always coincides with the positive half of 
this axis. Then, the potential at an arbitrary point other 
than O is the difference between two quantities that tend 
to become equal to each other. Therefore, the potential 
in question tends to zero. However, if in the process of 
motion the charge g changes in such a way that 


gh= p= const, 
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the limit of the potential will be equal to 


a : 
. 1 1 r P or 
cos (OQ, 2!) 


=— = : 
The limiting position of the charges is called in physics a 
dipole; the quantity p is called the dipole moment; the 
axis / is called the dipole axis. With the aid of point 
charges, a dipole can be attained only approximately (two 
charges of great magnitude at a small distance from each 
other). In the study of electrostatic fields, it is convenient 
to use the field of a dipole because of its simplicity along 
with the field of a point charge. 

Suppose now that we have an oriented surface S, that is, 
one for which one side is designated as the outer side and 
the other the inner side. Suppose that adipole is distributed 
on S with dipole-moment density t(A) (where AES). Sup- 
pose also that the direction of the dipole axis at every 
point A coincides with the direction of the outer normal 
to S at the point A. Then, the potential caused by this 
dipole will be equal to 


+ (A) cos (AQ, na) 
Q = era. OF OV aS (34.4a) 


where n, is the outer normal to S at A. This integral is 
called the potential of a double lamina since this distribution 
of the dipole can be attained approximately if we put two 


distributions of charges on S with densities 1 1(A) and 


l ; 
-——= t(A) at a distance (along the normal to S) of A from 


one another provided 4 >0 is sufficiently small. 

The right sides of (34.3) and (34.6) are harmonic functions 
everywhere in space except at the point O. This can be 
seen by direct calculation: one needs simply to show that 
(34,3) is harmonic since then (34.6) in the neighbourhood 
of each point other than O will be obtained as the uniform 
limit of harmonic functions. From this it follows, 
under slight assumptions regarding the density, that the 
potentials of the simple and double lamina are every- 
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where harmonic outside S. 

Problem. Find the potential of a simple lamina from a 
uniform charge distribution on the surface of a sphere. 
Find the volume potential caused by a charge uniformly 
distributed throughout the sphere. 


2. Suppose that the charge distribution is constant through- 
out space with respect to z. Then, the electrostatic field 
will also be independent of z. In this case, it will be suf- 
ficient for us to examine the entire picture of the distri- 
bution of charges and potentials in any of the planes 
z==const. Suppose that x and y are the coordinates in this 
plane. Instead of the intensity resulting from apoint charge, 
here we need to consider the intensity at a point Q(x, y) 
resulting from a charge of constant linear density q that is 
uniformly distributed along a straight line x =a,y—b. We 
denote the point (a, 0) with the letter O. It follows from 
symmetry considerations that if Q=40, the desired in- 
tensity will be equal to 


om ay ae (34.7) 


where r=OQ andr=|r|.To calculate f(r), we take the 
point (0,0)as the point O and (r,0) as the point Q. Then, 


oo a 
aay ee = A uh eens 
E,=E,=0, £,= Peer 1 \ cospdp=— 
2 
(z==Tr tan 9) 
Therefore, (34.7) yields 
2k 
f=, 
from which we get 
2kq 
= 72 r 


and, consequently, for an arbitrary position of the point Q 
in the x, y -plane, 


2k 2k 
E,= 4 (x—a), Ey=—F(y— 9). 
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These quantities will be equal, but with a change of sign, 
to the partial derivatives of the function 


] 
u(Q) = 2kq In —- + const (34.8) 


with respect to x and y. This function is called the logari- 
thmic potential or simply the potential. In mathematical 
works, it is customary to take 2k=1 and const=0O. Thus, 
in the case of a plane field, a point charge creates in the 
plane a potential 


_ | (34.9) 
(Q=9 Oy = TEES 


We note that this potential cannot be found from (34.3) by 
direct integration along the charged line since we would 
then have a divergent integral. 

The potential in a plane cause by a dipole is determined 
from this formula 


] 
0 \|ln — ras 
r cos (OQ, 1) 


by a procedure analogous to that shown in subsection 1. 

The right members of (34.9) and (34.10) are harmonic 
functions everywhere in the plane except at O (see sub- 
section 1). The level curves of these functions (the equi- 
potential curves) have the form shown in Fig. 13 (for a point 
charge) and Fig. 14 (for a dipole). 


Fig. 12 


Elliptic equations 285 


©) 


Fig. 13 Fig. 14 


The potentials due to a point charge and a dipole are ex- 
pressed by (34.9) and (34.10) respectively. Instead of a 
volume potential, here we shall have a two-dimensional 
potential 


= \{ o(4)in-, i dS, (34.11) 
ee Q) 
where G is a region in the plane. The potentials of a simple 
and of a double lamina for a plane have the following forms 
respectively: 


] 
HQ=\ oa In a oy Ua (34,12) 
ae cos (AO, Nn a) 
u =) Aa te (34.13) 


Here, / is a curve on the planeand n, isavector directed 
along the normal to L at the point A, We shall assume the 
curve ZL to be oriented, that is, one side of it is considered 
the outer side and the other the inner side. We shall assume 
the normal n,to be outwardly directed. 

In what follows, we shall treat only potential theory in a 
plane. This theory can be developed analogously inthe space 
of an arbitrary number of dimensions. 

Problem. Calculate the potential caused by a charge uni- 
formly distributed on a circle. (The integral that would be 
obtained can be calculated with the aid of residue theory.) 
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3, In what follows, we shall consideraplanecurve L witha 
continuously turning tangent with no points of self-intersec- 
tion, Then, for an arbitrary point PEL, we may place the 
coordinate axis in such a way that P will have the coordi- 
nates x=-0, y==0Qand a portion of L sufficiently close to 
P can be represented in the form 


y=9(x) (—hx<h; h>0), (34,14) 


Here, ¥ (x) exists and is continuous. 

Suppose that a function F(A, Q)is defined and continuous 
for AEL and Q varying arbitrarily on the plane but not 
coinciding with A and that F is notdefinedfor Q=—=A. Then, 
the integral 


w(Q=\ F(A, Qal, ee 
; , 


is always defined and is a continuous function of Q when 
Q takes values not on L. The proof of this is elementary. 
If Q=FP lies on L, the integral (34.15) becomes improper 
since the integrand is not defined for AP. Then, we shall 
follow the usual practice of speaking of the convergence or 
divergence of the integral (34.15) depending on whether the 

limit 
jim \ FA, P) dl, er 


exists or not. Here, / denotes thelengthofthearc of L with 
end points A’ and A” that holds the point P (see Fig. 15). 

We shall say that the integral (34,15) converges uniformly 
at a point PEL if, for any ¢ >0, there exists a neigh- 


Fig. 16 
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bourhood V of the point P (see Fig. 15) and anarc / of the 
curve L containing the point P in its interior such that, for 
an arbitrary point QE V, the integral 


\ F(A, Q)dl, (34,17) 
f 


converges to a number whose absolute value is less than e, 
(The requirement of convergenceis necessary onlyif Q lies 
on the part common to 7? and V.,) 


Theorem 1. Suppose that the integral (34.15) converges 
uniformly at some point PEL. Then, for all points Q on 
L that are sufficiently close to P, the integral (34.15) 
converges and defines a function w(Q) in some neigh- 
bourhood of the point P, This function is continuous 
at the point P. 


Proof: Let us take an arbitrary ¢ >0 and let us take a 
neighbourhood V and an arc ? in accordance with the de- 
finition of uniform convergence at a point. Then, for an 
arbitrary point Q that is an interior point of the arc / and 
lies in V, the integral (34.17) converges. Therefore, the 
integral (34.15) converges for such points Q and the first 
assertion of the theorem (that w(Q) is defined in some 
neighbourhood of the point P) is proven. 

To show that w(Q) is continuous at P, let us suppose that 
Q lies in V. Then, 


Jo (Q) — oP) =| { (F(A, Qa, — Sra, P) di, | 


<|{ F(a, Q) dl, ls F(A, P) dl alt IFlA, Q 
—F(A, py) dl, |< 28+ | F(A, Q) —" P)| dl... 
L-l 


However, if / is fixed, this last integral will become less 
than ¢ if Q lies in a sufficiently small neighbourhood of the 
point P, This follows from the uniform continuity of the in- 
tegrand as A varies on L—/ and Q varies in the neigh- 
bourhood of P referred to. Thus, if Q is sufficiently close 
to P, 


which, because of the arbitrariness of €, proves the conti- 
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nuity of the function w(Q) forQ=P. This completes the 
proof of Theorem 1. 


Theorem 2, If (A) and t(A) are continuous functions, the 
potentials of a simple and a double layer (34,12) and 
(34,13) are harmonic functions everywhere outsideL. 


Proof: The possibility of differentiating the functions 
(34,12) and (34.13) with respect to the coordinates of the 
point Q an arbitrary number of times if Q does not lie 
on £ is proven in the same way that the possibility of dif- 
ferentiating a definite integral with respect to a parameter 
on which the integrand depends is proven in mathematical 
analysis. Therefore, the assertion in Theorem 2 follows im- 
mediately from the fact that the integrands in (34.12) and 
(34.13) are harmonic. 


Theorem 3. The integral (34.12) converges when Q lies 
on L if@(A)is a continuous function on ZL. Thus, the 
potential of a simple layer is a function defined on the 
entire plane. This function is continuous at every point 
on the plane. 


Proof: From Theorems 1 and 2, it will be sufficient to 
prove the uniform convergence of the integral (34.12) at an 
arbitrary point PEL. We take the point P for the coordi- 
nate origin and, directing the coordinate axes ina convenient 
direction, we write the equation for the portion of L close 
to P in the form (34.14). We denote this portionof L by /,. 
Thus, we have 


Jem eraa 7 Ula| < np hetAit| Hint Q) | al, 
(34.18) 


= max | (A) ) | Shiv’ (x—a)*-+-( y—b)? |V 1-++-[y’(a)|?da, 


where b= g(a). 

If V and fA are sufficiently small, the distance between 
an arbitrary point Q(x, y)of the region V and anarbitrary 
point A(a, 6)on the line 4, will be less than 1, so that 


0<|x—al< V (x —a)’?+(y—bdy <1, 


and the estimate (34.18) then gives 
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Joc ats 
h 
< max |o(4)|-max V1 [gap | [in| x — a da 
<= max|o kamen Dera ee (a)]? 2{ |Inalda 


if QEV.As is easily seen, the right member of this last 
inequality approaches 0 as hf approaches 0 uniformly with 
respect to the point Q as Q varies in V. This completes 
the proof of Theorem 38. 

Remark: We proved the convergence of the integral in 
the left member of (34.18) (for Q€J/,) at the same time 
that we made the estimate of that integral, since an im- 
proper integral always converges if itconverges absolutely. 

In what follows, we shall denote by G the region bounded 
by a closed curve ZL with a continuously turning tangent and 
we shall denote by 7 the region consisting of those points 
that do not belong to G U L. 


Theorem 4, The potential of a double lamina on L of 
unit density (that is, the integral (34.13) with t(A) = 1)is 
equal to —2nm when QEG; it converges and is equal to 
—nmwhen QE€EL; it is equal to zero when QE H. 


Proof: Suppose that Q is an interior point of G and that 
A moves around Z in the positive direction (see Fig. 16). 


We denote by ag, the angle of inclination of the vector QA 
to the x-axis, Then, if we denote by AB the vector obtained 


—_> 


by rotating QA 90° counterclockwise, we obtain* 


dag, __. £08 (AB, TA) goes GOS (OA, PEAY tin 008 (AQ, may 
dl riA, Q) r(A, Q) r (A, Q) 
Therefore, 
cos ( (AQ, N a) ee, 
\ ray We) a wee Ga oe oe 


* This is easy to verify if we replace the differentials with increments 
and the arc A/ with the tangent to it at the point A. 
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The cases in which QEL and Q€ Hare considered in an 
analogous manner, This completes the proof of Theorem 4, 


Fig. 16 


We now turn to the general case. 

Suppose that we are given the additional information that 
L is a plane closed curve with a continuously turning tangent 
and that it consists of a finite number of convex arcs and 
straight line segments. We shall call an arcconvex if every 
straight line intersects it at not more than two points. Sup- 
pose that G is the region bounded by the curve L. Some of 
the arcs in L may be convex inwardly and others convex 
outwardly. 


Theorem 5, The integral (34.13) converges when QEL if 
t(A) is a continuous function on L, 
Hence, the potential of a double lamina u(Q) is given 
by formula (34.13) everywhere on the plane. Ingeneral, 
it possesses a discontinuity of thefirstkindon ZL. More 
precisely, there is a continuous function 4(Q)in GUL 
and a continuous function u(Q) in H U L such that 


u(Q)==u(Q), when QEG, 


u(Q)==u(Q), when QEH, 


&(Q) +-4(Q) (34.19) 
2 


u(Q) = , when QEL, 


u (Q) — y(Q) = 2nt(Q), when QEL. 


Proof: Let us take an arbitrary point PEL and 
let us consider the potential (34.13) and also the pot- 
ential of the double lamina 
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— 2nt (P), when QEG, 


(AQ, fa) = 
uw (Q)=\t(P) dl, = 4 — TT (P), when QEL, 
a @) : 0, when QEH. 


We form the difference 


cos (AO, na) 


4 (Q)—4, (Q)= Vf (4) —2(P)] SEE Ra) ai, (34.20) 


L 


and show that the integral on the right converges uniformly 
to the point Q=P-. It then follows on the basisof Theorem 1 
that u(Q) has a discontinuity at Q—=Pof the same type as 
does u,(Q). This means that u(Q) has discontinuities as 
Q— Pwithin G and as Q—Pwithin 4, The value ofu(P) 
itself exists and is equal to the arithmetic mean of these two 
limiting values and the saltus of the function u (Q) at P when 
P moves from G into H is equal to 2nt(P). The function 
u(Q) considered for QE G and extended onto L by assigning 
it its limiting values yields thefunction u4(Q), whichis con- 
tinuous inGUL. The situation with QE H is analogous, 
This will be sufficient to prove Theorem 5, 

To prove the uniform convergence of the integral (34,20) 
at the point P, let us take an arc /, as in the proof of 
Theorem 3 and letus estimate an integral of the form (34,20) 
taken over /,. We obtain 


cos (AQ, 4) 


Ste) — <P race? 


AQ, 
< max|+(A) —+(P)| | |S 4Q24 
fr 


lh 


dl ,. 


We shall assume the arc 4¢, to be so small that it is con- 
stituted by not more than two convex arcs or straight line 
segments, It is easy to see that the expression 


| cos (AQ, n,)|al, 


is equal to the projection of the element of arc dl, onto 
the tangent at the point A tothecircleof radius r(A, Q) with 
centre at the point Q and that the expression 


cos (AO, na) dl ,. 
r (A, Q) 
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is equal to the angle subtended at the point Q by the element 
La. 
Obviously, for any convex arc / that no ray originating 
at the point Q intersects in more than one point and also 
for an arbitrary straight line segment, 


cos (AO, Na) 


| r (A, Q) 


dl, <2n. 


Every convex arc / can be partitioned into two parts 4, 
and /, each of which is intersected by no ray originating at 
the point Q at more than one point. Since the arc /, con- 
sists of no more than four arcs (orline segments) possess- 
ing these properties, we have 

\ cos (AQ, na) a ax 8n 
co (A, Q) 


and, consequently, 


cos (AQ, na) 
r (A, Q) 


max |t(A)—+(P) | § | dl, < max |+(A)—<(P)]-8n. 
th Lh th 


If we let & approach zero, then, because of the continuity of 
t(A) the expression 


max |< (A) — ¢(P}]-8n 
h 


converges uniformly to zero for all Q. This completes the 
proof of Theorem 5, 

Let us consider the normal derivative of the potential of 
a simple lamina. Suppose that PEL and that some function 
F(Q) is defined in some neighbourhood of P. Then, we de- 
fine 


OF(P) ,,. F(P')— F(P) 
—— meme _— 
Ont Pp’ + P r(P’,P) : 
OF (P) = ‘fn F(P) — F(P’) 
On~ Bp r(P,P") 


Here, 7 is the normal to the curve L drawn through the 
point P; n*is the distance along the portion of this normal 
outside G as measured from P, and 7 is thedistance along 
that portion of this normal that lies inside G, again meas- 
ured from P, We take as the positive direction of the nor- 
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mal the direction of ” into the portion of the plane lying 
outside G. The point P’€H and the point P"EG. 

We shallassumethat JL satisfies all the conditions enume- 
rated just before Theorem 5 and, in addition, that its curva- 
ture is bounded, Then, we have 


Theorem 6, The potential of a simple lamina u4(Q) given 
by formula (34,12) has at an arbitrary point PEL the 


; : Ou (P) Ou (P) 
derivatives ape On Also 
Ou(P) _ COS (AP, Np) 
Ont w (A) r(A, P) dl, — tw (P), (34,21) 
Ou (P) Cos (AP, Np) 
7 a ble dl, +- 1 (P). (34,22) 


The integrals on the right sides of (34,21) and (34,22) 
converge, It is assumed that w (A) is a continuous func- 
tion on L. 


Proof: If Q lies on 7, but not on L, the derivative of 
u(Q)in the direction of 7p exists and is determined by dif- 
ferentiating the integral (34.12) with respect to the para- 
meter: 


ou(Q)__ 0 Inr (A, Q) 
On p oe a, 


cos (AQ, n 


L (34,23) 


Let us consider the potential of a double lamina 4, (Q) 
caused by the distribution of a dipole over LZ with density 
w (A). Then, if Q does not lie on L, we have 


Saag ts (= | 0A) ee ly 
(3.4.24) 


Let us show that the integral obtained converges uniformly 
at the point P if Q lies on n,. Of course, we now need to 
change the definition of uniform convergence at the point P 
(see subsection 3); specifically, we need to require that the 
point Q lie not just anywhere in V but on the intersection 
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of 2p and the neighbourhood V of the point P, However, 
Theorem 1 is still conserved if we require that the point 
Q lie on “>. 

Suppose that / is a small arc of LZ close to the point P. 
Then, if max |@(A)|—=C,we have* 


\\ - (A) cos (AQ, a oy (AQ, np) dl, | 
Z 


=C | cos (AO, rts) — COS (AQ, Nn p) | 


r (A, Q) Us 
d 
ee (AQ, np) - (AQ, fe 4) 
<2 |i gy ts 
i 


sin ar Be | 


| (1A, np) | 
= ac | Sa or C=C \ aor 
J 7 (A, Q) A J ° (A, Q) “(34.25) 


We assume that the curve L is of bounded curvature 
1 (A). Therefore, 


\(t,,mp)|=| ) (A) dl, | <C,| API 
AP 


and the left member of (34.25) will be no greater than 
AP | 
c\ Leal, 
CY aA (34.26) 
{ e 
If the arc / is sufficiently small, then for A — P 


] ae 
Va < | sin (AP, ny)| <1 
and 


] ~w”” 
r(A, P)y> = | API. 
* Here, we use that fact that 


cos @— cos B = 2 sin = jee and {sin a| <|a| 


for all aand B 
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Then, if we denote the projection of the point A onto “7p by 
A’ (see Fig. 17), we have 


r(A, Q)=r(A, A> Gerla, P)> 


1 ed 
AP 
2V2 a 

and the estimate (34.26) shows that the left member of (34.25) 
will be smaller than 


CC,2V2 | at=2V2CC, |!). 


l 


From this it is obvious that the left member of (34.25) ap- 
proaches zero uniformly for all Q lying on ap as /—0O. 
Thus, the uniform convergence of the integral (34.24) is 
proven. 


Fig. 17 


The uniform convergence of the interval (34.24) at the 
point P implies, on the basis of Theorem 1 (suitably modi- 
fied since Q lies on the intersection of V and 7p), that the 
integral is meaningful (that is, it converges) ifQ=—=P and 
that it has a limit as Q— Palong the straight line n,. This 
limit is equal to the value ofthe integral (34.24) when Q=—P. 
In other words, 


: Ou (P’) i eee du (P”) : 
roy On p Ne } _ Ei Onp re (P| 


_ cos (AP, ft 4) — Cos (AP, itp) 
a (A) Pe 


However, on the left side of (34.24), the nature of the dis- 
continuity of the second term is determined by Theorem ob: 
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lim u, (P’) =i, (P) = | w (A) SER at, + me (P), 
L 


Cos ( (AP, Ma) 


7 (AP, dl, — tw (P). 


eee “uo (P’)=4, (P= \o (A) 
L 


pis 


Therefore, it follows from (34.27) that the limits and the in- 
tegral 


’ ° ” P 
du P), dim (out? ) ay (AP, np) dl, 


exist and that 


ou(P’)_ cos (AP, n p) ) 
p’ sp Onp Onp ‘it (A) ~ 7(A,P) dl,— tw (P), 
ss (34.28) 
On(P") | cos (AP, np) 
prs p Op joc r (A, P) eed 


With the aid of the theorem on finite increments, it is 
easy to show that if (1) a continuous function f(x) is defined 
on some interval [a, 6], where a < 6,(2) the derivative /’ (x) 
exists for a<_ x <6 and (3) the limit 

Leer ae (34.29) 
(x > a) 


exists, then the derivative f (@) exists andis equal to (34.29). 
Of course, by / (2), we mean the right-hand derivative of 
J (x), that is, 


lim f(a + Ax) —f (a) 
Ax 0 Ax 
(Ax > 0) 
Therefore, it follows from what was said above that a “ 
fl 


Ou (P) 
On” 


and exist and that 


P’ +P Op 


’ 


ou(P) you (P" 
Pr + P Onp : 
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Formulae (34.21) and (34,22) follow from this and from 
(34,28), This completes the proof of Theorem 6, 

Problem 1. Prove theorems analogous to Theorems 5and 
6 for the case in which Z is not a closed curve but has a 
continuously turning tangent and consists of a finite number 
of convex arcs of bounded curvature. 

2, Extend Theorems 3, 4, and 5 to the case in which G is 
a polygon. 

Remark 1: All the theorems proven inthe present section 
regarding the potentials of a simple or a double lamina re- 
main valid if we assume only thatthecurve JL is of bounded 
curvature, 

2: All these theorems may naturally be carriedover to the 
potentials of a simple or double lamina in three-dimensional 
space if we assume that the surface S over which the in- 
tegrals corresponding to (34.4) and (34,4*) (for the potentials 
of a simple and double lamina respectively) are of bounded 
curvature. In this case, it turns out that the potential of a 
simple lamina is everywhere continuous but the potential of 
a double lamina and the normal derivatives of the potential 
of a single lamina around the point Q on a charged surface 
have respectively discontinuities of 4nt(Q), and 4 tw (Q) in- 
stead of 277(Q) and 2mw(Q) in the case of a plane. Here, 
w(Q) and t(Q) denote respectively the density of the distri- 
bution of charges and dipoles on the surface S, Itis as- 
sumed that these densities are continuous. In just the same 
way, all the reasoning of the present section can be carried 
over into three-dimensional space. The proof of these as- 
sertions can be found, for example, in the book by S.L. 
Sobolev, Uravneniya matematicheskoi fiziki (The equations 
of mathematical physics), Gostekhizdat, pp 208-228, 1954, 


385. THE SOLUTION OF BOUNDARY-VALUE 
PROBLEMS USING POTENTIALS 


1. The reduction of boundary-value problem for har- 
monic functions to integral equations. Suppose that 
L is a plane closed curve with a continuously turning tan- 
gent and continuous curvature and that it consists of a finite 
number of convex arcs and straight line segmentsf, 

Suppose that a continuous function /(P) is defined on L. 
Let us solve the internal Dirichlet problem, whichconsists, 
Tsee footnote on page 298 
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as was shown in Section 27, in finding the function u (Q) that 
is continuous in G-+-+Z and harmonic in G and thatsatisfies 
the equation 


u(P) =f (P). (35. 1) 


on L. 

We shall seek this harmonic function in the form of the 
potential of a double lamina (34.13) with unknown continuous 
density t(A) of distribution of a dipole on ZL. On the basis 
of Theorems 2 and 5 of Section 34, this distribution is given 
by a function u(Q) that is continuous in G U L and harmonic 
for QE G. From (34.19), we have, for PEL 


W(P= Vea sae dl, — mx (P). 


Therefore, for the boundary conditions (35.1), itisneces- 
sary and sufficient that the function t(A) satisfy the Fredholm 
integral equation of the second kind 


i cos (AP, n ) | 
i \r TAP) Va FP. (35.2) 


The external Dirichlet problem (see Section 32) is investi- 
gated in an analogous manner, If we seek a solution in the 
form of the potential of a double layer with unknown conti- 
nuous density t(A) of distribution of a dipole on L, weobtain 
an equation analogous to (35.2) for t(A) 


oe cos (AP, ny) a 
<(P) = =) A) RP ed 


where f(P) is a continuous function given on L. 


f We shall assign to the curvature X(A) at a point A on a curve L the 
sign determined by the positive direction of encirclementof L; that ts 

da 

al’ 

where ais the angle between the positive direction of the tangent and 

the x-axis. We shall consider the direction in which the point en- 

circles L as positive if the region G remains on ones left. 


y(A) = 
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The internal second boundary-value problem, as was 
pointed out in Section 27, consists in finding a function u(Q) 
that is continuous in G U Z and harmonic in G andthatpos-~ 
sesses at each point L a derivative in the direction of the 


outer normal equal to the given continuous function /(P). 
Since we used ot in Section 34 to denote the derivative in 


the direction of the outer normal, we have for the solution 
u(P) of the second boundary-value problem 


ai —f(P) (PEL). (35.4) 


Let us seek a solution in the form of the potential of a 
Simple layer (34.12) with an unknown function (A) which 
we Shall assume to be continuous. On the basis of Theorem 
6, Section 34, for the boundary condition (35.4) to be satis- 
fied, it is necessary and sufficient that 


l cos (AP, l 
o(Py=— [oA SA gt tem. (35.5) 
L 


The external second boundary-value problem is posed 
analogously. It reduces to the integral equation 


AP, 
; oo? 0 (A) SP dl, + — F(P). (35.6) 


Remark: If we attempted to solve the internal Dirichlet 
problem by means of the potential of a simple layer with an 
unknown continuous density (A) of charge distribution, we 
would arrive at the equation 


This is a Fredholm integral equation of the first kind. The 
theory of such equations is much more complicated than the 
theory of equations of the second kind. As can be shown, 
equation (a) does not have a solution for all continuous /(P). 
For example, if G is a circle of radius 1, equation (a) has 
no solution for /(P) >O since the left-hand side of (34.12) 
vanishes at the centre of this circle for an arbitrary func- 
tion w (A), For f(P)>0 this is impossible because of the 
extreme-value theorem. 
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2. Investigation of the integral equations obtained Let 
us set 


___ cos (AP, Na) . —_ cos (AP, 1 p) 
KO N= TAP MM = — a 
(AEL, PEL, ASP). 
Then, 


K, (A, P)=K, (P, A). 


Therefore, the kernels of equations (35.2) and (35.6) and 
also those of (35.3) and (35.5) are transposed. 

The kernel K,(P, A) is defined and continuous when A€1Z, 
PEL, and A#P. However, for an arbitrary point P,EL, 
the kernel A,(P, A) has a definite limit as A—P, and 
P—, P, (where AP). Suppose that 7, is the tangent to the 
curve L at the point A and that P, is the projection ofthe 
point P onto 7,. Then, if the curvature y(P,)is positive, 
we have 


P,cos (AP, n,) = —|sin(AP, T ,)|. 


Taking| sin AP, T,) and |tan (AP, T ,)|, as equivalent and r (A, P) 
and r(A,P,) as equivalent, we obtain 


li cos (AP, 7 a 


\tan(AP, T,)| 
(AP) lim a Py 


r(A,Pay (35.7) 


Let us take T, as the x-axis and place the origin at the 
point A. We direct the y-axis into the interior of G. Then, 
the equation for the portion of L close to A is written in 
the form y= (x). We denote by X the abscissa of the point 
Pin this coordinate system. Then, by using Taylor’s 
formula, we obtain 


jtan(AP, Ta] @ &) lp wepe 
r(A,Ps) pa as (8x) 


3 
=F UM (1+ [9 OA}, 
(35.8) 
where the point M (with abscissa 6X) lies on L between A 
and P and where ;(M) is the curvature at the point M. It 
follows from (385.7) and (35.8) that 
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._ cOs(AP, a | 
lim pt = 51 (P,). 
as A—+P, and P—-+-P, (for A~P).In the same way, we can 
show that this last equation is validalso in the case in which 
1(P,) < 0. 

If we extend the definition of the function 4, (P, A)to the 
case in which P=A by setting 


K,(A, A) =— $y (A), 


the function obtained by doing so, whichwe shall also denote 
by K,(P, A), will be continuous over the set of variables for 
arbitrary A€L and PEL and hence is uniformly conti- 
nuous. This applies also to K,(P, A). 

We shall use the theory of integral equations with conti- 
nuous kernel of the form 


y(P) =) K(P, A)y (Ayal, +7 (P), 
L 


which is expounded, for example, in my book on integral 
equations*. 

Let us first show the following proposition, which we shall 
need in what we do afterwards. 


Lemma 1. The potential of a simple layer 


u(Q)= | w(A) In hia dl, 
L 


approaches zero as the point Q is moved infinitely 
far away if and only if 


| (A) dl, =0. nan 
L 


If condition (35.9) is not satisfied, the function 4#(Q) 
increases without bound as Q is moved infinitely far 
away. 

Proof: Let us take an arbitrary point O in the plane. 


+ 


PETROVSKII, I.G., Lectures on the theory of integral equations, 
Gostekhizdat, 50-54 (1951). 
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Then, 


1 
L 


1 A. Q) 


_ | r (O07 Q) 
=I"=0,9) Wiad, + \ ota) In r(A. 0) 2a 


The second term in this sum approaches zero as Q is 
moved infinitely far away and the first term increases with- 
out bound in absolute value if and only if 


| w(A) dl, £0. 
L 


The assertion of the lemma follows. 


Theorem 1. Equation (35.2) of the internal Dirichlet pro- 
blem and equation (35.6) of the external second boundary- 
value problem have the same solution for a continuous 
function /(P). 


Proof: According to the first Fredholm theorem, we shall 
show that equations (35.2) and (35.6) have the same solution 
for an arbitrary continuous function /(P) if we show that the 
homogeneous equations corresponding to them have only 
trivial solutions (that is, solutions that are identically equal 
to zero). Since equation (35.2) can be converted to equation 
(35.6), the second Fredholm theorem asserts that to prove 
Theorem 1, it will be sufficient to show that the homogeneous 
equation 


_ ] na od ate 35.10 


has only a trivial solution. 
Suppose that w(P) is a solution of (35.10). Let us show 
that 


\ w(4)dl,=0, 


Integrating the right and left members of equation (35.10) 
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over the curve L, we obtain 


{ oP, p= — a} [Vat 4) OSAP Hel a) a 


If we change the order of integration inthe right member of 
this equation and apply Theorem 4 of Section 34, we obtain 


-_—> 
fovrdte= +4 (ora [fetta ay, | a, 
L 


= JA) dl 


that is, 


{ w(P) dlp =0. 
L 


Consider the function 
j 


It follows from Lemma 1 of Section 35that u(Q) approaches 
zero as Q is moved infinitely far away. The function u4(Q) is 
harmonic outside LZ and _ since w(P) satisfies equation 
(35.10), we have — (0, But we showed in Section 33 that 
two solutions of the same external second boundary-value 
problem differ by a constant, Consequently, u(Q)—const in 
H. Since u(Q)—+ 0 as Q— oo, we have u(Q)=0 in H. It fol- 
lows from the continuity of the potential of a simple layer 
that u=0Oon L. From the extreme-value theorem, u=0 


in G, and, consequently + =0. If we subtract equation 


0 
(34.21) from (34.22), we obtain w(P)=0 since =~ =0 and 
Ou 
int — 0 
Theorem 2. The homogeneous equation 
i (AP, Np) 
oa? Fa Py ta (35.11) 
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corresponding to equation (35.5) has only the linearly 
independent solution (/) and 


u | w(A) dl, 0. 


L 


Proof: Let us show first that ifasolution  (P) of equation 
(35.11) is not identically equal to zero, then 


( (A) dl, 40. 
L 
Consider the function 


4 (Q) = | o(A) In TAO} dl ,. 
L 


The function u(Q) is harmonic outside L. Since w satisfies 
equation (35.11), it follows from Theorem 6 of Section 34 
that a= Qon L: From Theorem 2 of subsection 3 of Sec- 
tion 28, we have u=constinG U L, If 


| wdl,=0, 


we know from Lemma 1 of Section 35 that u(Q)—- 0 as Q is 
moved infinitely far away; that is, w(Q) is abounded solution 
of the external Dirichlet problem and is equal to a constant 
C on L. In Section 32, we showed the uniqueness of such a 
solution, so thatu(Q)=C in #H. Since u(Q)—0as Q— ~w, 
it follows that C=0U, so that 4u=0 on the whole plane. It 
follows from Theorem 6 of Sectign 34 that w(P)=O0on L. 
The existence of at least one nontrivial solution o of 
equation (35.11) follows from the fact that the equation 


o(P)=— 2 (x(a) AP ta AP.) aL, 
L 


which can be reduced to it, has the solution t(P) = const as 
can easily be checked. 

Let us show that equation (35.11) cannot have two linearly 
independent solutions. Suppose that » is some solution of 
(35.11) distinct from wo. A constant a can always be chosen 
so that 
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| (aw +) d/,=0, 
L 


since 


| o(A) dl, £O. 


L 


But we showed above that for a solution of (35.11) it follows 
from the equation 


( (ao + 0) d/, = 
L 
that 
aw +o =0. 


This proves the theorem, 

The function w(P) has a simple physical interpretation. It 
is equal to the density of charge on ZL in the case in which 
GUL is a conductor. 

By using Theorem 2 and the third Fredholm theorem, we 
obtain 


Theorem 3. Equation (35.3) of the external Dirichlet 
problem has a solution if and only if 


( f(A) @(A) dl, =0. 


; (35,12) 


When this condition is satisfied, the solution of equation 
(35,3) is determined up to an arbitrary constant term. 
Equation (35.5) of the internal second boundary-value 
problem has a solution if and only if 


\ FA dl, =0. ae 


When this condition is satisfied, the solution of equation 
(35.5) is determined up to a term of the form Cw (P), 
where C is an arbitrary constant, 


3. The solution of boundary-value problems. From 
Theorems 1 and 3 of the present section, we immediately 
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obtain results regarding the conditions under which bound- 
ary-value problems can be solved. First of all, it follows 
from Theorem 1 that under the restrictions that we have 
imposed, there always exists in G a unique solution of the 
internal Dirichlet problem represented in the form of the 
potential of a double layer. By virtue of the earlier proven 
uniqueness of the solution of the Dirichlet problem, we may 
say that the solution of the integral equation (35.2) is equi- 
valent to the solution of the internal Dirichlet problem. 

Furthermore, it follows from Theorem 3 that the solution 
of the internal second boundary-value problem exists for all 
functions /(A) defined on the boundary such that 


\ F(A) dl, — (), 
L 
Let us show that this condition is necessary for the in- 
ternal second boundary-value problem with given function 
J/(A)to have a solution*, Suppose that 4(Q)is a function 
that is harmonic in G and continuous in GU Z and that 


Lae /(A)on L. Let us choose a constant C such that 


On 
) (f(A) +0) dl, =0. 
L 


We proved above that there exists a function v(Q) that is 
harmonic in G and continuous in G U L such that 


x ==/(A) UC 
Nn 
on L. 
The function w=vu—u is harmonic is G and conti- 


nuous in G U L, and the derivative se = on L. 


From Theorem 1 of subsection 3 of Section 28, we have 
w==constand C= 0, since if w were not constant, a would 


have different signs at points of ZL where w attains its 
greatest and least values. From this it follows that 


\ (A) dl, =0. 
L 


& e e e e e 
In Section 33, we showed that this condition is necessary under more 
stringent hypotheses. 
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It was shown in Section 28 that the solution of the internal 
second boundary-value problem is determined up to a con- 
stant term. 

If we now turn to the solution of the external Dirichlet 
problem, we see on the basis of Theorem 3 that we cannot 
find a dipole distribution constituting a solution of this pro- 
blem for an arbitrary boundary function. This is explained 
by the fact that, as is easily seen, every potential ofa 
double layer (34.12) approaches zero atinfinity andwe proved 
the existence and uniqueness of a solution to the external 
Dirichlet problem in Section 32 by assuming only boundedness 
at infinity. In the case of aboundary function satisfying condi- 
tion (35.12), there exists a solution of the external Dirichlet 
problem in the form ofthe potential of a double layer. For an 
arbitrary continuous function /(P), we may proceed as fol- 
lows: Let us define the function 


fF, (P)=f(P) + C*, 


where we choose the constant C* in such a way that f, (P) 
will satisfy equation (35.12). For this, we need to set 


{ f(A)yo (A) dl, 
L 


( o (A) dl, ; (35.14) 
L 


Cc*— — 


which we may do since, on the basis of Theorem 2, 
| (A) dl, 40. 
L 


After we determine C*, we solve equation (35.3) with /, 
substituted for /. Suppose that +t, (P) is one of the solutions. 
Then, the function 


cos (AO, Na) 


u(Q)= Jr (A) ee aly — Co 


will be a solution of the posed external Dirichlet problem. 
With regard to the constant term that appears in the dipole 
density given by equation (35.3), it does not show up in the 
solution of the external Dirichlet problem since the potential 
of a constant dipole distribution is equal to zero outside G 
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(see Theorem 4 of Section 34). 

Finally, let us look at the external second boundary~value 
problem. As we have shown, the integral equation (35.6) cor- 
responding to this problem can be solved for an arbitrary 
continuous function f(P). Since the solution of the external 
second boundary-value problem is a function thatis bounded 
at infinity, the potential of a simple layer with density de- 
fined as the solution of (35.6) will be the solution of the ex- 
ternal second boundary-value problem if and only if itis 
bounded. 

According to Lemma 1, for the potential ofa simple layer 
to be bounded at infinity, it is necessary and sufficient that 


| w (A) dl, =0. 
L 


If we integrate equation (35.6), change the order of inte- 
gration, and use Theorem 4 of Section 34, we obtain 


—> 


AP, 
\7e dlp=t { o dlp +{  { 0 (A) ae al, | dl p 
L L LoL 
a {oF at, —{ w (A) [joe dl | dl, 
L L 
= 2n | w(P) dlp. 
L 


Therefore, the condition 
\ F(P) dl, =0 
L 


is necessary and sufficient for the potential (constructed with 
the use of equation (35.6)) of asimple layer to be bounded at 
infinity. According to Lemma 1, when this condition is satis- 
fied the potential thus constructed must necessarily approach 
zero at infinity. Condition (35.13) is alsoanecessary condi- 
tion for the external second boundary-value problem to 
have a solution. This follows from the necessity of condi- 
tion (35.13) for the solvability of the internal second 
boundary-value problem and equation (33.4). Further, it 
follows from subsection 3 of Section 33 that the solution 
of the external second boundary-value problem is deter- 
mined up to an arbitrary constant term. 
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4, The solution of boundary-value problems for a 
circle. If G is acircle, the solution of integral equations 
(35.2), (35.3), (35.5) and (35.6) is especially easy. Specifi- 
cally, if we denote the radius of thecircle by R, it is easily 
verified that for AEL and PEL, we have 

1 r (A, P) 


cos (AP, n,) = — cos (AP, Np) =— > 3 


and equations (35.2) and (35.3) become 


ee | ee | 
(P= Fag | Ad, Fos) (PE Ds 6 
L 152 


and equations (35.5) and (35.6) become 


l ] 
w(P)=ta— | o(Aal,+ fi) (PEL). 
an \ a ae 35.16), , 


Let us solve (35.15), . We first set 


|< (A) dl,=C 
L 


and integrate both sides of (35.15), over ZL. We then obtain 
] 
C=—C—— \s dl p; C= —5-\ f(Pidlp, 
L L 
When we substitute this value of C into (35.15), , we obtain 
] | 
(P= gag | SA dl,—ZS(P) (PEL). 
L 


It now follows from (34.13) that for QE G, we have, on the 
basis of Theorem 4 of Section 34, 


= | COS (AO, n 4) 
—— 7 wee | FAN eA) egy a 
— \7 (A) dl, —— x \ F(A) c 0 (40. a) dl, 


L 


in eset #2. a f(A) dl,. 
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Thus, we have obtained Poisson’s integral, which we en- 
countered in Section 29, in a different form. 

Let us turn to equation (35.15). . The homogeneous equa- 
tion corresponding to (35.16); has the nontrivial solution 
(P) = const ~0 (see Theorem 2). Thus, the conditions (35.12) 
and the equation 


| F(A) dl, =0 


L 


coincide here. If the condition 


\ s(A)dl, = 0 
L 


is satisfied, equation (35.15), will have the solution 


<(P)=—f(P)+C (PEL), 


where C is arbitrary. In the general case, on the other hand, 
we have (see (35.14)) 


l 
Came Vid LHS Pl — ae Vs aval 
L L 


c (P) =—f(P) — aap \ f(A) al, +6; 
L 


. ae l l cos (AQ, na) 
u(Q)= \ f(A — erg | 1A dl, Ta oy 2s 
1 
oem \ flavat 


_ cos (QA, na) 1 
=~ 5 | Pato ae] Say (Qe m0, 


Problem. Solve equations (35.16),;,. and obtain in con- 
nection with this the solution to the internal and external 
boundary-value problems for the circle. In Solving the latter 
problem, use the formula 


T 


Vin (1 +- p*? — 2p cos o)do=0, —lop<l. 


0 
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5, Consider Poisson’s equation 


Au = f(x, y). (35.17) 


We assume that the function f(x, y)=/(P)is given in a 
bounded region G and that /f is bounded and has continuous 
first partial derivatives. Let us solve the internal Dirichlet 
problem for this equation*. It will be sufficient to find any 
solution of equation (35.17) that is continuous in G— GL 
without paying attention to the boundary function. For if v 
is such a solution, and if we set 


u=v-+tyw, 


where w is the solution of the internal Dirichlet problem 
for Laplace’s equation with the boundary condition 


w | —it| —v|, 
L L L 


we see that w is a solution of the original problem. This 
also shows that the question of the existence and uniqueness 
of the solution of the internal Dirichlet problem for equa- 
tion (35.17) amounts to just this same question regarding 
Laplace’s equation. 

Let us show that the function 


1 


is a particular solution of equation (35.17) (the logarithmic 
potential with charge density —;- f(A). 


Let us show first of all that the integral (35.18) converges 
and represents a continuous function of P on the entire 
plane. In analogy with Section 34, for this it will be suffici- 
ent to show that the integral (35.18) converges uniformly at an 
arbitrary point P,€G. Here, the definition of uniform con- 
vergence must be modified in a natural manner. 

For an arbitrary p >0, let us denote by D,(P,) the in- 
terior of the circle with centre at P, and withradius op and 
let us denote by G, (P,) the intersection of D,(P,) and G. It 


* That is, let us seek a solution of equation (35.17) that 1s continuous 
in G and that assumes on the boundary of G the values of a continu- 
ous function that 1s defined there. 
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is easy to show that, for arbitrary e >0O, there exists a 
e >0O such that, for an arbitrary point P€ D, (P,), the inte- 
gral 


I 
\ \ FA In am 484 
a (Po) 


converges and that its absolute valueis less than ¢. To show 
this, we denote by ™ the least upper bound of |/| in G and 
we change to polar coordinates with poles at P. Then, if 


p= 3 we have 


| \) f(A)In ae ds, | <M \\ |\Inr(A, P)|ds, 


Gp (Po) G, (Po) 


2m 2p 


<M \\(— In r)rdrdo==4nMo’° (In sty) 
— (39.19) 


The last expression approaches zero uniformly as p—0 
for all P belonging to D, (P,). 

Le: us show that the integral (35.18) has continuous first 
partial derivatives. Let us note by (x, yy) the coordinates 
of the point P and by (a, 0) those of A. When we differenti- 
ate this integral formally with respectto x without worrying 
about convergence, we obtain 


I x—a 
9(P)= 5 \\ F(A) Sapp IS 4 
\} Perey. (35.20) 


Just as with (39.19), it is easy to show that this interval 
converges uniformly at every point in G=G-+-L and that 
hence it represents the function itself, which is continuous 
on the entire plane. To show that ¥ (P)=v, (P), we take an 
arbitrary fixed point* P(x, y) and a point P,(x-++h, y) 
(for h=4£ 0). Then, 


'(P.)—vu{(P 
9 (P)— 2S ESO =F 


x—a€a 
\\ 4) app es 
G cont. on next page 


“ By a procedure like that used in the proof of Theorem 2 (Section 34), 
one can easily show that the function v(P) is harmonic outside the 
region G. 
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—a(-[Jranm rd, ra, Pita t \\ F(A) In ra Ba) 


] x— r (A, P) 
<s,|) | 14 Facep ml \\ /(4) In SES as, | 
_ G. (P) 
x—a ] r (A, P,) 
+55| J) s4 Ya BE & Fane ) 84! 
G ~G, (P) (35.21) 


The first of the integrals on the right approaches zero as 
0 approaches zero because of the uniform convergence of 
the integral (35.20) at the point P. The second also ap- 
proaches zero ifO<|h| <o. To prove this, we partition 
G,(P) into two parts: G,(P), where r(A, PY>rlA, P),and 


G' (P), where r(A, P)<r(A, P,), and we note that In (1 -+-¢) 
<3 for 6 > 0. We obtain 


r(A, P) 
on 3) LO ms ds,| 
r (A, Pld r(A, P,) 
ca Pe r(A, P,) ea \) Say ao) ri A, P) ds, 


oie G, (P) 


r(A, P)—rlA, P) P)—Tr(A, P,) 
= ( i mer 10 tee Far” 


G, (P) 
r(A, P,) — r{(A, r(A, P,) —r{A, P) 
oF \) TP ta) 
a" (P) 
M dS a dS, \x 
< i ( \) r (A, Py \J r (A, pi) 
G, (P) GP) 


Qn 26 


<i-2( |S rdrdy= 4m. 
2m r : 


We may choose 9 >> 0 sufficiently small that the first and 
second integrals of the right-hand side of (35.21) will be 


* Since |r(A, P) — (A, Pi) | <4 
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less than ‘ /3, where ¢ >0 is an arbitrary prestated num- 
ber. When we fix this 9 we can, because of the fact that 
|h|is decreasing, make the last integral in (35.21) less than 
«/3 since the integrand converges uniformly to zero in 
G— G,(P)as|h|—> 0. We treat v, in an analogous fashion: 


’ Xx—-€@ 
Pi =a \\IA pa pee 


= 2 \\ PA) a PR Ppt 


Up to now, we haveused only the boundedness of the conti- 
nuous function f(P).In what follows, we shall use the fact 
that the first partial derivatives of /(P) are continuous. Let 
us fix the point P,€G and letus choose 9 sufficiently small 
that D, (P,)€ G. Then, the integral 


! 
v, (P)=— = \\ F(A) In aa 4s, 
G—Dp (Po) 


has continuous partial derivatives of all orders in D, (P,) 
and satisfies the equation 


dv, =0, 

(35.22) 
since this integral can be differentiated under the integral 
Sign with respect to the coordinates of P, which lies in 
D,(P,), without any restrictions. This means that it will be 


sufficient to examine the integral 


v, (P) = — x \\ J (A) | 


Dp (Po) 


Let us integrate the expression for oe by parts: 
Ov, (P) (P) x—a 
Sea |) SMe ts 
Dp (Po) 


— i) {alt Inr (A, P)] + fo (A) Ine (A, p)\ dadb 


Dp (Po) 
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es \ f(A)Inr (A, P)db 
Cy (Po) 


ere = S\N fo (A) In <4 TA B'S (35.23) 
Dy (Po) 


where C, (P,) is the circle D,(P,) and the integration over 
C, (P,) is taken in the positive. direction. It follows from what 
was proven above that the last integral has continuous first 
partial derivatives that are arbitrarily small for P€ D, (P,), 
for sufficiently small ¢. The first integral on the right. side 
of (35.23) can be differentiated in D, (P,) with respect to x 
and y without any restrictions since the point P does not 
lie on the curve of integration. We can treat the expression 
for =. analogously. Thus, the existence and continuity of 
the second partial derivatives of v,(P) inD,(P,), and hence 
those of v(P) in G, are proven. 

Furthermore, for Fe Py, (P,) 

OU, 


x—a 
Ox? an IVA) Py (A, py de + th (P, p), 


e (Po) 


where 7, (P, 9)converges uniformly to zero as p —>0. Analo- 
gously, 

O*u, _ | y—b 
Oe On \ IA) Fae pp 22 Ts (P, p). 


Co (Po) 


Let us change to polar coordinates with origin at P, (x,, y,). 
Then, on the basis of (35.22), 


Bu, (P.)_, 9%, (Py 
0x? a Oy? 

4 {tA) 

Cp (Po) 


Av= 


HA (Pore) an lP 
= 5, | Fl +p cose, vy. +p sin g) (sin? y+ cos* y) dy-n.-t ne: 


The last expression converges to /(P,) as p—~ 0; thus, 
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Au=f(P,). 


We note that the conditions imposed on the right side of 
equation (35.17) can be weakened somewhat. However, we 
cannot confine ourselves to requiring continuity and bounded- 
ness of the function f(?) in G since then the integral (35.18) 
may not have second partial derivatives. In connection with 
this, I.I. Privalov has introducedthe conceptofa generalised 
Laplacian operator defined by 


A*o (P)= lim + E (( ¢(A) ds, —9(P)| 


2 
oe 
D, (P) 


It can be shown that if y(P)has continuous second partial 
derivatives in G, then for PE G,A*v(P) exists and is identi- 
cally equal to Ay(P). At the same time, if f(P) is conti- 
nuous and bounded in a bounded region G and v(P) is given 
by formula (35.18), then A*uv(P) exists and 


A*yu (P) =f (P). 


Remark: All the reasoning of this section can be carried 
over in a natural manner to the Newtonian potential (34.5) 
of a charged region in three-dimensional space. If we as- 
sume that the charge density 9 (A) is continuous and bounded 
and that it has continuous first derivatives, then the potential 
itself u(Q) is everywhere continuous. It is harmonic outside 
the charged region and satisfied Poisson’s equation 


O7u , Ou , Ou 
Gat aye Tage = — AT 


inside the charged region. 


386. THE NETS METHOD FOR OBTAINING AN APPROXIMATE 
SOLUTION OF THE DIRICHLET PROBLEM 

Suppose that a continuous function / is given on the bound- 
ary of a finite region G. Let us suppose that there exists a 
function uw that is harmonic within G and that takes the 
given values of f on the boundary of G. To get an approxi- 
mation of uw, L.A.Lyusternik* proposed the following method 
in 1925. For simplicity, we shall explain this method only 
for two-dimensional regions though it is equally applicable 
+ See p. 317 for footnote. 
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to regions of a greater number ofdimensions.In our present 
exposition, we Shall not include all the proofs at first. Un- 
proven statements will be proven later in the text. 

In the xy-plane, containing the region G, let us draw two 
families (a net) of straight lines parallel to the coordinates 
axes 


x==mh and yah, 


where /f is some positive number and m and 7” assume 
positive integral values, so that the entire region G is 
covered by squares of side 2. The corners ofthese squares 
we Shall call nodes or nodal points of the net. Our purpose 
is to determine the approximate values of uw at the nodal 
points that lie within G. We shall denote these approximate 
values by u,. 

For anye >0, let us denote by I, the set of squares that 
have one corner at a distance no greater than ¢ from G. 
At each corner belonging to any of the squares I,, we set 
u, equal to the value of f at the point on the boundary of G 
that is closest to this corner or, if there are several such 
points, the value at any one of them. For sufficiently small 
h and ¢&, the values of u, that are defined in this way at 
the nodal points of I, would differ by as slight amount as 
we choose from the values of u at these points. This is 
true because the function that is equal to u within G and 
equal to f/ on the boundary of G is uniformly continuous in 
G. Therefore, its values at thetwopoints P, and P, belong- 
ing to G will be arbitrarily close together if the distance 
P.P, is sufficiently small. In what follows, we shall assume 
that h<e. 

The points of the region G that lie within and on the 
boundaries of the squares that do notbelongto I, form one 


+ See Uspekhi matem. nauk, 8, 115-124 (1941). Lyusternik did not as- 
sume the existence of a solution to the Dirichlet problem. He proved 
the existence of a solution to this problem under certain assumptions 
regarding the boundary G by the method of nets. However, his proof 
could not be extended directly to regions of more than two dimensions. 

The existence of a solution to the Dirichlet problem for Laplace's 
equation with an arbitrary number of independent variables was proven 
by the method of nets for a broad class of regions in an article by 
PETROVSKII, I1.G., Uspekhi matem. nauk, 8, 161-170 (1941). 
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or several polygons ™. The nodal points lying on the bound- 
ary of each such polygon belong to FT, and, therefore, the 
values of u, are already defined at these points. The values 
of u, at the nodal points lying within these polygons are de- 
fined as the solution of some system of linear equations the 
number of which is equal to the number of the values of u, 
that are as yet undefined, that is, equal to the number of 
nodal points lying within G and not belonging to [,. This 
system of equations is set up in the following manner: For 
each nodal point (x, y), we write the equation 


be, eo ee Se Oe) 


or 


U,(x--h, y) + u,(x—h, y) 
stay (x, yh) a, (x, y — bh) — 44, (x, 9) = 0/36 1) 


If any of the points (x-+ h, y),(x — A, y),(x, ¥ +A), 0r(x, y — A) 
belongs to I, , the corresponding u, is replacedin equation 
(36.1) by the value of 4, that was determined above at this 
point. It can be shown that the system of equations (36.1) 
always has a unique solution (Theorem 1) and that if we 
choose to begin withasufficiently small € andthen decrease 
h sufficiently, we shall arrive at values of u, that differas 
slightly as we wish from the values of the functions u(x, y) 
at the corresponding points (Theorem 2). Thenecessary de- 
gree of smallness of / depends on €. By using the ordinary 
rules of algebra, the system of equations (36.1) would be 
difficult to solve if h is small and, consequently, the num- 
ber of equations is high. However, for anapproximate solu- 
tion of the system (36.1), wecanquite simply use the method 
of successive approximations (Theorem 3). 

Equation (36.1) is the analogue in finite differences of 
Laplace’s differential equation. Let us suppose that the func- 
tion uw has continuous derivatives of the first four orders 
in the region G in question. Let us suppose that the points 


(x-+-h, y), (x—h, y), (x, y+h), 


and (x, y—A) and also the straight line segments between 
the point (x, y) and the points 


(x +h, y), (e-— fh, y), (x, yA), (x, y—h) 
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lie inside G. Then, 
u(xth, y)=u(x, y)+ hu, (x, y) 

te ake, Yt Rave, Yt E a 
u(x—h, y)=u(x, y) — hug (x, y) 

te ihe, y)— aoe, WAM ures (Ey) 
u(x, yh)=u(x, y) + huy (x, y) 

aby (x, WAS ayy (x, WEE ayy (8D, 


trip 


XXXX (x, y); 


, h2 on 
u(x, y—h)=u(x, y)— huy (x, y) +> Uy (X,Y) 


h3 h* rr =~ 
— & 4yyy (% Y) ey Uyyyy (X,Y) 


Here, x, x, yandy denote numbers lying respectively be- 
tween x and x«-+h; x andx—h; y andy-—+tA, and y and 
y — h. Obviously, 


u(x—-h, y)--u(x—h, y)+u(x, yh) u(x, y—h) 
— 4u(x, yy =A [ace (x, y) + wy (x, y)} + 5M 8,—1<8<1, 


where M, denotes the least upper bound of the values 


luxxxx| and |Uy,yy\ Therefore, the left side of the equation 


u(x-+h, y) ule Ah, yi pele yh) rule y ~h) ~ AU % ¥) __o 
h? _ 


is equivalent to the expression Ure yy up to a quantity of 
the order of A’. 


Theorem 1. The system of equations (36.1) always poss- 
sesses a unique solution. 


Proof: Let us rewrite this system in such a way that the 
left members of the equations will contain only the values 
of uw, at the interior nodal points of the polygons M andthe 
right members will contain the values of u, atthe boundary 
nodal points of these polygons, that is, at the points [}. We 
recall that these last values have been defined. There- 
fore, we Shall assume that the right sides of these equations 
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are known. Our system can thenbe thought of as being in the 
form 


(36.2) 


where AN is the number of interior nodal points of the poly- 
gons M. We have numbered all the interior nodal points of 
the polygons and we have denoted the value of uw, at the / th 
point by 4,. The right members of (36.2) are linear com- 
binations of the values of 4, at the boundary nodal points of 
the polygons M™. 

As we know from higher algebra, to show that the system 
(36.2) has a unique solution for every /; it willbe sufficient 
to show that the corresponding homogeneous system has only 
the zero solution. This last assertion can be proven by con- 
tradiction. Suppose that the system 


a; 4; =0 (Pa 2. aes. AN) 
2 (36.3) 


has a nontrivial solution. We denote by B the largest of the 
numbers |u,| (for (j—=1,..., N), which, by hypothesis, is 
greater than zero. Without loss of generality, we may as- 
sume that B is equal to some one of the u; since the case 
in which —4 is equal to some one of the u, is reduced to 
the preceding case by changing thesigns ofall the u,. Thus, 
we suppose that 6 is equal to someu,.Since u;, is equal to 
the arithmetic mean of the values of u, in the four neigh- 
bouring nodal points, u; must be equal to B at each of 
these neighbouring nodal points (because if all the values of 
u, at points adjacent to /, cannot be greater than B they 
also cannot be less than 8). By neighbouring nodal points 
to the point (x, y), we mean the points 


(x +- A, y), (x — h, y), (x, yt hj (x, y—h). 


Applying this reasoning to each of the nodal points adjacent 
to the j, th nodal point, we see that the wu; are also equal 
to B at these points. Continuing this reason, we see that 
u,==B at all the nodal points belonging to the boundary of 
some polygon M and adjacent to the same interior point 
P of that polygon. But this contradicts the fact that the right 
members f/f; of all the equations (36.3) are equal to zero. 
This is true because the /; are linear combinations of the 
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values of u, at the points I’, with coefficients equal to -1, 
as is easy to see by comparing (36.2) and (36.1). Therefore, 
the f; cannot be zeros if u, is equal to B > 0 at all points 


i 


I, adjacent to P. 


Theorem 2, If u(x, y) is the exact solution ofthe Dirich- 
let problem, and wu, is the solution of the system (36.1) 
with the boundary conditions listed above, then, by choos- 
ing ¢ > 0 sufficiently small and then decreasing A suf- 
ficiently, we shall arrive at functions u, that will dif- 
fer by an arbitrarily small amount from the values of 
u(x, y)at the corresponding points. 


Proof: Let us show that |u,—wu]|< 6 at all nodes ofthe net 
for h sufficiently small. We place the coordinate origin in- 
side the region G. We choose & sufficiently small that 
max |u,—u|will be less than 6/2 at points of I, and we 
consider the auxiliary function v, defined by 

6 2 2 2 é 
VU, = Up, — U— 5p (D — Xx —y => 
Here, D denotes the diameter of the region G, that is, the 
least upper bound of distances between points belonging to it. 

It is obvious that v, <0 at nodal points belonging to I’, 


6 2 2 2 

since |u, —u|< > andD > x+y 
at such points. Let us show that v,< 0 and, consequently, 
u,—u <6 at all nodal points belonging to M provided & is 
sufficiently small. We apply to the function v, the operator 


A,, which puts in correspondence with the function 9 (x, y) 
the function 


go(x-+th, yy to(x—h, y) +(x, yta”ry+ 
+¢(x, y—h)— 49 (x, y). 


Obviously, 
6 
BU, = Aye, — 44 + ape A, (x° +’). 
But 


btp=0; Oe? ty) = sn [dul Me 
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where M, is the least upper bound of the values of aoe 
and | Lyyyy| in the polygons M, Therefore, 
é M,h' 

Av, > 4h? = — = 

= — 2 (36.4) 


and, for sufficiently small /, 


pV, > 9- (36.5) 


But then it is easy to see that v, cannot assume its largest 
value within any of the polygons M. And from this it fol- 
lows that the quantity v, is negative at all interior points 
of the polygons ™ since it is negative on the boundary of 
these polygons. 

If we consider the function 


8 8 
W, =U — Uy, — i (D—x'—y")— FZ 


we can see by acompletely analogous process that u—u,< 6. 
If we compare the two results, we see that|u—u,|< é for 
sufficiently small 4, which completes the proof. 

Remark: If the exact solution “(x, y)of the Dirichlet 
problem has bounded derivatives of the first four orders 
in G, the constant ™, in the right member of (36.4) can 
be assumed to be independent of €. Therefore, asufficiently 
small A that will satisfy inequality (36.5) can also be chosen 
independently of €. In view of this, we may simplify the 
construction shown above by taking as M the set of all 
Squares with side /# that, together with their boundaries, 
are contained in JG. 

Up to now, it has been completely immaterial to us in 
what order we number the nodal points lying inside the poly- 
gons M. Now, however, it will be important for us to take 
the following order. 

The first nodal point must necessarily have as one of its 
neighbouring points a point lying on the boundary of one of 
these polygons. (We recall that we call any one of the points 
(x-+-h, y),(x—h, y),(x, y+-h), and(x, y— A) a neighbouring 
point of the points (x, y).) The second nodal point must have 
as one of its neighbouring nodal points either a boundary 
point of one of the polygons ™ or the first point, etc. When 
we number the nodal points in this way, the system of equa- 
tions (36.1) can be approximately solved as follows. Let us 
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first give arbitrary values to u,, u,, ..., Uy. 

We shall denote these values by u‘°) andwe shall call them 
the zeroth approximation to the solution ofthe system (36.1). 
To describe the method of finding the successive approxima- 
tions, it is convenient to imagine that allthe uw are written 
down at the corresponding nodes of the net. Then, to obtain 
the next (first) approximation, we replace the value u 
at the first nodal point with wu) which is equal to the arith- 
metic mean of the values u® at the four nodal points neigh- 
bouring the first nodal pone Then, we replace the value 
uw) at the second nodal point with the value 2) equal to the 
arithmetic mean of the values written at the four nodal 
points neighbouring the second nodal point (one of which 
may be ur), etc. When we treat all the interior nodal points 
in this way, we obtain the values of ui at them (for 
k=1,..., N).The values of the pecona approximation 
u?) (for k=1, ..., N)are obtained from the values of 
uo) in the same way that these were obtained from the u®. 
a an analogous way, we obtain ui)), u™, ... etc. 


Theorem 3. For all k (for k=1, 2, ..., N) 
u \) _, U,, 


aS n—+oo where the &, constitute the exact solution of 
the system (386.1). 


Proof: Let us set 


Our purpose is to show that y)—0 (for (k= 1, 2, , NJ. 
aS nao. We note first of all that the numbers ney are 
obtained from the v\” (for k=1, 2, , N) in the same 


way as the u@+r) are obtained from. the u\) Specifically, 
vt) is the ‘arithmetic mean of the values of v”) at the 
four nodal points neighbouring the kth nodal point, If one 
of these neighbouring nodal points lines on the boundary 
of the polygon, v” is taken equal to zero. Therefore, if 


max { |v], Jo|, ..., [YO |}=A, 
then - 
urls, 


since one of the neighbouring points of the first nodal point 
is a boundary nodal point. Analogously, we obtain 
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|< (1 —z) A, Jo <1 —7) a ee 


Jo |< (1 — gy) A=a, 


while a <i l. 


Thus, in the same way, for all ” and &, we obtain 


] 
Jul < a" A (a= 1— 7 ; (36.6) 


from which it follows that 


vi") —+ 0as n— oo. 


Theoretically, this relationship holds for an arbitrary 
choice of the zeroth approximation. However, in practice, 
if we take as our zeroth approximation numbers not too far 
from the exact solution of the Dirichlet problem, it will, as 
we might expect, be more convenient for arapid calculation 
of suitable approximations to the exact solution of (36.1). 
The process of successive approximations usually stops at 
those values of n at which the values of u\”) cease to change 
appreciably upon increase in a. These wu‘ are used as the 
approximate solution of the system (36.1). 

If, for some f, we obtainseveralpolygons M,the system 
(36.1) breaks into several independent systems each of which 
corresponds to one polygon. Each ofthesesystems is solved 
independently of the others. 

Our purpose in the above was to show that the successive 
approximations u\”) converge. The estimate (36.6) of the 
speed of convergence that we obtained in doing so is very 
crude. It would be possible to show that in actuality this 
process converges much more rapidly. 

It should be noted that the successive approximations u\” 
obtained by the simple method explained above converges 
only very slowly totheexactsolution u, ofthesystem (36.1) 
when the number N of nodal points is large. There are 
various techniques that can be used to speed the convergence 
of these successive approximations to the exact solution 
and there are also other methods of obtaining an approximate 
solution of the system (36.1) which converge more rapidly 
and lead to the result more rapidly. 
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37, SUMMARY OF CERTAIN RESULTS FOR MORE 
GENERAL ELLIPTIC EQUATIONS 


ZI, The Dirichlet problem for Laplace’s equation in the case 
of two independent variables can be solved for an arbitrary 
simply connected region if the function givenon the boundary 
is continuous. For a simply connected three-dimensional 
region, the Dirichlet problem does not always have a solution. 
In a three-dimensional region, any point P on the boundary 
will be regular if it is possible to touch the point in question 
from the outside with the vertex of a cone K obtained by 
rotating the curve 


x, =f (x,) =<, 


where & is an arbitrary positive number, aboutthe x,-axis. 
This condition may be formulated more precisely as follows: 
In the space (x,, x,, x,), containing the region G, it is pos- 
sible to choose coordinate axes with origin atthe point P in 
such a way that all points lying within the cone A and pos- 
sessing positive abscissas x, not exceeding some positive 
number y lie outside the region G. On the other hand, Le- 
besque* and P.S. Urysohn**showed independently that a point 
P on the boundary of G will not be regular ifit possesses a 
neighbourhood U, such that for a suitable choice of coordi- 
nate axes all points in this neighbourhood not belonging to the 
region G lie within the cone generated by rotating the curve 


1 


x,=e x x, > 0. 


about the x,-axis. This will also be the case if we replace 
this curve with the curve 


x, =F (x,)= e~ JIn x, PTE ey jinx ; 
where € is any positive number. 
For “-dimensional space (with n> 3) the function 
x 


1 ] 


Nin x, P= (37.1) 


* LEBESGUE, H., Rendiconti del Circolo Matematico di Palermo, 24, 
371-402 (1907). 


*"URYSOHN, P.S., Math. Zeitschrift, 23, 155-158 (1925). 
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plays the role of the function /(x,) and the function 


x, 

et Aig : 
Vinx, |"~° (37.2) 
plays the role of the function F(x,), where ¢ is anarbitrary 
positive number. The equations of the corresponding cones 
are obtained by equating the expressions (37.1) or (37.2) to 


V x? iw. Hee. 


A necessary and sufficient condition for a point to be 
regular was found by Wiener™*. 

The question of the stability of the solution to the Dirichlet 
problem for Laplace’s equation has been studied in connec- 
tion with variation of the boundary of the region. Suppose 
thatG,, G,, ..., G,, ...represent a sequence of regions that 
converge to ‘the region GQ, that each of them contains the 
closed region G, and that »(P) is an arbitrary function that 
is continuous throughout all space. We denote by u,(P) the 
function that is harmonic in G, and that assumes on the 
boundary of G, the values of y(P)(for n=1, 2, ...).The 
Dirichlet problem is said to be stable within the region @ if 
the sequence {u,(P)} converges as n—+ oo at every point of 
G to the generalised solution (in the sense of subsection 3 
of Section 31) to the Dirichlet problem corresponding to the 
boundary condition “= (/)on the boundary of G. 

A necessary and sufficient condition for stability of the 
Dirichlet problem within the region has been given by 
M.V. Keldysh and M.A. Lavrent’ev. An example has been 
exhibited of a simply~-connected region in three-dimensional 
space for which the Dirichlet problem has a solution for an 
arbitrary continuous boundary function but is not stable 
within the region in question**. 


2. Consider the linear elliptic equation with variable co- 
efficients 


: 6) 
» Q;;,(X,, .. 6 Xn) Sar ax; PS (x,, ey Xn) By 


Pe es | i=1 
Cont. on next page 


* See KELDYSH, M.V., Uspekhi matem. nauk, 8, 171-232 (1941). 
See the article by KELDYSH, 325. 
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et ey Seg aT sees xn) 


(37.3) 
where the quadratic form 
. >» ai, Canes X,) H ja; 
(, j=) 
is positive definite for arbitrary x,, ..., x, belonging to the 
region in question. The sign of the coefficient a(x,, ..., ¥,) 


has a significant effect on the possibility ofsolving the first 
boundary~-value problem for this equation. If this coefficient 
assumes positive values, the first boundary-value problem 
for equation (37.3) may not have asolution or may have more 
than one solution if the region OG is sufficiently great, even 
in the case of constant coefficients in equation (37.3). Thus, 
for example, the — 


a 
a (37.4) 


has the solution uw, = sin kx sin ky, which vanishes on the edges 
of a square Q with sides 


Sit Datu = 0 


Tt Tt 
£=0; 4 = 0; L=FiY=F- 


On the other hand, it is easy toshow that if equation (37.4) 
has a solution uw, in a region G with a piecewise-smooth 
boundary I and if u, vanishes on I and possesses piece- 
wise-continuous first derivatives in G U I, every other suf- 
ficiently smooth solution u of equation (37.4) must satisfy 
the relation 


Non O Uo 5 ds=0 
(37.5) 


on the boundary of the region. We shall obtain equation (37.5) 
if we integrate the left side of the equation 


J) # (Sat sit 2a | dx dy=0 


by parts in such a way thatthe derivatives of uw with respect 
to x and y will vanish in the integrals over the region G. 
Therefore, the first boundary-value problem for equation 
(37.4) when the region G is a square cannot have a smooth 
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solution if the function given on the boundary does not satisfy 
37.5). 

| It can be shown that the first boundary-value problem for 
equation (37.3) either has a unique solution with an arbitrary 
continuous function defined on the boundary of the region G 
and for an arbitrary function / onthe right side of the equa- 
tion or has a solution only for those boundary functions and 
functions f on the right side that satisfy a finite number of 
conditions and the solution of the problem is unique. 

In general, in solving the first boundary-value problem 
for the elliptic equation (37.3), the case in which the coef- 
ficient @ is everywhere nonpositive is quite different from 
the case in which this coefficient assumes positive values 
at certain points. In the first case, the problem has a unique 
solution for an arbitrary continuous function given on the 
boundary of the region G if (1) the boundary of G is suf- 
ficiently regular and (2) the coefficients a,;,,a,;, and @ and the 
function f satisfy a Holder condition* in the region G**, 
However, if the coefficient @ assumes positive values at 
certain points of G, to ensure the existence and uniqueness 
of the solution, we need to require also that the region G be 
sufficiently small. As V.V. Nemytskii has shown ft, evenfor 
more general (nonlinear) equations, it is important here for 
the area of the region G to be sufficiently small, though its 
diameter may be arbitrarily large. 

Oleinik has shown that, for an arbitrary region with a<0 
or for sufficiently small regions when a may be positive, 
the conditions that must be imposed on the boundary of the 
region for the Dirichlet problem to have a solution for this 
boundary and for every continuous function given on it do 
not depend on whether this problem is oris not solvable for 
Laplace’s equation or equation (37.3) ft. 


* A function ¥(x,,..., x,) 1s said to satisfy a Holder condition with 
exponent A > 0 on a set M 1f there exists a constant K such that for 
any two points (x,,..., x,,) and (y,,...y,) in the set M, the in- 
equality 


n x 
|? (x,, oe) Xn) — Y (Vis ooey Yn) [<K (2a (i oF y)’)*. 
will be satisfied. 


**MIRANDA, C., Eguazioni alle derivate parziali di tipo ellititco, Berlin, 
Springer (1957). 

+ NEMETSKII, V.V, Matem. sbornik, 41, 438-452 (1934). 

TTOLEINIK, 0.A., Matem. sbornik, 24, 1-14 (1949). 
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S.N. Bernstein proved the existence of a solution to the 
Dirichlet problem for avery broadclass ofnonlinear elliptic 
equations. The summary of these and other results concern- 
ing nonlinear elliptic equations is to be found in the journal 
Uspekhi matematicheskikh nauk, 8, 1941 (the article by 
Bernstein and Petrovskii, pp 8-26) and in the book by 
Miranda, This book expounds the most important divisions 
of the theory of linear and nonlinear second-order elliptic 
equations and contains a detailed bibliography. 


3, The system of linear equations 


N ti ' or 
AS; .--An) (x 


fJH10S8,4...F 4a; 


1» oe 9 n) 


—=fj(x,, ...,%,) (@=1, ..., M 
is said to be elliptic in a region @ if the determinant 


R wk R R 
Ay 2 ae Xn) Gir. en! 
Rit. hyn; 


is nonzero for arbitrary real a,,..., a, not all zero and 
for arbitrary *,,.-.,*, in the region G. Ellipticity for a 
nonlinear system close to one of its solutions is defined 
analogously. 

All sufficiently smooth solutions (that is, solutions pos- 
sessing sufficiently many continuous derivatives) of elliptic 
equations and elliptic systems of equations are analytic 
if the left-hand members of these equations are analytic 
with respect to all their arguments. We assume that the 
right-hand members of these equations are all zero*. This 
was first shown by Bernstein in the case of second-order 
elliptic equations with two independent variables**. 


4, If the homogeneous elliptic equation corresponding to 
(37.3) (that is, where /=0) with sufficiently smooth coef- 
ficients has in some bounded region G a unique solution to 
the first boundary-value problem for every continuous func- 
tion given on the boundary of G, the theorem on a uniformly 


* PETROVSKII, I.G., Matem. sbornik, 5, (47): 1, 3-70 (1939). 
** BERNSTEIN, S.N., Math. annalen, 59, 20-76 (1904). 
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convergent sequence of solutions (analogous to Harnack’s 
first theorem) is valid: specifically, if a sequence of solu- 
tions converges uniformly on the boundary of G, it also 
converges uniformly throughout the entire region G and it 
converges to a function satisfying equation (37.3). 


5, We also have a theorem on monotonic sequences of solu- 
tions (analogous to Harnack’s second theorem). Suppose that 
a bounded region G is such that, for every continuous func- 
tion given on its boundary, the Dirichlet problem has one 
and only one solution. Then, if the sequence u, (x,, ..., x,)of 
solutions of the homogeneous form of equation (37.3) (i.e. 
f= 0) converges at least one point of the region G and if 


Ug (Xyr ce er Hy) BRU (X yy oes Xy)s 


at all points in this region, the sequence u, (x,,..., x,)con- 
verges uniformly in every region G’ whose closure is con- 
tained in G. 


6. If a=0and f=0 in equation (37.3), then every solution 
of equation (37.3) has its largest and smallest values on the 
boundary of G.Ifa<0 and f=0 in equation (37.3), then no 
nonconstant solution of equation (37.3) that is continuous in 
a closed region can have a greatest positive value or a 
smallest negative value in the interior of the region (cf. 
article by Oleinik cited in Section 28). 


7. The solutions of the equation 


Ox; \ Ox; ] (37.6) 


possess the property of an arithmetic mean if we consider 
them in Riemann space with the corresponding metric. For 
such equations, we can construct solutions analogous to the 
potential of a point or asimple or double layer for Laplace’s 
equation with two independent variables*. Analogous to these 
potentials are the so-called fundamental solutions that have 


* FELLER, V., Uspekhi matem. nauk, 8, 232-248 (1941). 
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also been constructed for certain elliptic systems*, 


8. Liouville’s theorem for analytic functions canbe carried 
over to certain second-order elliptic equations. Bernstein ** 
proved the following theorem. Every bounded solution ofthe 
equation 


A(X, Y, Uy Uy, by, yy, Uyy, Uyy) 4, f+ 2B( )u,, + C( ) ty, ==0, 


where A, 8, C are bounded functions of their arguments 
and AC — B’ >0,that has continuous first and second partial 
derivatives on the entire plane, is a constant. 

E.M. Landis investigated the behaviour of the solutions 
of linear second-order elliptic equations in various infinite 
regions. In particular, he proved theorems analogous to 
the Phragmén-Lindelof theorem for analytic functionst. 


9, If all functions 4; satisfying some homogeneous linear 
elliptic system ofthe form (3.2) with n independent variables 
and analytic coefficients and all their derivatives ofthe first 
n,—1 orders vanish simultaneously on some (n— 1) -di- 
mensional analytic surface, these functions are identically 
equal to zero throughout the entire region in which they 
satisfy the system in question. 

This assertion can be obtained, for example, as a con- 
sequence of Holmgren’s theorem on the uniqueness of the 
solution to the Cauchy problem for linear systems with 
analytic coefficients since elliptic systems do not possess 
real characteristics. 

The uniqueness of the solution of the Cauchy problem is 
also proven for linear and quasilinear second-order elliptic 
equations with sufficiently smooth nonanalytic coefficientst ft. 


* LEVI, E.E., Uspekhi matem. nauk, 8, 249-292 (1941) and LOPATIN- 
SKII, Ya.B., Ukrains. matem. zh., 3, No. 1, 3-38 (1951). 

**BERNSTEIN, S.N., Uspekhi matem. nauk, 8, 75-81 (1941). 

+ LANDIS, E.M., Dokl. Akad. Nauk SSSR, 107, No. 4, 508-511 (1956); 
Uspekhi matem. nauk. 14: 1, 21-85 (85). 

TLANDIS, E.M., Dokl. Akad. Nauk SSSR, 107, No. 5, 640-643 (1956); 
CORDES, Nachrichten Akad. Wiss. Gottingen, No. 11, 239-258 (1956); 
LAVRENTEV, M.M., Dokl. Akad. Nauk SSSR, 112, No. 2, 195-197 
(1957). See also HEINZ, Nachrichten Akad. Wiss. Gottingen, No. 1, 


1-12 (1955). 
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Furthermore, a number of results in this direction have 
been obtained for linear elliptic equations for higher orders 
and for linear elliptic systems*. 


10. If allthe coefficients a@;;, a@;, and @ andthe function / in 
the elliptic equation (37.3) have derivatives ofthe first k — 2 
orders (for Rk > 2) that satisfy a Holder condition in some 
finite region G, then all twice continuously differentiable 
solutions of this equation within G have derivatives of the 
first & orders satisfying a Holder condition throughout every 
region G’ whose closure iscontainedin G. An analogous as~ 
sertion is also valid for nonlinear second-order elliptic equa- 
tions. 

The solutionu(x,, ..., x,)of the Dirichlet problem for 
equation (37.3) inthe region G withboundary condition uy 
on the boundary of G has derivatives of thefirst  ordersin 
the closed region G that satisfy a Holder condition provided 
(1) the boundary of the region G in a neighbourhood of each 
of its points can be nepheeentce by parametric equations 
XS Sey ha Sk Cae ee Ceca eine Fieht 
sides of which have Ath order derivatives that satisfy a 
Holder condition, (2) the boundary function ¢ has Ath order 
derivatives satisfying a Holder condition, and (3) the co- 
efficients a;,;, a,, and a and the function / have derivatives 
of the first &—2 orders in G that satisfy a Holder condi- 
tion. 

Proofs of these results, discovered by Hopf andSchauder, 
are contained in the book by Miranda cited in footnote, p. 328 


II, Vekua has investigated the question of the existence and 
uniqueness of a solution to the equation 


2 oO? 
a tay tele, yy +(x, nF 
+ ¢c(x, yhu=f(x, y) 


satisfying the condition 


a (x, yy Ft B(x, Ne +r, Y)4=Y(x, Y), 


* CALDERON, American Journal of Mathematics, 80, No. 1, 16-36 
(1958); HORMANDER, Mathematica Scandinavica, 7, 177-190 (1959). 
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where a, 6, c, f, a, B,y, and 9 are sufficiently smooth func- 
tions, on the boundary of the region G. 

It turns out that thenumber of conditions that the functions 
f and ¢ must satisfy for this problem to haveasolution and 
the number of independent solutions corresponding to the 
homogeneous problem(f/=0, y= 0) dependon aninteger zn, 
called the index of the problem. The index of the problem 
mis equal to the increment in the argument of the function 


a(x, y) a. ip (x, y) 
2n 


when the point (x, y) goes around the curve bounding G inthe 
positive direction. 

For simplicity in our formulations, letus suppose that the 
region Gis simply connectedandthat c=0,y=0. Then, if 
n>0Oour problem can be solved for arbitrary f and 4, 
and the number of linearly independent solutions ofthe cor- 
responding homogeneous problem is 27-+-2*.if 2< 0, the 
problem has a Solution only for those / and ¢ that satisfy 
certain conditions. The number of these conditions is 27 — 1. 
In this case, the homogeneous problem has only a trivial 
solution. 

Boundary-value problems of amore general kindhave also 
been examined**, 


12, The behaviour of solutions of the basic boundary-value 
problems for elliptic equations as a small parameter € by 
the highest-order derivatives approaches zero has been 
studied. An asymptotic representation of these solutions 
has been obtained in the form of series in powers of ¢. Ina 
number of cases, this passage to the limit leads to a new 
boundary-value problem for an equation with ¢«=—0. 

Boundary-value problems have also been studied for equa- 
tions that are elliptic inside the region in question and para- 
bolic on a portion of its boundary (or on some interior sub- 
set). 

A detailed survey of the results concerning questions of 
this sort is to be found in the article by M.I. Vishik, 


* Compare the conditions under which the first boundary-value problem 
for equation (37.3) in subsection 2 of this section has a solution. 


*"VEKUA, I.N., New methods of solving elliptic equations, Gostekhiz- 
dat, 1948; Generalised analytic functions, Fizmatgiz (1959). 
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A.D. Myshkis andO.A. Oleinik ‘Differentsial’nye uravneniya 
s chastnymi proizvodnymi’ (Partial differential equations) 
in the book Matematika v SSSR za sorok let (Mathematics 
in the USSR in the last forty years), Vol. I, Fizmatgiz, 
pp 599-603, 1959. 


13. A continuous functionu(x,, ..., x,)satisfying the in- 
tegral identity (see Section 9) 


n 


t...| [uM (s) — fo] dx, ... dx, =0 
G 


for an arbitrary function o(x,,... ,*,),whose first m deri- 
vatives are continuous in G and which is equal to zero in 
a neighbourhood of the boundary G is called a generalised 
solution of the elliptic equation 


fu 
k k 
Ox,' ee Ox, 


SS JX os eign Xs) 


(R) 
Ak, ... Rn (X15 oer? x,) 
ose, +. e -+tRapsm 


(37.7) 
Here, 


Moy= Li- ae 
l @ee n 


k=0 Ry t...p+kp=ek 


It turns out that every generalised solution of the elliptic 
equation (37.7) inthe region G possesses continuous deriva- 
tives of the first m orders and satisfied this equationin the 
ordinary sense if in the region G the function / has conti- 
nuous derivatives of the first 2[n/2] orders and the coef- 


ficients AY. k, Of the kth derivatives in equation (37.7) 
have continuous derivatives of the first &-+-2[»n /2] orders 
(for k=O, 1, ..., Mm). 

The smoother the coefficients in equation (37.7), the 
smoother will be the solution of the equation. In particular, 
if all the coefficients A}’...%. and the function f have 
continuous derivatives of every order in G, then every 
generalised solution of equation (37.7) will also have deri- 
vatives of every order. 

A partial differential equation every generalised solution 
of which possesses derivatives of every order is said to be 
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hypoelliptic. Obviously, every linear elliptic equation with 
infinitely differentiable coefficients is hypoelliptic. An ex- 
ample of an equation that is hypoelliptic but not elliptic is 
the heat-flow equation (see Chapter IV). Sufficient (and in 
the case of equations with constant coefficients, necessary) 
conditions for hypoellipticity have been found by Hor- 
mander*. 


14, Just as the Dirichlet problem was a characteristic 
boundary-value problem for Laplace’s equation, the problem 
of finding a solution u of the ‘semi-harmonic’ equation 


Pied ot Qe? af 2 a ‘oka m 0 
A W= (sa ax? oe) Eom 


inside some region G from its values and the values of its 
first m—1 normal derivatives on the boundary of G is a 
characteristic boundary-value problem for this equation. 
Certain important problems in the theory of elasticity lead 
to this problem with m=2 and n=2 or 3. The existence 
and uniqueness of an ordinary solution to this problem are 
proven under the assumption of sufficient smoothness ofthe 
boundary of the region G andofthe functions givenon it. For 

=2 and”2=2, it is sufficient to require that the region 
G be bounded by a finite number of closed curves the co- 
ordinates of each of which are three times continuously dif- 
ferentiable functions of the arc length and that the functions 
given on the curves and their first derivatives be continuous 
along the arc. S.L. Sobolev proved the existence andunique- 
ness of an ordinary solution of this problem under quite 
general assumptions concerning the boundary of G. He as- 
sumed that this boundary consists of several pieces of dif- 
ferent dimensionality. It then turned out that on a piece of 
dimensionality “—r, the values of the function 4 and its 
first m - [r/2] - 1 derivatives must be given. 

Sobolev’s solution can be generalised in the sense that the 
function 4 and its derivatives do not necessarily assume the 
given values at all boundary points but only ‘in mean’. (For 
a precise definition of ‘in mean’ as usedhere, see the book 
by Sobolev Nekororye primeneniya funktsional’nogo analiza 
v matematicheskoi fizike (Certain applications of functional 


od HORMANDER, Communications on pure and applied mathematics, 11, 
No. 1, 197-218 (1958). 
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15, For a certain class of linear elliptic systems known as 
strongly elliptic systems, Vishik* has investigated the ques- 
tion of the solvability of boundary-value problems analogous 
to the first and second boundary-value problems for a 
second-order elliptic equation. (In particular, this class in- 
cludes a linear elliptic equation of the general form (37.7).) 
Just aS in the case of equation (37.3), it turns out that either 
such a problem has a unique solution for arbitrary given 
boundary functions and the right members of the system 
or the solution is not unique and for the existence of a solu- 
tion it is necessary that a finite number of conditions be 
satisfied for the boundary functions and right members. 
Sufficient conditions for the existence and uniqueness of a 
solution to the first and second boundary-value problems 
that the coefficients of the system must satisfy have been 
found. We note that just as in the case of equation (37.3), 
for strongly elliptic systems a solution to the first boundary- 
value problem always exists and is unique in sufficiently 
small neighbourhoods. 

As is shown by certain examples exhibited by A.V. Bitsadze 
as far back as 1948, the first boundary-value problem with 
homogeneous boundary conditions for an elliptic system 
with two independent variables can have an infinite number 
of linearly independent solutions in an arbitrarily small 
circle** In recent years, anumber of interesting results have 
been obtained concerning the existence and uniqueness of 
solutions to the boundary-value problems for general elliptic 
systems with many independent variablest. 
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Chapter 4 


Parabolic equations 


388. THE FIRST BOUNDARY-VALUE PROBLEM. THE 
EXTREME-VALUE THEOREM 


i, As the simplest example of a parabolic equation, let us 
consider the heat-flow equation 


= = = 


The basic properties of the solutions to this equation do not 
depend on ”. For simplicity, we shall confine ourselves to 
a consideration of the case el 

Parabolic equations are most frequently encountered in the 
study of the processes of heat flow and diffusion (see Sec- 
tion 1). 

The following is a typical boundary-value problem for a 


Fig. 18 
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parabolic equation, Let us denote by G thecurvilinear quad-~ 
rilateral in the tx -plane bounded by the linesegments / =f, 
and t==T (where 7>1,) and the curves x=¢9, (f) and 
x==y,(t), where 9, and », are continuous functions and 
y, (t) >, (t)for t, <t<T (see Fig. 18). We denote by r 
that portion of the region G consisting of the line segment 
¢ == t, and the two curves x = 9, (f) and x=, (f). (In Fig.18, 
this portion of the boundary is indicated by the heavy lines.) 

We need to find a function u(t, x) that is continuous in the 
region G and on its boundary and thatsatisfies inside G the 
equation 


Ou Ou 
a7 33 (38.1) 
and that assumes on [I the values of a continuous function / 
given on I. 

In the theory of equation (38.1), this problem plays the 
same fundamental role that the Dirichlet problem plays in 
the theory of Laplace’s equation. Itis called the first bound- 
ary-value problem for the heat-flow equation. In the case in 
which the region G is a rectangle Q:0<C x</, O<I<T, 
the problem, for example, of finding the temperatureu (ft, x) 
in a thermally isolated rod when we know its initial tem- 
perature at t=0 and we know the temperature at the ends 
of the rod at all subsequent instants leads to the first bound- 
ary-value problem for the heat-flow equation. In solving this 
problem, it is significant that we are seeking a solution for 
t>0. As we shall show later, the analogous problem for 
negative values of ¢ has in general no solution. In contrast 
with the equation for a vibrating string (20.1), equation 
(38.1) changes significantly when we replace ¢ with -t. 
This is a typical equation of an irreversible process. 

In what follows, we shall consider only continuous solu- 
tions of the heat-flow equation without always making speci- 
fic mention of the point. 


2. The extreme-value theorem and its corollaries. 


Theorem. Every solution u(t, x) of the heat-flow equation 
(38.1) that is defined and continuous in the curvilinear 
quadrilateral G and on its boundary assumes a largest 
and a smallest value on the boundary I’, that is, either 


on the lower base of the curvilinear quadrilateral 
or on its lateral sides. 
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Since the theorem as applied to a minimum is reduced to 
the theorem as applied to a maximum by a change of sign 
of uw, we shall confine ourselves to proving it only as re- 
gards to maximum, 

The method of proof is analogous to the method of I.I. 
Privalov for proving the extreme-value theorem for har- 
monic functionsf. We denote by M the maximum ofthe func- 
tion u(f, x) in GUT and we denote by ™ the maximum of 
the values of u(t, x) on I’. Let us suppose that there exists 
a solution u for which M>~™m, that is, we assume that the 
theorem is not true for a maximum. Suppose that this 
function assumes the value ™ at a point (¢*, x«*), where 
t* >t, and 9, ({*)< x* <9, (*). 

Consider the function 


v (i, x)=u(t ’ je aa = (x — x*)*, 
where / is equal to max 9, (t)— min 4g, (2). 
tb<t<T iptey 


On the lateral sides of G and on its lower base, 


ta 4 im = OM, 


where 0 <_ §< l,and 
Ut", x7) == M1. 


Consequently, u(t, x), like u(f, «)does not assume a maxi- 
mum value either on the lower base of G or on its lateral 
sides. Suppose that v(t, x) assumes its maximum value at 
a point (/,, x,),where ?t, >?, and 9, (t,)< x, ¥, (f,).At this 

07u Ou 
point = 0 and a7 
to 0 at that point. On the other hand, if ¢t,==/, we have 
Ov 
aa 


>0. (If t, <7, then ae must be equal 


> 0.) Therefore, at the point (f,, «,) we have 


SEO (38,2) 
On the other hand, 


Ou Gu Ou O7u M —%m 


NT TS 


Ot Ox? Ot Ox? 7 po = <0, 
+ See Matem. sbornik, 32, 464-471 (1925). 
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which contradicts (38.2). 

Corollaries. (1) The solution of the first boundary-value 
problem in a curvilinear quadrilateral G is unique. This 
is true because the difference between two solutions is 
equal to zero on the lower base and on the lateral sides of 
G and, on the basis of the extreme-value theorem, is identi- 
cally equal to zero. 

(2) The solution of the first boundary-value problem for 
the heat-flow equation depends continuously on the functions 
given on the lateral sides andon the lower base of the curvi- 
linear quadrilateral G. This also follows from the fact that 
the difference between two solutions 4, and u, of equation 
(38.1) in the curvilinear quadrilateral G has its greatest 
and lowest values on the lower base or on the lateral sides 
of G. 

Problem 1. Prove the following strengthened extreme- 
value theorem: a nonconstant solution u(t, x) of the heat- 
flow equation (38.1) that is defined and continuous ina 
closed curvilinear quadrilateral G cannot have its greatest 
or lowest value at any interior point ofthe upper base of G. 

2. Show that if a nonconstant function u(t, x) thatis conti- 
nuous in the closed rectangle{f, <t< 7, X,<«< X,}satis- 
fies within this rectangle the heat- flow equation (38. 1) and 
the inequalityu (t, x) u(7, X,)(oru(t, «) u(T, X,) and if 


Ou 
the derivative ax exists at the point (7, X,)(resp.(7, X,)), 


then 2 se > Oat (7, X,) (resp, 5 5 <0 at (7, X ). 


3. Prove the uniqueness bi a solution u(t, x) to the heat- 
flow equation (38.1) that is continuous and has a continuous 


. eee 0 
first partial derivative with respect to = in the rectangle 


{4<t< I, X<sx< X,} and that satisfies the following 
conditions: 


u(0, x)= (x), 5 —a, (fhu= ¥, (f) 
at x= X,, and 
0 
74, (U= gy, (2) 


at x= X,,where a, and a, are given continuous nonnegative 


functions of tf. 
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39. SOLUTION OF THE FIRST BOUNDARY-VALUE PROBLEM 
FOR A RECTANGLE BY THE FOURIER METHOD 


For the rectangle Q: 
Ox x</l, Ota’, 


the first boundary-value problem can be worded as follows: 
Find a function u(t, x)that is continuous in Q and that 
satisfies equation (38.1) in the interior of Q, the initial 
condition 


u(O, x)= 9 (x) 


and the boundary conditions 


u(t, O=/, (4), ult, N=, (A), 
(39,1) 


(O<t<7). 


on the boundary of Q. Here, it is assumed that the functions 
o(x), 7, (f), and f/f, (t) are continuous and thaty(0)=/f, (0), 
and » (/) =f, (0). 

Since equation (38.1) remains unchanged when we replace 
f with t-+7, and x with x-+-x,, everything that we shall 
say with regard to the rectangie Q will remain valid for 
every other rectangle with sides parallel to the x- and 
t-axes. 

In this section, we shall prove the existence of a solution 
to the first boundary-value problem for the rectangle Q by 
the Fourier method. 

The basic defect in this method consists in the fact that 
it is directly applicable only to a problem with the homo- 
geneous boundary conditions u(?, 0)==0,u(t, /) = Oalthough 
the existence of a Solution to the first boundary-value pro- 
blem can be proven by another method for arbitrary 

u(t, O)=/f, (t) and u(t, /)=/f, (¢t) that satisfy the condition 
stated above. However, if we know how to find any solution 
u(t, x)at all to equation (38.1) that satisfies some definite 
boundary conditions v(t, 0)=/f, (f) and v(t, /)=/f, (t), we can 
apply the Fourier method to solving this equation for an 
arbitrary given initial conditionu(0, x)= (x)and for these 
boundary conditions u (ft, O)=f, (t) and u(t, /) =f, (t). To do 
this, all that we need to do is to find by me Cems method 
a solution u*(t, x) of equation (38.1) satisfying the initial 
condition u* (0, x)==9(x)—v (0, x) and the homogeneous 
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boundary conditions u*(t, 0)==0 and u*(t, /)=0. Once 
u*(t, x) is found, the function 


u(t, x)==u* (t, x)+v(t, x) 


will be the solution to the original problem. 

The existence of a solution to the first boundary-value 
problem in the general case will be proven by the method 
of nets in Section 42. 

Let us seek a solution in Q to equation (38.1) that satis~ 
fies the following conditions: u(0, x)—=(x),where (x) is 
a continuously differentiable function that vanishes at x —0 
and x==/;u(t, O)=u(t, 4) =Ofor 0O<t=<7T. 

In a manner analogous to what was done in solving the 
mixed problem for a hyperbolic equation, we shall seek a 
function u(t, x) in the form of a series 


CO 
u(t, n= 2 T, (t) X, (x), (39.2) 
= 1 
in which each term satisfies the heat-flow equation and 
vanishes at x=0O and x=J/. The conditions must then be 
such that 
T(t) X4 (x) : 
7X, — 
X, (0) =X, (J) =0. (39.4) 


Here, the —)z denote certain constants. That they must be 
negative is proven just as in Section 20. From equations 
(39.3) and conditions (39.4), we find 


X, (x) = A, cos hx -+- B, sin h,x; A, =0; 1, — Aan, 
wherek=1l1, 2, ... Thus, 


. RT 


When we substitute the value of i, that we have found into 
equation (39.3), we obtain 


R3n3 


ee 


T, (t) = Bye e 


) 
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where the B; are constants. Therefore, 


oO k2x2 
oe aa 
u(t, x)= Dd) Ce? sin“ x, (39.5) 
| re | 


Here, the C, are constants. They are determined from the 
initial condition 


= ee 
u(O, x)= (x) = a Cy sin — x. (39.6) 
kR=1 


Since we haveassumedthat (x) is acontinuously differenti- 
able function that vanishes at x =0 and x==/, the coeffici- 
ents C, can be determined from Fourier’s formulas. They 
are bounded. The series (39.6) with these coefficients con- 
verges uniformly and absolutelyto 4 (x), as we know from the 
theory of trigonometric series, since 


2x2 


O0<e @' <1, 


for t=Othe series (39.5) also converges absolutely and 
uniformly for f= 0. Therefore, the function u(t, x) defined 
by this series is continuous in the rectangle Q:0< x </; 
O0<t<T,and it assumes the given values on its lower 
base and its lateral sides. It remains to show that within 
Q and on its upper base, this function satisfies the heat- 
flow equation. To show this, it will be sufficient to show 
that the series obtained from (39.5) by differentiating 
termwise once with respect to # and that obtained by 
differentiating termwise twice with respect to * also con- 
verge absolutely and uniformly for tt, >0 for every 
t, > 0. But this last assertion follows from the fact that, 
for every positive f, 


ktx2 
ead is eo 
R°n : 


to 
12 € <i, 


if X is sufficiently great. 

In just the same way, we canprove that the function u (f, ~x) 
has continuous derivatives of all orders with respect to x 
and t fort >0O By using this fact, we can easily show that, 
keeping the original zero conditions at x==0Q and x=l,we 
cannot in general extend the function 4(ft, x) that we have 
just constructed to negative values of f in such a way that 
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it will satisfy equation (38.1). For this, if is necessary that 

g(x) have derivatives of all orders. If such an extension 
eae possible, we would obtain a solution to the heat- flow 
equation in some rectangle Q, 


Oc<xcl —e<t<0, 


that vanishes for x=0 andx=—/. If oe, x)is conti- 


nuous for 0 <x </, we can, by applying the same reasoning 


to this rectangle that we did above for Q,show that the func- 
tion u(0, x), that is, g(x), must have derivatives of all 


orders. (It can be shown that the assumption that - (— €, x) 


is continuous at x =0 and x=/ is not essential). 

Even if the functionu (0, x) ==9(x)is such that the first 
boundary-value problem can be solved foritinthe rectangle 
Q, under zero conditions at the ends ofthe interval (0, 7) and 
the initial condition u(0, x)= g(x),it will be possible to 
change this solution by an arbitrarily great amount for 
arbitrarily small negative values of ¢t by changing the func- 
tion (x) and its derivatives of arbitrary fixed order k by 
an arbitrarily small amount. For this, as is easily shown, 
it is sufficient to add to the original solution any term with 
sufficiently great index in the series (39.5) with an arbi- 
trarily small constant coefficient. Therefore, whereas the 
first boundary-value problem for the heat-flow equation is 
correctly stated for positive values of ¢, it is incorrectly 
stated for negative ¢ if the initial conditions apply to t=—=0 
(see Section 8). Here, we see again the lack of symmetry 
between positive and negative values of ¢ for the heat-flow 
equation (38.1). 

Problem. Show that the solution u(t, x) of the first bound- 
ary-value problem for the half-plane {O<x</,0<t< oo} 
under the conditions u (0, x)= 9 (x), u(t, 0) == 0 andu (ft, = 0 
approaches 0 uniformly with respect to x ast—+ oo 


40. THE CAUCHY PROBLEM 


1. Statement of the problem. Determine the function 
u(t, x) that is continuous and bounded for t= 0, that satis- 
fies the heat-flow equation (38.1) for t>0, and whose 
values for t=O represent a given continuous bounded func- 
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tions 9(x) defined for all real values of x. 

The problem of the flow of heat in an infinitely long 
thermally insulated rod, for example, leads to this pro- 
blem. 


2. The extreme-value theorem for a strip and its 
corollaries. Every solution u(t, «) ofequation (38.1) that 
is continuous and bounded in the strip 


S{0<t<T<w,—~wo <r < ov}, 
satisfies the inequalities 
M>u(t, x) =m 


where Mi = sup u(O, x), m= inf u(O, x). 
-OM CXL @D —-O< xX << O 


everywhere in this strip. 
Let us show thatu(t, x) < M(Proof of the second assertion 
leads to the first when we make a change in the sign of uw.) 
Suppose that € is any positive number. Let us show that 
u(t,, x,)<M-—+-e at an arbitrary point (t,, x,) of the strip S. 
Consider the function w(t, x) = 2t-+ x’,which is a solution 
of equation (38.1). Let us set Mash u(t, x)|. The function 


ew (¢, x) 
w (t,, Xo) 


+ M—u(t, x), 


which satisfies equation (38.1) everywhere in S is non- 
negative for ¢=0 and for 


(V — M)w(e,, Xo) 1 | | 
01? 


|xp= : 


since, for this value of | +] 


ew (t, x) ex? 


—_—_— > N— M. 
W(t, Xp)  W (Ly, Xo) ~ 


From the extreme-value theorem for a bounded region (see 
subsection 2 of Section 38), this function must be nonnegative 
everywhere inside the rectangle 

(V — sil wW (f,, Xo) 


jo<t<T,|x|< +1 ol}, 
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in which the point (¢,, x,) lies. Consequently, in this rectangle 


ew (f, xX) 
(t5, %)’ 


u(t, x)<=M + = 


so that 
u (f,, x, )=M-e. 


Since the point (¢,, x,) andthenumber ¢ arearbitrary, it fol- 
lows from the last inequality that u(t, x.) < M everywhere in 
the stripS. 

Corollaries. (1) A bounded solution to the Cauchy problem 
for equation (38.1) in the strip S is unique. 

(2) The solution to the Cauchy problem for equation (38.1) 
in the class of bounded functions depends continuosly on the 
initial condition given for t=0. 

These assertions follow from the fact that the difference 
between two bounded solutions uw, and u, of equation (38.1) 
in the strip S does not exceed in ‘absolute value 


sup =—s_ | uw, (0, x) —u, (0, x)]. 
-OM <x <@ 

Remark: We have shown that the solution to the Cauchy 
problem in the class of bounded functions in unique. The 
following stronger assertion is also true: 

Suppose that 


F (x)= max [4 (t, x) |. 
o<ts 

If u(t, x) satisfies equation (38.1) fort>0, if u(0, x) =0 
for —oo<x< -+ oo and if a constant C exists such that 


J (x) e~ * —+ 0 when | x | —>+ 00, 


then u(t, x)= 0. 

This assertion is easily proven (we leave this to the reader) 
in the Same way as we proved the uniqueness of the problem 
in question in the class of bounded functions if, instead of the 
function w (f, x), we consider the function 


W = 8 (C+ 1)*t eft (C+1)+ (C+ 2)) 27, 


which is positive for t>0 and satisfies the condition 
ow ow 
af a= 0 for sufficiently small ¢. For functions satisfy- 
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2 
ing the condition a ae, the theorem on minima is 
valid. 

A.N. Tikhonov* has exhibited solutions to equation (38.1) 
for arbitrary ¢ > 0 that are not identically equal to zero but 
for which u (0, x) =0 for-—00 << x << + coand f(x) e7 T° 0 
for |x|—> oo. 


3, Let us show that the solution to our problem is given by 
the formulae 
(x—$)? 


u(t, x)= vz) oe st d& when t > 0, (40.1) 


2Vn 


u(O, x)= 9 (x). (40.2) 


The integral in (40.1) is called Poisson’s integral. 

It is easy to verify that the integral (40.1) converges for all 
positive values of ¢. Similarly, it is easy to verify that the 
integrals obtained from (40.1) by differentiating under the 
integral signwithrespectto f and x arbitrarily many times 
converge. Furthermore, all these integrals converge uni- 
formly in a neighbourhood of an arbitrary point (f, x) if 
t>0O.From this it follows that for t>0O, there exists a 
function u(t, x) defined by formula (40.1) that has derivatives 
with respect to ¢ and to x of all orders. Since the integrand 
satisfies equation (38.1) for positive values of ¢, it follows 
that the function u(t, x) itself satisfies this equation for 
positive values of ¢. 

Let us show that the function u(t, x) defined by formula 
(40.1) is bounded for t > 0. Note that if 


es ~ eee wo! ? *) : 
we have : 
(x — &)? 
| u(t, | <—— | Moos a= | e-~Vdyn=M 
2Va J Ve Vad 


It remains to show that the function u(t, x) that we have 
defined is continuous for t=0, that is, that, for every x,, 


* Matem. sbornik, 42:2, 199-216 (1935). 
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i eo) » (E) _ (x ~§) 
2Van Jove 5S — (xo) 


if t and|x—x,|are sufficiently small. Note first of all that 
for this it will be sufficient for us to show that 


< &, (40.3) 


(x ~&)? 


ya Jee Fd—o(x|< (40.4) 


for sufficiently small ¢ andarbitrary x insomeneighbour- 
hood of the point x, since |y(x)—9(x,)|is small when 
|x—x,| is sufficiently small (because of the continuity of 
the function (x). 

To prove (40.4), we rewrite Poisson’s integral (40.1), 
setting 


=x+2Ytt, 


so that we have 


1 Lo @) 
— o(x + 2 ttye-¥deé 
Fe} ou +2VF 
and we note that 


9(x) = \¢ (x) e-* dé. 


Since ¥(x) is bounded, the integrals 


—N —N 
| gie+2V feat; | g(xye-*at; 


Joie 2Vitve-*de; | g(xye-*ae 
N N 


can be made arbitrarily small in absolute value for suffici- 
ently large N and arbitrary x. Therefore, for sufficiently 
large N and arbitrary x the following approximations are 
arbitrarily accurate: 


N 
u(t, x) > oF | g(x +2) ttye- ade, 
<N 
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and 
: N 
O(x) = Vx J? (x)e-* de, 


But for sufficiently small ¢ and arbitrary x insomeneigh- 
bourhood ofthepoint x,, the right members of these approxi- 
mations are arbitrarily close to each other because of the 
continuity of ¢ (x). Inequality (40.4) then follows. 


4, Thus, we have shown that the solution given by equations 
(40.1) and (40.2) is the only bounded solution of the problem 
posed at the beginning of the present section. 

In particular, it follows from these formulae that if ¢ (x) 
is equal to zero everywhere except for an arbitrarily small 
interval of values of x on which it is positive, the solution 
u(t, x) will be positive for all values of ¥ and any fixed 
positive value of t. From this follows the paradoxical as- 
sertion that heat flows in a rod with infinite speed. Of 
course, this is physically impossible. However, such a 
conclusion follows inexorably if we assume that the flow 
of heat in a rod is exactly described by equation (38.1). 
Obviously, the hypotheses taken in oun derivation of this 
equation are not borne out exactly in experiment. 

However, experiment shows that equation (38.1) does give 
a sufficiently good approximate description of the actual 
physical process of heat flow. 

Problem 1. Suppose that u(t, x) is a bounded solution of 
the Cauchy problem for the heat-flow equation (38.1) in 
the half-plane ¢ > 0. Show that, for arbitrary x, 


lim u(t, x) ==" Z 
t+ @ 2 


lim u(O, x)==a and lim u(0, x)=. 
x > —@ Xx >+0 


2. Show that the Cauchy problem for the heat-flow equa- 


tion (38.1) with an initial condition given for t=0O is cor- 
rectly stated in an arbitrary strip 


aa ee — 0 <x < ool. 


300 Partial differential equations 


41. SUMMARY OF SOME MORE EXTENSIVE INVESTIGATIONS 
OF PARABOLIC EQUATIONS 


1. The existence and uniqueness of solutions to the first 
boundary-value problem for the equation 


Ou 0*u 07u 41.1 


have been proven for arbitrary n. This problem is formulated 
in the simplest case as follows: 

We are seeking a continuous function u(t, x,, ..., x,) that 
is defined on a closed region G bounded “above” and “below” 
by portions of the hyperplanes f==0 and t==7 and on the 
sides by one or several surfaces with a continuously turning 
tangent hyperplane that nowhere intersects the f-axis. The 
function u must satisfy equation (41.1) within G and must 
coincide with some function / given on the lateral surface 
S and on the lower base t=0O. This function is assumed to 
be continuous on the entire closed set on which it is de- 
fined. The uniqueness of the solution of the problem and its 
continuous dependence on the function / are proven in the 
Same way as this was done in Section 38. 

The first boundary-value problem can also be posed for 
regions of a more general form. Conditions have been 
found that must be satisfied by the boundary of the region 
in order for the first boundary-value problem to have a 
solution*. 


2, The linear second-order parabolic equation with two in- 
dependent variables 


Oo c 
FHA x) S24 Bit, x) B40, yu Dit, x), (41.2) 


where A, 8, C,and D are bounded functions and A(t, x) 
>a >O0can, by the substitution u=ve*', be transformed to 
the form 


OU O7u 0 
oA *) Sa +Blt, x) +, (4, x) 0 +D, lt, x). (41.3) 


Here, C,==C—K and D, = De-*t. Let us assume that 


* PETROVSKH, I.G., Compositio Mathematica, 1:3, 383-419 (1935). 
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K>M, == sup Cir, x) |; 
Then, 


CU, *)= MK <0. 


Suppose that the function v(?, x) satisfies equation (41.3) 
within a curvilinear quadrilateral G bounded by the straight 
line segments ¢=-0 and ¢t=T and by the curves «=—y, (¢) 
and x= , (t)(where 9, (4) << ¥, (¢)),and that it coincides with 
some continuous function f on the lower base and on the 
lateral sides of G. Then, everywhere in G, we have 


|u(t, x) | << max 1M, 7a (41.4) 


where M==max|f| and M,=sup|D/(t, x)|. 
This is true because, if v(t, x) assumes its greatest posi- 


tive value at some point lying either on the upper surface 
Pia ak Ou Ou o?u 
of or within G, then 5,>0, ay = 9 je SO, and C\v<0 


at that point. From equation (41.3) we know that in 


this case maxv(t, x)< poe .On the other hand, if vas- 
1 


sumes its largest value on the lower base or on the lateral 
surface of G, we shall have v< M everywhere in G. Thus 


M 
U= max «Vs. 


Analogously, we can show that 


M, 
v > —max 4M, Raw ‘ 
For the function u—=ve*' satisfying equation (41.3) within 
G, we obtain from (41.4) the inequality 


|u(¢, x) | < max Met”, coe} 
1 


which is a generalisation of the extreme-value theorem (see 
Section 38). 

An analogous assertion holds for solutions u(t, x,, ...,x,) 
of the parabolic equation 
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é - a ou 
— >. Ajj (f, Xiyse sn) Sede, + 2a Bill Xa ee Xn) dx. 
Oe he | = 
+ C(t, x,,...,*,)u+D(t, x,, 22+, X,), (41.5) 
where the form 
2 Ay (Do aoe ee 


is positive definite at all points of the region in question. 


3. The first boundary-value problem for the parabolic equa-~ 
tion (41.5) in a region G bounded by portions of the hyper- 
planes t==0 and ¢=T and by the surface S has a unique 
solution for an arbitrary continuous function f givenon S 
for t=0 if (1) the coefficients A;,, B;,, C and D satisfy a 
Holder’condition in the region G and (2) every point P of the 
surface S touches a sphere withcentre Q at points of which 
except P lie outside G and the straight line QP isnot par- 
allel to the ¢t-axes**, 


4, Consider the quasilinear second-order parabolic equation 
with two independent variables 


2 
oH gy x, u) S44 Bie, x, it) + CK, x, ut), 


where A, 8, and C have continuous derivatives of suffici- 
ently high orders, where A(t, x, u) >a >Oand Cy (t, x, u)<e 
(here, a and ¢ are constants). The existence anduniqueness 
of a solution to the first boundary-value problem in an 
arbitrary rectangle {O<?¢<7, O<x</}, and also the 
existence and uniqueness of a bounded solution to the Cauchy 
problem in an arbitrary strip {(O<t<T, —wcxc oo } 
have been proven for this equation. These problems have 
also been studied for quasilinear parabolic equations with a 


* See footnote Section 37, subsection 2. 


** FRIEDMAN, Journal of Mathematics and Mechanics, 7, No. 5, 771- 
791 (1958). 
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sreater number of independent variables*, 


Oo. The system of linear equations 


N 
Ou; ‘ k o*y 
Pye » Aye ae Xap ee ey Ly) pe 
J=10S ky +... 4+ hn S 2m Oxs'...0x," 


F(t, Xj) -02, 4%) (2 1,..2,N) (41.6) 


is said to be parabolic at the point (t!, x0,..., x )if for 


arbitrary real numbers a,,..., 4, the sum of the squares of 
which is equal to 1, all the roots i,, ..., \w of the deter- 
minant 


Rosca he ) R, 
1 Pee e a= 


have negative real parts. 

For parabolic systems, the Cauchy problem is correctly 
stated for positive ¢ in the class of bounded functions with 
sufficiently smooth initial conditions for t=0. Correctness 
of the statement of the problem is maintained in the class 
of functions that increase as x;+...-++,;—+00 no faster 
than 


( xf+ +x; )em 1 
e LA ee n 
+] 


where 2__sis the order of the system. 

If all the coefficients A{':::*” and F,; of the parabolic 
system (41.6) are analytic with respect to the arguments 
X,, .+-, *, all sufficiently smooth solutions of this system are 


also analytic with respect to x,, ..., x, 


* See Mathematics in the USSR in the last forty years, 1, FIZMATGIZ 
604-628 (1959). 


T See the preceding footnote. 
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42. SOLUTION OF THE FIRST BOUNDARY-VALUE 
PROBLEM FOR HEAT-FLOW EQUATION 
USING NETS 


1. We shall prove the existence of a solution to the first 
boundary-value problem for equation (38.1) by the method of 
nets. This proof will also indicate a method of constructing 
an approximate solution of the problem. 

Let us denote by GCG the region bounded by the straight line 
segments {t—t, and t=T (where T>t,) and the curves 
x=, (t) andx =g, (f).It is assumed that 9, (¢) and 9%, (/) are 
continuous and that 9, (¢) <9, (f)for?, <t< 7.We denote by 
[the lower base (t= 1?,) and the lateral sides(x=—g, (¢), 
x=, (t),and ‘, <¢<7) of the curvilinear quadrilateral G. 
We are seeking a solution to equation (38.1) in OG that will 
be continuous in G and on its boundary andthatwill assume 
on I’ the values of a continuous function /. For the first 
boundary~value problem to be solvable, the function gy, (t) 
and 4, (f) must satisfy certain supplementary conditions, 
which we shall state below. 

On the tx-plane containing the region G, let us draw two 
families (a net) of lines parallel to the coordinate axes: 


X==mh, t=t,-+-kh, 


where f is some positive number and m and & assume 
successive integral values, so that the entire region G is 
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covered by squares of side h. We shall call the corners of 
these squares nodes or nodal points of the net that we have 
constructed. 

Let us denote by G, the set of those squares that belong 
entirely toG UIT.Wedenoteby I, the set ofall these squares 
belonging to G, at least one corner of which belongs to the 
boundary of G, except the interior squares of the top layer 
(that is, except the squares at least one corner of which have 
the maximum ¢f-coordinate ofpointsin G, and whose lateral 
edges do not belong to the boundary of G,.We denote by G, 
the nodal points belonging to G,—TI, (see Fig. 19). 

In each node of I, we define a function f, that is equal 
to the value of the fener ion f at the point of I closest to 


Fig. 19 


that node or at one of these points if there are several of 
them. Let us compare equation (38.1) with the following dif- 
ference equation*: 


u(t,x)—u(t—A,x)_ ult,x +h) — Qu (t,x) + ult 
a 


We shall seek a function 4, defined at the nodal points G, 
that satisfies equation (42.1) at the nodes (/,x+)in G, and 
that coincides with /, at the nodal points of the I,. Let 
us show that a unique function u, exists satisfying these 
conditions. 


") (42.1) 


2. Lemma. A function u, defined at the nodes G, and 
satisfying equation (42.1) at the nodal points (f, x) in 
G, has maximum and minimum values at the nodal 
points of [,. 


Proof: Let us assume that the function uw, assumes at 


* If the function u(t, x) has derivatives du/dt and 0?u/dx? at the point 
(t, x), equation (42.1) becomes equation (38.1) when we pass to the 
limit as b> 0. 
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certain nodes of G, values of u, at the nodal points of Le 
In this case, there is a nodal point (¢,,x,)in G, at which 
u, assumes its greatest value; also, at least one of the 
adjacent points, the value of u, is less than u, (¢,, x,). By 
adjacent points to (t,,*,), we mean the nodal points 


(f, —h, ce (¢,, x, +h), (Z,, x, —h). 


If u, (t, —h,x,)<u,(t,, X,), the left side of equation (42.1) will 
be positive at the point (f,, x,) and the right side will be non-~- 
positive. This leads us to a contradiction since equation 
(42.1) must be satisfied at the point (?,, x,). Similarly, we 
shall arrive at a contradiction if we assume that 


Uy, (ft, x, Fh) < Up, (t,, x,) 
Up, (f,, x, —h) <u, (f,, x,). 


In an analogous manner, we can prove that u, cannot as- 
sume values in G, that are smaller than the smallest value 
of u, on [,. 

By using this lemma, let us show that for an arbitrary 
function /, given at the nodes of r,, there exists a unique 
function u, satisfying equation (42.1) at the nodal points 
G, and coinciding with /, on I,. The values of u, at the 
nodal points of G, satisfy the linear algebraic system of 
equations that we obtain by writing equation (42.1) for each 
nodal point (f, x) in G,. The number of equations of such a 
system will be equal to the number of unknowns 4u,. The 
determinant of this system will be nonzero since the cor- 
responding homogeneous system obtained by setting /, —0 
at all the nodal points [,, has only atrivial solution (because 
of the above lemma). Consequently, the function 4, is uni- 
quely defined. 


or 


3, We introduce the following notations: 


__ ult, x) —u(t — A, x) _ ul(f,x+h) —u (CE, x) 
Cp a a ge 


_ ult,x) —u(t, x — A) 
Sees 
In these notations, equation (42.1) takes the form 


of Sa (42.2) 
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1 n 
Suppose that 4,5, and u,z,—u" (forn=1,2,...).Weshall 


prove the existence of a solution to the first boundary-value 
problem in the following manner. First, we shall show that 


each function in the families {#”}, {u>\, {a -} given on the 


nets can be extended to all points of the region G in such a 
way that in an arbitrary subregion G* whose closure is 


contained in G, the families of functions {u”}, (u-3 and (uw, -} 


xx 


will be uniformly bounded and equicontinuous. Then, by apply- 
ing Arzela’s theoremt, we shall show that the sequence {u"} 
contains a subsequence (u*} that converges uniformly G to 
some function “(f, x) in each region G* whose closure is 


contained in G. Here, the sequence {u;\ converges to ES , and 
{4 -} converges to a Taking the limitas 4, —- 0 inequa- 
tion (42.2), we see that the limiting function 4 (f, x) satisfies 
equation (38.1) in G. 

Finally, with the aid ofbarrier functions, we can show just 
as was done in Section 31 that the limiting function u(¢, x) is 
continuous in GU [and that it assumes on I the values of 
the given continuous function /. By using the uniqueness of 
the solution of the first boundary-value problem, we can 
show that not only the subsequence {4"} but alsoevery other 
sequence (u”"} converges to u(t, x) and consequently, that the 
solutions Yn, of equation (42.1) represent the solution of 
the corresponding first boundary-value problem with an arbi- 
trary degree of accuracy provided h/, is sufficiently small. 


4, It follows from the lemma of subsection 2 that |z”| 
<max|/| for arbitrary 7, Letus show that uniform bounded- 
ness of the family {u”} in G implies uniform boundedness 


of the family {u,} in every region G* whose closure is 
contained in the boundary of G. 

Here, it will be sufficient for us to show that this assertion 
is valid for a rectangle Q with sides parallel tothe coordi- 
nate axes since an arbitrary region G* can be covered by a 
finite number of such rectangles belonging to G. 

To get an estimate for uy inQ, we use a device employed 


t PETROVSKH, I.G., Lectures on the theory of ordinary differential 
equations, Gostekhizdat, 40 (1952). 


398 Partial differential equatrons 


by Bernstein for estimating the derivatives of the solution 
of a parabolic equationf. 

Without loss of generality, we may assume that the 
rectangle Q is defined by the inequalities 


[x|<a, O0Ox<t<b 


and that its sides belong to a net beginning with sufficiently 
large n. In the following calculations of this subsection, we 
shall omit, for simplicity of writing, the index 7 of the 
function u”, 

Let us consider the function 


z=u, F+Cv, (42.3) 
at the nodal points of the rectangle Q, where 
F==t (a*—x’)’, v==u" (t, x-h)--u? (t, x —h) +n? (tA, x), 


and C is some positive constant. Let us show that if C is 
sufficiently great, 2 (¢, x) will assume its greatest value either 
at ¢==0 or on the sides x =-+-a of the rectangle Q. It will 
then be easy to obtain an estimate for u,(¢, x). For if 
|u(¢, x)|< Min G, then z<3CM?’ on the evdes 40. and 
x==-+aon the rectangle Q and, consequently, z< 3CM?’ 
everywhere in Q. So that 
2 
<a 


that is, the 4, are uniformly bounded in a rectangle Q* 
lying within Q. 

To show that 2(¢, x) attains its greatest value at ‘0 or 
*=-+ 4,for sufficiently large C, let us calculate the quantity 
L (z) — <= Ss as : 

We shall show that, for sufficiently large C, 
L (z) 20 in Q. 


By use of the same reasoning as we used in proving the 
lemma of subsection 2, we see from this inequality that 
z(t, x) has its largest valueon theboundary t==0 or x=-+La 
of the rectangle Q. 

To calculate Z(z), we use the formula 


ft BERNSTEIN, S.N., Dokl. Akad. Nauk SSSR, 18, No. 7, 385-388 (1938). 
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L (pd) == L (p) + OL () + he; UF + ,b, +95 Pz » (42,4) 


the validity of which is easily established for arbitrary 
functions » and > given on the nets. We have 


L (z) ==uxLl (F) + FL (ux) AF: (wx)t + F, (us), 
+ Fz (uz)z + CL (uv). 
By using formula (42.4), we obtain 
L (uz) = 2u,L (u,) + A(t) + ake + eae + hat, 


since L (u,) =0. 
It is easy to see that 


L (u(t, x +h) = Qu (t, x A) L (u(t, x + A) + uh (t, x +A) 
ub (t, x h) + Aue (¢, x h) 


== ui(t, x +h) ue (t,x + h) + hu (t, «+ h) 
= uy (t, xt h) + uy (ft, x) + hu; (t, x + hy), 


(x). = [4 ey (E+ A) ee 
(ux) = (4, 4, (t, x —A)] ue, 


Consequently, 

L (z)=C [wx (¢, x + A) tus (8, x)--hu- (t, xh) ud(t, «—h) 
+ u(t, x—h)y+ hu (ft, x — h) + uy (t—A, x) ue (t —A, x) 
-} hus (t—h, x)| 4-4, L (F) + Fe [ue — 5 (t — A, x)] 

+F (ute tu hut) +F, fu, +a, (t e+ A) ty, 


ee [u-ta, (t, x —h)| “i. 
Let us estimate the terms - xX 


Fux F, [4,4 (7, x--A)| U es 
Since F = — 2t (2x + A) (a* — x*) + ht (2x + hy’, 
we have Fuax.+F,|u,+4, (¢,*++4A)] 4,, 
=t{(a*—x*) 0,4 — (28+) [ug tay (t, e+ A)]} 
—#(2x-E A)? [u, ug lt, x-E A} 
+ At (2x 4 h)* [au (t,x + A)] a, 
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D> — 1 (2x4 h)* [u, tu, (4, x-+ Ay]? 
+ #(2x + hy)? [ux (t, x + h) — ux] = 
== — ¢ (2x -+- A)? [Quy + Qu,-u, (t, x -L A)] 
S —1t (2x +A)? [8ux + ux (t, x + A)). 
Analogously, we obtain 
Fu Fe fu. tu, (f,«— h)] u 
> — t(2x —h)* [Bux + uy (t, x — hy}. 


By using the last inequalities and the facts that F >0 and 
F-> 0,we obtain 


L(z) > C [ux (t, x-Lh)pug (t, x) uh (t, x — h)-Luy (t{—A, x)] 
LF) ug — FP. us (t — h, x) —t (2x + hy* [Buz us (t, x-LA)] 


— t(2x — hy’ [3u, + ux (t, x — h)] 
==[C— L (F) — 3t (2x + h)* — 3t (2x — hy’) uz 
+ [C—¢t(2x + h)*] ux (t, x+h)+IC —t (2x—h)?] ux (t, x—h) 

+ |C—F.jux(t—h, x). (42.5) 


Obviously, if Cis sufficiently great, all the terms on the 
right side of inequality (42.5) will be nonnegative.(The con- 
stant C can be chosen independently of hk.) Thus, we have 
shown that if the solutions u"(t, x) of equation (42.2) are 
uniformly bounded in G, the functions uy will also be uni- 
formly bounded in every region G* whose closure lies within 
G. Since ut”, u-, and u are also solutions to equation 


: mn mn 

(42.2), we have proven the uniform boundedness of u _—uz_, 
n mn n n xX 

“u__.==u_ and u—__==u~— in an arbitrary region G* whose 
XXX tx XXXX tt 


closure is contained in G. 


5. Let us now show that the functions uw” can be extended 
to the entire region G in such a way that the family {z"} will 
be uniformly bounded and equicontinuous in any region G* 
whose closure is contained in G. 

To do this, we partition each square into triangles with a 
diagonal parallel to the straight line f=vx. In each such 
triangle, we set uw” equal to a linear function that assumes 
at the corners of the triangle the values of u” that were 
determined above. It is easy toseethatthe function 4” con- 
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structed in this way is continuous in Gs,, and that, within 
the triangle and onits sides, it cannot assume values greater 
or less than its values at the vertices of the triangle. At 
points of G that do not belong to G,,, wedefine the function 
u” arbitrarily except that we require that it be continuous 
and bounded in @. 

It follows from the uniform boundedness of wu”? and u- 


in G* that, for the nodal points (t, x) belonging to G*, 
ju" (t,x +h.) —u(t, x)|< Kh 


| a” (t, x) —u"(t—h,, x)| << Kh 


and 


where A does not depend on 7. 

It will be sufficient to prove the equicontinuity of the func- 
tions “” within the rectangle Q belonging to G with sides 
parallel to the coordinate axes since an arbitrary region G* 
whose closure is contained in G can be covered by a finite 
number of rectangles of this form. 

For any two nodal points (¢,, *.) and (#,, *,) in Q, we have 


| 2" (t,, x,) — 4" (t,, x,)| <2KV (t, —#,)’ +-(x, —«x,)’. 


Suppose that (?,, x,) 2nd (¢,, x,) are arbitrary pointsin Q and 


that (f,, x,) and (to, X2) are the nodal points closest to(t,, x,) 
and (¢,, x,) respectively. Because of the way in which the func- 
tion uw” is defined, we have 


| 2” ( (t;, x;) —u" (t;, X;)| <2KA, (f=1, 2). 
for sufficiently large 7. Therefore, for sufficiently large 7, 
| u” (f,, x,) — nu" (t,, x,)| 
<|u"(h, x1) —4"(t,, x,)| + ]u" (4, x2) — a" (t,, ~,)| 
+-|u" (ti, x1) —u" (tz, x2)| 


<4Kh, + 2KY (ti; —ts)’ +(x) — x2)’. (42.6) 


This inequality and the uniform continuity of each of the 
functions uw” in G* imply the equicontinuity of the functions 
u” in Q and, consequently, in G*. 

By applying Arzela’s theorem, we obtain the result that the 
sequence of functions 4” contains a subsequence that con- 
verges uniformly in G*. 

In just the same way, we can show by using the uniform 
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nr n 


boundedness (proven above) of ue ae un. uy ue u—, and u" o> 
that each of the functions u. and u.can be aoe to the 


entire region G in such a way that the families of functions 
{u“} and {u"\ will be uniformly bounded and equicontinuous in 

Therefore, by Arzela’s theorem, an arbitrary infinite set 
of functions u” contains a subsequence {u” } that converges 


uniformly in G* such that the sequences ur and {u”’} cor- 


responding to it also converge uniformly in G*. 
Consider a sequence of regions G,, such that (1) 


Gn Gn +1) 
(2) 


G.==G 


1 


3 
1Mes 


and, (3) the closure ee G. is contained in GCG. Let us choose 


from {u"\} a sequence u"', u’’,...,u'", ..that converges uni- 
formly in G such that the sequences {us} and {u, *\ also 


converge uniformly in G;. From the sequence {u’*} let us 
choose a subsequence 


br TE wis 1A eee (42.7) 


that CoN uniformly in, G, such that the subsequences 


{u2"\ and {42*\ converge in G;, etc. 
a Ber the sequence of functions 
1! 2 RR 
fe NE aon lh ei (42.8) 


It is sae to see that this sequence and the sequences {u**\ 
and {u’. “\ converge atevery pointof the region G and that they 


converge uniformly in every region G* whose closure is con- 
tained in G. We denote by {u**},_ {u~ ‘\ and {ua} the limits 


(in G) of the sequences U (t, x),U(t, x)and Ut, x) respectively. 
Let us show that 


=U, 5 =U and =U. (42.9) 


Suppose that the points (¢,, ) and (f,, x) are nodal points 
of the net for sufficiently small 4,, that ¢, —¢, =/,h,, and 


that the line segment connecting them is ‘contained in G. 
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Then, 
kk ema, 
uw" (t,,x)—u"*(t,, x)= Dy UES (t, — tPggy X) begy 
(=0 
al 
=< 2 Ui, — th,,, x) lipp + Ep, (42.10) 
i= 
where & approaches zero as R—+oo since the sequence 
ue" converges uniformly to U.If we pass to the limit in 
equation (42.10) as R— oo, we obtain 


U(t,, x) —U(t,, x)= § ab. (42.11) 


Since the nodal points form an everywhere dense set in G and 
since the functions U(t, x) and U(t, x) are continuous in G, 
equation (42.11) is valid for arbitrary points (¢,, x) and 
(t,,x) if the segment connecting them is contained in G. 


Therefore, =O everywhere in G. In just the same way 
we can show that 

dU — O(t,x,) oau( . mi Hs) 

ax U and = 7 Udx, 


07U = 
xe =U 
in G. Thus, we have shown that the limiting function U(?, x) 
possesses first and second partial derivatives with respect 
ou aU > WY __ FU 
Ox? ° Ot ax? 


if the points (ft, x,) and (f, x,) belong to G, thatis, if — 


at all points of the region G. 


6, Let us now study the behaviour of the limiting values of 
the function U(t, x)on the boundary I of the region G. 


Lemma 1. Suppose that the point A with coordinates 
(t,, x,)lies on the lower base (t—f,) of the curvilinear 
quadrilateral G. Then, 


lim O(t, x) = f(A). 
(t,x) » A, (t,x) CG 


Proof: Consider the function 


w= (x —x,)° +3 (¢—?,). 


At all points of G UT otherthan A, the function w(t, x) is 
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positive. It is easy to verify that 


Let € denote any arbitrarily small positive number. We 

denote by &, a sufficiently small neighbourhood of the point 

A that |f, —/(A)|<efor values of /f, at all the nodal points 

of I, that belong to Q, for sufficiently small #.Let C de- 

note a constant such thatCw>2max|/f|at all points of 
r 


GUT not belonging to &,. Let us consider the function u” 


only at the nodal points of Gp,. Itis easy to show that at the 
nodes of Ga, 


fl A)\—e — Cw (t, x) <u" (t, x) < f(A) +e + Cowl, x). (42.12) 
Specifically, the functions 
9 = f(A) —e — Cw — v"and ) = — f(A) —e —Cw—+-u" 


are nonpositive at all nodal points of I’,, because of the de- 
finition of 2, and the choice of the constant C. Since 
L(y) > Oand L(b) > 0, the functions ¢ and % assume their 
greatest values on I,,. Consequently, at all nodal points of 
G,, the functions y and $ are nonpositive and inequalities 
(42.12) hold at all nodes belonging to Gz,. 

If the points (%, x) is a nodal point of G,, for all suffici- 
ently high 7”, then, by passing to the limit at that point in 
inequalities (42.12), we obtain 


f(A) —e—CwxU(t, x) < f(A) +e+Cw. (42.13) 


Since the set of points that are nodal of Gs, for some suf- 
ficiently great 2 is everywhere dense in G and the function 
U(?, x)is continuous in G, inequalities (42.13) are valid at 
all points of G. Consequently, 


f(A)—ex< lim U(t,x)< lim U(t, x) <f(A)+e. 
(tx) A (t, x)» A 


Since € is an arbitrary positive number, 
lim U«d — f(A 
2 im Ut = F(A), 
which completes the proof. 


Lemma 2. Suppose that a point A with coordinates (Z,, x,) 
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lies on a lateral side of the curvilinear quadrilateral 
G. Then, 
lim U (tf, x)= f(A) 
(t, x) >A, (t,x) CG 


if a (barrier) function v, (f, x) exists possessing the fol- 
lowing properties: (1) v, (f, x) is defined and continuous 
ut those points of the intersection of GUI and some 
neighbourhood of A at which ¢<1?,. We denote by @, the 
set of points at which v, is defined, (2) v,(A)=0 and 
v,(t, x) > Oat all pointsof @, other than 4. (3) L(v) <0 
at all nodal points G,, thatbelongto &, for sufficiently 
large 7, 


Proof: Suppose that the point A with coordinates (¢,, x,) 
lies on the curve x= vy, (t). Let uschoose 2 >0 sufficiently 
small that the region D, bounded by the straight lines 
ft, t==t, —a, x=x,-++a and the curve xg, (f) will be 
contained in &,. 

Let ¢ denote an arbitrary positive number. We denote by 
®. a sufficiently small neighbourhood of the point A that 


FAN <e (42.14) 


for values of f, at all nodal points of I, belonging to Q, 
for sufficiently small #4. Let C, denote a constant such that 
C,v, >2max|fljat all points of D, not belonging to &,. As 
in the preceding lemma, we See that at all the nodal points 
of G, belonging to D,, for sufficiently large 7, 


F(A) —e—Cyv, su" <f(A)+e+Cyv,. (42.15) 


Therefore, taking the limit as 7—>0o, and following the 
same reasoning as with Lemma 1, we obtain 


lim U(t, x)=/(A). (42.16) 


(t, x) 2A, txt, 


It follows from inequalities (42.15) that there exists a 
neighbourhood 2 of the point A such that, at all nodal 
points of G,, belonging to 2. 


Ju" (Z, x) — f(A)| < 2e, (42.17) 


if t<t,.We may assume that { belongs to Q.. 
Consider the functionw = (x — x,)’+ 3(t—1,).Let C, de- 
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note a constant such that C,w >2max|/|]at all points of 
r 


not belonging to 2 and located above the straight line 
t==-t —8, where 34 is an arbitrary small positive number. 
Just as with the preceding lemma it is easy to show that 


f(A) —8e—Cwxu"<f(A)+3e+Cw. (42.18) 


at all nodal points of Gz, lying above the straight line 
¢ = 1t,—AhA, for sufficiently small #,. To show this, con- 
sider the nodal points at which t >t, —h,. We denote the set 
of these points by H,,. We shall show that inequality (42.18) 
is satisfied at the nodal points of H, belonging to I, andat 
the nodes of H, in the lowest layer. For nodes outside ¥, 
these inequalities are satisfied for sufficiently large 7 by 
virtue of the choice of C,. For nodes belonging to , these 
inequalities are satisfied because of inequalities (42.14) and 
(42.17) provided w is positive at these nodes. On the other 
hand, if w is negative at the nodal point in Q in question, 
inequalities (42.18) are satisfied for sufficiently large 
because of the fact that Cw >—é for t>t,—h, if h, is 
sufficiently small and because of inequality (42.17). 

Since L(w) is negative, we can show, as in the preceding 
lemma, that inequalities (42.18) are valid at all points of 
H, without exception. 

From these inequalities, by following the same reasoning 
as in the preceding lemma, we obtain 


lim O(t, x) ==/(A). (42.19) 
(t, x) 2A, tSb, 
The assertion of the lemma for points A lying on the curve 


x=, (t).follows from (42.16) and (42.19). For points A 
belonging to the curve x =, (t), the proof is analogous. 


Theorem. The first boundary-value problem for the heat- 
flow equation 


has asolutioninthe region G ifitsboundary I satisfies 
the following conditions: (1) Forevery point (t,, x,) lying 
on the curve x= ¢, (f), there exists a positive number 
k, such that, for ?’<f, and sufficiently small t,—t 


9, (ft) — 9, (t,)> R, a t,). 
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(2) For each point (f,, x,) lying on the curve «=g, (#4), 
there exists a positive number k, such that, for *<@, 
and sufficiently small #4, —t 


YP. (7) — ¥, (t,) < oo R, ( t.). 


(In particular, conditions (1) and (2) will be satisfied if 
the — 9, (¢) and 9, (f) satisfy a Lipschitz condi- 
tion. 


Proof: It will be sufficient to show that, under these condi- 
tions, the function that is equal to /(A) on I and U(f, x) 
in G is continuous in GUT. 

Because of Lemmas 1 and 2, this function will be conti- 
nuous in G UT if, for every point A on the curvesx= gq, (#) 
andx = 9, (tf), there exists a (barrier) function v,. If the 
point A with coordinates (f,, x,) lies on the curve x= 4g, (f), 
the function 


| ] 
(%,— x PE —eFN (xe P+ — 074) 


may serve as a barrier, where 


Va (t, x) — 


dex 2, rat pott, po 


Vite Vi-tR 


p is a sufficiently small positive number, and WN is a suf- 
ficiently large positive number. At the point (f,, ¥,) of the 
curve «=, (ft), the function 


1 I 
Yalt, *)= G—aP ESPN ieee 


may serve as a barrier, where 


dea SE rad 


and 


" Rp 
=f} i 
aT Te 


It is obvious that conditions (1) and (2) of Lemma 2 are 
satisfied for the functions ¥,. To show that condition (3) 
is satisfied, we need to use Taylor’s formula at the point 


Q? 
t, x) and the fact that VA 2k AG in a Sufficiently small 
Ox ot 
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neighbourhood of the point A if Nis chosen sufficiently 
great. 


7. We have shown that an arbitrary infinite set of functions 
u” contains a sequence that converges in the region G to 
the solution of the first boundary-value problem ifthe bound- 
ary of the region G satisfies the conditions listed in the 
preceding theorem. It is easy to show now that every se- 
quence {uz"} converges in the region G to thesolutionU(, x) 
of the first boundary-value problem. 

This is true because, otherwise, there would be an infinite 
set of functions uw”, a point (t, x) belonging to G, and an 
¢>>0 such that, for every function 4” belonging to the set, 


Ju"(#, x) —U(t, x)| >. 


This contradicts the fact that every infinite set of functions 
u™ contains a sub-sequence that converges in G to the 
solution of the first boundary-value problem, which, as we 
have shown, is unique. 

Remarks 1: What we have said in this section is also 
applicable to the case of the heat-flow equation with an 
arbitrary number of independent variables. 

2: The existence of a solution to the Dirichlet problem for 
Laplace’s equation can be proven by the methodof nets by a 
procedure analogous to that expounded in the present section*, 


43, COMMENTS ON THE NETS METHOD 


The method of nets or, as it is often called, the method of 
finite differences, is the most widely used method of approxi- 
mate solution of partial differential equations. It has under- 
gone an especially extensive development in the last few 
years in connection with its application to numerical cal- 
culation of fast-acting electronic computing machines. 

We have already given several examples of the application 
of this method. In Section 10, we gave a brief description 
of the finite-difference method of approximate solution of 
the Cauchy problem for hyperbolic systems. In Section 16, 
we referred to the application of the method to numerical 
solution of the Cauchy problem for the wave equation. In 
Section 36, we applied the method to getting an approximate 


* PETROVSKII, I.G., Uspekhi matem. nauk, 8, 161-170 (1941). 
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solution of the Dirichlet problem for Laplace’s equation. 
The method of nets has valuein theory as well as applica- 
tion. By means of it, wecan prove the existence of a solution 
to various boundary-value problems andwecan also investi- 
gate the properties of the solutions. The existence of a solu- 
tion to the first boundary-value problem for the heat-flow 
equation was proven by this methodin the preceding section. 
In the present section, we shall expound certain basic 
concepts associated with the method of nets. For simplicity 
of exposition, we shall consider only the case of two inde- 
pendent variables # and x and we shall confine ourselves 
to simple boundary-value problems for linear partial dif- 
ferential equations. We shall examine either the Cauchy 
problem or the problem with initial andboundary conditions. 


1, The fundamental idea behind the method of nets consists 
in replacing the differential equation in the initial and bound- 
ary conditions with a system of finite-difference (algebraic) 
equations that approximately represent the original bound- 
ary-value problem. 

To do this, we construct a net (thatis, a finite or a count- 
able set of points depending on one or several parameters) 
in the region G of the tx-plane in which we are seeking a 
solution. The points belonging to the net are called its nodes. 
Most frequently, one uses a rectangular net. The nodes of 
such a net have coordinates of the form (¢, + nAt, x, -+ mAx), 
where (¢,, x,) denotes some point on thetx-plane and Af and 
Ax are positive parameters called the steps of the net with 
respect to f and x respectively; “ and m assume integral 
values. (An example of a nonrectangular net was given in 
Section 10 for the case of a hyperbolic system consisting 
of two equations. In this case, the net consists of the points 
of intersection of the tangents to the characteristics.) 

We shall assume that the region G in which we wish to 
find the solutionu(t, x) is either a strip O<c¢<( 7or a 
rectangle 0<. t<L_7,0<._x < 1. In both cases, we shall use 
a rectangular net. In the first case, we set ¢,==0. In the 


! 
second case, we take t,—= x, = 0, and Ax = 7,, where M is 


a positive integer. 
For brevity in writing, we introduce the following notations: 
t=At, h=Ax, unm—u(nt, mh). 


The set of all points of the net with the same value of 7” will 
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be called the layer with number 7. For simplicity, we shall 
assume that t depends on fA (here, limt=~0) so that the 
h-0 


rectangular net that we have constructed will be determined 
only by the parameter A. 

There are various ways of constructing finite-difference 
equations that give approximate representations of apartial 
differential equation. The simplest method consists in re- 
placing each of the partial derivatives appearing in the 
differential equation with a linear combination of values of 
u(t, x) at the nodes ofthe net that approach the corresponding 
derivative as h—+0. We shall call this linear combination 
a difference approximation of the corresponding derivative. 

Let us give some examples. The derivative ~ can be 
replaced at the point t==a”t, x = mh with any one of the fol- 
lowing expressions: 


Ou u(t,x+h)— uit, uy, — uy 
0 u(t, x) —u(t,x—h yu” — yy 
= 3 (t, x) oa x ) m — - (43.2) 


du _ u(t x-+A)—ulhx—m) _ Ymti-Ym-1 (43,3) 
ox = Dh a | ne 


Let us estimate the errors in these approximating equa- 
tions. By using Taylor’s formula, we get 


u(t,x-+ A) —u(t, x) LAC ee Seat »X+-9,A), 


h Ox? , 
ee a x) A ult, eco ddl 

h Ox 2 Ox? 
u(t,x +A) —u(t, x — A) aC, Ou (t,x) » A u(t, x+9,h) 
a aes aie taceee cee 


Here, 0<0<1, 0<8,<1, [6/<1. 


The difference between any derivative and its difference 
approximation is called the approximation error or the re- 
mainder term. If the approximation error for some function 
is O(h*) we Say that the order of approximation for this 
function is &. 


For functions with bounded derivatives in the remainder 
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terms, the order of approximation of the approximating for- 
mulae (43.1) and (43.2) is equal to unity but the order of 
approximation of formula (43.3) is 2. One can construct 
approximating formulae for oe with as high an order of ap- 
proximation as is desired. These formulae have amore com- 
plicated form since they contain the values of the function 
u(t, x) at many neighbouring nodes of the net. 

The difference approximations for se are constructed in 
an analogous manner. When we replace the higher-order 
derivatives with difference approximations, we may treat 
a higher-order derivative as the result of successive dif- 
ferentiation of u(t, x) with respect to ¢ and x and we may 
successively apply the corresponding difference operations 
replacing differentiation. 

For example, 


Ou (t,x +h) a Ou (t, x) 


Ou(t,x) oO (duit, x) ads Ox Ox 

Ox? =5( Ox )= h 
_ i u(t,x +h) — a(t, x) u(t, x) — a(t, x — A) 
wy [Rs eee = 
__ ult, x-+--A) — Qu (t, x) + u(t, x — A) 


h? 


Thus, we have obtained the approximating formula 


Ob a, MND) ee) eee) (43 .4) 
axe ~— h? . 


The approximation error for this formula is of the form 
h? Ou (t, x + 9A) 
12 ox* 


Let us write our linear differential equation (which we 
wish to replace with a finite-difference equation) in the 


Se L(uy=/f, (43.5) 


where f=/f/(t, x) is a known function and Z(u) is a linear 
combination of the unknown function u(t, x) and its partial 
derivatives. When we have expressed the derivatives oc- 
curring in L(u) at thenode (?, x) interms of the correspond- 
ing finite-difference approximations and remainder terms, 
we obtain the following equation 


L,(“) =f+a,. (43.6) 


== O(h*), where |6| < 1. 


372 Partial differential equations 


Here L,(u) is some finite-difference expression, that is, a 
linear combination of the values of 4 at the nodes of the net 
and a, is the approximation error for the differential equa- 
tion (43.5). This approximation error is given by the formula 


a,==1,(u)—L (u). (43.7) 


If, on the right side of (43.6), we disregard the error of the 
approximation @,, we obtain the approximating finite-dif- 
ference equation 


Lif (43.8) 


(Here and in what follows, wedenoteby u the solution of the 
finite-difference equation.) 

The method of undetermined coefficients is also frequently 
used to construct approximating finite-difference equations. 
In this method, the entire left member L (uz) rather than the 
individual derivatives appearing in the differential equation 
(43.5) are approximated. To this end, we form a linear com- 
bination of the values of & at some set of nodes with unde- 
termined coefficients. Then, all these values of u given by 
Taylor’s formula are expressed interms ofthe values of the 
function uw and its derivatives at a single point (¢, x) which 
may not even belong to the net. We obtain an expression that 
is linear with respect to the function u(?, «) and its deriva- 
tives. The undetermined coefficients are then chosen in such 
a way that the expression obtained differs from L(u) at the 
point (%, x) only by terms that approach zero as h-—-+0O. 

Let us take an example. Let us approximate the equation 


L(y =—S—0 (43.9) 
with the values of u at the nodes 
(nt, mh), (nt, (m -+-1)h), ((2 +1), mh), ((n +1), (m+ 1) A). 


We place the point (¢, x) at the centre of the rectangle whose 
corners are these nodes. For simplicity in calculation, we 
translate the coordinate origin to the point (f, x). We set 


hima (— 3, —3)+H(— 3.) 
+cu(5.5)4du W(S, —3). 


where a, 0, ¢ and d are undetermined coefficients. 
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From Taylor’s formula, we have 


L,, (u) 
= (a+6+c-+da)u(0, ars : poe STG = t 
zie po te—A 5 (0,45  obieiate, 0, 0) 


4 He—b+e— 200 0) 


+Flatote+a) 40, 0)4... 


(The suspension points indicate terms of higherorders with 
respect to t and.) If we equate L, (uw) with L (4) and then 
equate the coefficients of the corresponding derivatives, 
we obtain the following three equations: 


at6+c+d=0; —a—btetd=-; 


—a+bte—d=—Z=, (43.10) 
We supplement equations (43.10) with one more equation: 
a—b+c—d=0, (43.11) 


and then determine a, 0, c and @ as the solution of the 
system of algebraic equations (43.10)-(43.11). Then, the 
expression L, (u) will coincide with £ (“) with accuracy up to 
the terms represented by the suspension points, which tend 
to 0 as h— 0. 

Returning to the original coordinate system, we obtain the 
following difference equation, which represents equation 
(43.9) approximately: 


(int +a t") — GF, 4, + a) 
a 
Win ha, ies(aer Ua) 
ae m+) m m 
2h 
We note that we might arrive at equation (43.12) by a dif- 


ferent procedure. Specifically, the first term on the left 
side of this equation can be represented as follows: 


L, (2) = 


=(Q. (43.12) 


1 (wats sy wet — a 
Q t t ° 


In this expression, the first term approximates the value 
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at the point 


(ats) 5 (m+ 1) hy 


with an error of O(t’). The second term approximates 


= {(a+7} T, mn : 


with an error of the same order with respect to t. It is 
easy to verify that the entire expression approximates 


; {(n4-h) 2 (me) 4 


FY at the point 
O (t’) + O(h’). 


Analogously, we may show that the second term on the 


Ou 
of Of 


with an error of 


left side of (43.12) approximates 2 at the same point 


{(ett)s (+4) 


with the same error. Consequently, the left side of (43.12) 
approximates the left side of (43.9) with an error of 
O (rt?) +- O(h’). 

Let us give some examples of various finite-difference 
approximations for the left members of certain partial dif- 
ferential equations. The expressions in the parentheses in- 
dicate the order of the approximationerror 4, withrespect 
to t andh; 


1) L(t) = 3-3, = 9 (43.13) 
= 7h ire a i a 
L, (eS yee [%, = O (t) + O(A))]; (43.14) 
Ze unt + —un, Una — Ue 
L, (u) = 2 — Ft fo, = Olt) + O(n); (43.15) 
es Pe eee Wg ee 

zs mM m+. m—1 
cs ea aman” eas 


(a, == O(t?) + O(h*)}; (43.16) 
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Um ba Bin pa tin Un) 


L, (uj) = 7 
(unt — un V+ (U4 — Un) : 
Se ape es [Op a(t OK’) (49.47) 
ous Ou 
2) L (a) = 5-5 =0: (43.18) 
a ey eu 
L, (¢) = 77 — 7 i , == O(t) + Oh’ 
tai 
ms ut) yh n+ —_2 n+1 n+1 
L, (4) = 2 — a San I on (43.20) 
{2, = O(t) + O(h'*)); 
= pitt yf 1 yet — 92+! n+1 
— mm m m+ m unt y 
pene ath 1 [ation eat 
Um — Quy, ts 
+ “et aT tn] (43.21) 
(a, = O(e*) + O(A’)]; 

a n+i_ .n ni nn ght n+1 n+ 
__ 3 uy he ] U,z—U 2u,' +4, 
Le) =p te eee 

(43,22) 
(a, = O(t’) + O(h*)); 
uth yy og by 
L.oj=- = t's (43.23) 
[a,, == O(n?) + O(h?)]. 
_ Pu Ou _ a, 
_ at) _ oy” ut} 2" — Qn" n 
jie tate 7 Aft ee (43.25) 
a, = O(z*) + O(h’)}; 
_ gt) — 24" +y"%~! yr unr 
A Se 


+= - (a, == O(r*) +- O(h’)}. (43.26) 


All these expressions can be obtained from the left mem~ 
bers of the corresponding differential equations either by 
replacing the derivatives according to formulae of the form 
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(43.1)-(43.4) (and analogous formulae for derivatives with 
respect to #) or by the method ofundetermined coefficients. 

In the examples that we examined above, the approximation 
error was estimated in absolute value. Here, we assumed 
that the solution of the differential equation is sufficiently 
smooth as to admit a representation by Taylor’s formulae 
up to terms of the necessary order and that the derivatives 
appearing in the remainder term are bounded. If the solu- 
tion is less smooth than this, the approximation error may 
have a lower order. 

To obtain a difference boundary-value problem, we need 
to replace not only the differential equation but also the 
initial and boundary conditions with difference equations. If 
the derivatives of the solution do not appear in the initial 
and boundary conditions, with the above-indicated choice 
of a rectangular net, the given boundary conditions determine 
directly the values of the unknown function at the corres- 
ponding boundary nodes of the net. However, ifthe boundary 
conditions contain derivatives of the unknown function, these 
derivatives can be replaced with difference approximations 
as indicated above. We then obtain difference boundary condi- 
tions approximating with some error the boundary conditions 
for the differential equation. There are also other ways of 
approximating boundary conditions. 

We give an example. Suppose that we need to replace the 
boundary condition 


0 
I (u) = A(t) ult, 0) + Bit) = (¢, 0) = C(t). 
with oe equations. The simplest method consists in 


replacing 4 = (t, 0) with the expression 


u(t, h)—u(t, 0) 
—— 
We then obtain the difference — condition 


—u? 


l, (u) =A (nt) us 4. B(nt) 1" —_—— = C (nt). 
The approximation aaa that is, the difference /(u) —/, (4), 


is O(A). If we feplacen a “(t, 0) with the expression 


3ug — 4u) + ut 
h , 
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we obtain the more exact approximation 
1(u) — 4, (u) = O(h?). 


Let us see what values the indices m and”assume in the 
difference equation approximating the differential equation 
and the difference equations approximating the initial and 
boundary conditions. The system of algebraic equations that 
we obtain is called the difference scheme of the correspond- 
ing problem for the partial differential equation. 

The difference schemes for problems of the type that 
we have been considering differ in the numbers of layers 
appearing in the difference equation approximating the dif- 
ferential equation. We speak of two-layer, three-layer, etc. 
schemes. Two-layer schemes are obtained, for example, 
with the aid of the difference expressions (43.14), (43.15), 
(43.17), (48.19), (48.20), and (43.21). Formulae (43.16), 
(43.22), (438.23), (438.25), and (43.26) lead to three-layer 
schemes. Insolving problems with initial conditions by means 
of a two-layer scheme, it is sufficient to give the values of u 
at the nodes of one initial layer (7 = 0). Inthe case of a three- 
layer scheme, it is necessary to give the values of # at the 
nodes of two adjacent initial layers ( n—=0O and n=1). 

If the values of the unknown function in the (2+ 1)st layer 
are expressed directly from the difference equations of the 
scheme in terms of the values of this function on the pre- 
ceding layers, the difference scheme is said to be explicit. 
If instead it is necessary to solveasystem of equations, the 
scheme is said to be implicit. Formulae (43.17), (43.20), 
(43.21), (43.22) and (43.26) lead to implicit schemes*, 

We introduce certain notations. We shall write the initial 
and boundary conditions for the equationZ (u) = /in the form 


[,(u)=9,, == 1, 2,..., p ( intitial conditions ); (43.27), 
d, (ut) = &,, {=p -|- 1, Pp +- 2, »s-, S (boundary conditions ). 
(43.27), 


Here, the 9, are unknown functions given on certain por- 
tions of the boundary of the region G and the /;(u) are 
linear combinations of the unknown function and its partial 
derivatives. We shall write the initial and boundary conditions 
* A convenient method for solving systems of equations that arise from 

use of implicit difference schemes is expounded in the book by 
BEREZIN, I.S. and ZHIDKOV, N.P., Computational methods, Fizmat- 
giz, Il, Chapter X, Section 6 (1959). 
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for the difference scheme in the form 


L,, (t)==%;,, 4=1,2,..., p ( initial conditions ); (43.28), 
Le (u) = Yjp) i=p + 1, p + 2, ..., S ( boundary conditions ). 
(43.28)5 


The values of the approximate solution at thenodes of the 
net, that is, the quantities u, can be regarded as the com- 
ponents of a vector in some linear space the dimension of 
which is determined by the number of nodes in the net. We 
shall denote this vector by 4,. 

The right sides of the difference equations approximating 
the differential equation and the right sides ofthe difference 
initial and boundary conditions also constitute a vector, which 
we shall denote by F,.We denote by A, thematrixofthe co- 
efficients of the system of equations constituting the differ- 
ence scheme. In these notations, the difference scheme, that 
is, the set of equations (43.8)-(43.28), can be written 


R,t, = F,. (43.29) 


The difference Rk, u—F,==r,is called the approximation 
error of the difference scheme (43.29) for the given solution 
u(t, x) of the boundary-value problem (43.5)-(43.27). 

From the point of view of applications, the estimate of 
the difference u—u, between the exact and approximate 
solutions is of fundamental significance. This difference is 
defined only at the nodes of the net. To obtain an estimate 
for r, and u—4u,, it is natural to use the concept of a norm 
in a linear space. What is actually used in the estimates of 
the approximation error of 7, that were made above is the 
norm defined for the element w={w,} by the formula 


||  ||- == sup | wal. (43.30) 
n,m 

However, we need to consider other norms as well, 
specifically, the so-called integral norms. Examples of 
such norms are given in subsection 5. Similar norms are 
used in particular, in the cases in which the approximation 
error does not approach zero in absolute value as h—0 
and even increases without bound at individual points but 
is small in some integral sense, for example, in mean. 
Also, different norms may be used to measure the dif- 

ference u—uU,. 
Let us assume that several norms are given for 7, and 
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for u—u,. (These norms, in general, do not coincide.) 

The following are two basic definitions: 

I. The difference scheme (43.29) approximate the bound- 
ary-value problem (43.5)-(43.27) for a givensolution u(t, x) 
of that boundary-value problem if the approximation error 
r, approaches zero as h—0Q. If r,= O(h*), we say that the 
order of approximation is equal to A. 

I. The difference scheme (43.29) is said tobe convergent 
for a given solution u(t, x) of the boundary-value problem 
(43.5)-(43.27) if the difference u—u, approaches zero as 
h — 0. If u— u, =O(h’%)we say that the order of convergence 
is equal to g. 

With these definitions, it is assumed that 7, andu—u, 
approach zero in terms of the corresponding norms. It is in 
this sense that we should understand the equations r, = O(h*) 
andu — u, == O(h?)(Thus, for example, the equation r, =O (h*) 
means that ||r, ||k7*<C, =const). 


2. Certain simple examples show that not every approxi- 
mating difference scheme converges even for arbitrary 
smoothness of the exact solution. 

Consider the following Cauchy problem: 


L(y =o — 20; 
u(O, x)= (x), —O<CxX< Ow. (43.31) 


Let us suppose that g(x) has a bounded second derivative. 
Then, the exact solution u(t, x)=9(x-+1?) of this problem 
has bounded second partial derivatives. Therefore, the dif- 
ference scheme 


(43.32) 


approximates the problem (43.31) with an error O(t) 4- O(h) 
(in the sense of the norm (43.30)). 

Let us show that the difference scheme (43.32) cannot be 
convergent no matter what the relationship is between + 
and kA. It follows from equations (43.32) that the value of 
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the function 4, at the node (¢-+-t,x)is defined in terms 
of its values at the nodes (ft, x — A) and (?¢, x). Let us con- 
sider some particular node (/,, x,). Let us consider some 
particular node (¢,, x,) It is easy to see that the value of 
u, (t,, *,) that is found by use of (43.32) is uniquely defined 
in the terms of the value ofthe function 9(x) for x<x,. On 
the other hand, the value of the exact solution u(t, x) at the 
point (¢,, x,) is equalto ¢(x,-+/,); thatis, it is defined by the 
value of (x) for x > x,. 

Suppose that 9 (x) = Ofor «<x, andthat¢ (x) > 0 forr>x.. 
Then, u, (¢,, x)==9 for all x <= «, However, 


u(t,, x)= $(x-+-14,)>0 
for x, —t, <x <_ oo.Thus, in the region 


1%, —t#<x<x,, 0<t< oo} 


the difference 4 — u, between the exact solution of the Cauchy 
problem (43.31) and the solution of the difference equations 
(43.32) is positive and independent of hk. Consequently, this 
difference cannot approach zero as h— 0. 

Let us now look at the difference scheme 


= u i has 
L, (@,) = 2" “ati mo; (43.33), 


Um = (mh); (43.33), 
(2=0, 1,..., [F]—15 mao, +1...) 


which is outwardly very similar to (43.32). Letus show that 
this Scheme is convergent (in the sense ofthe norm (43.30)) 
for — =c <1 (for c=const) 

Suppose that %, == L, (4) — L (u). Since Z (u) =0,we have 


L(t) =a, (43.34) 


As a result of the estimate (43.15) for a, and the condition 
« /h ==const, we have a,=O(h); that is, a, converges uni- 
formly to zeroas h— 0. 

By using (43.33) and (43.34), we obtain for the difference 
u—u,—v, the equation 


L,(v,) =a, (43.35) 
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with the initial condition v; = 0. When we solve equation 
(43.35) for vn’, we obtain 


Un == Om + (1—c) uz t 60 iene (43.36) 
Suppose that 
V,== sup | unl, 
—0 <M<00 


and 
A, =sup|a,/= O (h). 
n,m 


From (43.36), we obtain 


Vnar STA, + V, (n=O, ose =| —1), 


When we sum these inequalities over 1 from 0 toN—41] 
(where Nt< 7 and take into account the fact thatV,=0, 
we arrive at the relation 


Vv <A,T= O(h). (43.37) 


From this follows the uniform converge of “4,—u to zero 
in the strip{jO=<4=<=7,—~w<_x<_oo}and the estimate 


u— u, = O(A). 


We note that the equation ¢ = — <= lis essential for the con- 


vergence of the difference scheme (43.33). Force >1the 
scheme (43.33) will not converge, which can easily be 
shown in a manner analogous to what was done for the 
scheme (43.32). Thus, convergence of the scheme depends 
not only on the form of the difference equations but also on 
the choice of relationships between the steps of the net. 


3. In proving the convergence of the difference scheme 
(43.33), we actually used only two properties ofthis scheme. 
First, since the scheme (43.33) is an approximating one, we 
see that the exact solution of the Cauchy problem (43.31) 
satisfies the difference equation (43.34) with the right mem- 
ber &, approaching zero as A —Q. Second, we used the fact 
that, with the same initial condition, the difference UV, be- 
tween the solution of equation (43.34) and that of equation 
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(43.33), approaches zero as %,—+0. This fact, which indi- 
cates the continuous dependence of the solution of the dif- 
ference equation (43.34) on the right member, was estab- 
lished with the aid of inequality (43.37). It follows from 
(43.37) that |v,|<ce if |a,|<c6, where 6>>0 depends on ¢ 
but not on A. 

In the present example, the approximation error lies 
only in the difference equation approximating the differential 
equation. In other cases, the approximation error appears 
also in the difference equations that are approximate re- 
presentations of the initial and boundary conditions. There- 
fore, improving convergence, we need to investigate the in- 
dependence of the solution of the difference equation not only 
on the right member of equation (43.8) but also on the right 
members of the initial and boundary conditions (43.27). 

In analog withthe definition of acorrectly stated boundary- 
value problem for a differential equation (see Section 8), we 
speak of a correct difference scheme. 

The difference scheme (43.29) is said to be correct if the 
following conditions hold: (1) For every sufficiently small 
positive number A(where 0<(f4<4,) and for an arbitrary 
right member F,, there exists a unique solution a, of 
equation (43.29) that depends continuously on F,, and (2) this 
continuous dependence is uniform with respect to /. The 
second requirement means that, for an arbitrary e >0, 
there exists a 6 >0, independent of 4, such that for every 
change in F, that does not exceed 6 (according to some 
norm), the corresponding change in 4, will not exceed & 
(in general, according to some other norm). 

We may make the following general assertion from the 
definitions given above: for a suitable choice of norms in 
the definitions of approximation, convergence, and correct- 
ness, the solutions of a correct difference scheme approach 
the solution of the boundary-value problem for the differential 
equation as / approaches 0 if this solution exists. 

We have proved this assertion for the example of the 
scheme (43.33). The general case is proven in an analogous 
manner, There, the boundary-value problem (43.5)-(43.27) 
may be either linear or nonlinear. Inthe case of a nonlinear 
boundary-value problem, it can be shown that the order of 
convergence is equal to the order of approximation. This 
enables us to justify the simple method (often used in prac- 
tice) of estimating the error of an approximate solution by 
comparison of the approximate solutions 4, that are ob- 
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tained for different values of A. All these questions are 
expounded in detail in the book by V.S. Ryaben’kii and 
A.F. Filippov, Ob ustoichivosti raznostnykh uravnenii (The 
stability of difference equations), Gosekhizdat, 1956. 


4, From the above definition of acorrect difference scheme, 
the solution of such a scheme depends continuously (uni- 
formly with respect to #) on the right member f of the 
difference equation (43.8) approximating the differential 
equation, on the right members 4,;, (fori==1,..., p)of the 
initial conditions (43.28),, and on the right members Pin 
(fori=p-+1,..., s)of the boundary conditions (43.28)>. 
When we are investisatine the correctness of a linear dif- 
ference scheme, it is sufficient for us to study separately 
the dependence of the solution of each ofthese three quanti- 
ties. If the difference scheme has a solution for arbitrary 
values of 9,;, (fori=1,..., p) that depends continuously 
(uniformly with respect to 4) on 9, (fori—=1,..., p), the 
difference scheme is said to be stable with respect to the 
initial conditions. Stability with respect to the right mem- 
ber of the difference equation approximating the differential 
equation and stability with respect to the boundary condi- 
tions are defined analogously. Obviously, a linear dif- 
ference scheme that is stable with respect to the initial 
condition, with the right member, and with respect to the 
boundary conditions is correct. 

At the present time, sufficiently general methods of in- 
vestigating the convergence of difference schemes have 
not been found. As a rule, it is easiest to investigate the 
stability with respect to the initial conditions. Itcan be shown 
that stability with respect to the initial conditions implies 
stability with respect to the right member for a rather broad 
class of schemes. The question of stability with respect to 
the boundary conditions has as yet receivedonly slight study. 

As examples, letus look at certain methods of investigating 
convergence with respect to initial conditions. 

Suppose that 6u = {6u"} is the change in the solution 47, of 
the linear difference scheme (43.8)-(43.28), caused by a 
change 69,, (for iz=1,..., p)in the initial conditions 
(43.28) ,. It is easy to see that éu is a solution of the fol- 
lowing difference scheme: 


L, (8a) = 0; (43.38) 
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lin (dz) = 00 sy) i=-1,..., p (_ initial conditions ); (43.38) 
im (du) == 0, i=p +- 1,..., S (boundary conditions ), 


Therefore, in investingating the stability on the basis of the 
initial conditions, we may confine ourselves to a study of 
schemes of the form (43.38). For brevity in notation, we shall 
henceforth write “" instead of dun. 

Let us look at the scheme (43.33) again. Inequality (43.37) 


means that this scheme is stable at C= — < 1 with respect 


to the right member. Let us show that this scheme is also 
stable for c<1 with respect to the initial conditions if we 
use the norms 


|Z, |= sup] a7|, il ¢ || = sup | 9 (nh). 
We set 
U,, = sup |". 


From (43.33), we have 


yn} == (1 — c) a” A Cum 44 


From this, we get U,,,< U, and consequently 


Oh, TR Vp di =|). 


for c<1.Therefore, || z, |] <eif|y || <e. This proves the 
stability with respect to the initial conditions for c<l. 

Let us now show thatif c—1-+-fpwhere »p >0, thescheme 
(43.33) is unstable with respect to the initial conditions. 
Suppose that u;,—=-(— 1)”e. It is easy to verify that the solu- 
tion in this case is of the form 


Wim = (— 1)"*™ (1 4 nye, 


For every fixed tnt as h—-Othe solution increases 
without bound, and, what is more, faster than any power 
of 1/A since 

nh = In (1 

| m|==e(1 +- 21)” == ee” ,where K=—= nse! 

1-4 
As a second example, let us consider the Cauchy problem 

for the heat-flow equation (43.18). We construct a difference 
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scheme in accordance with (43.19). Let us set =e. When 


we solve the corresponding difference equation L b (u,)= 0 
for ut we obtain 
tn == cu (I — 2c)un-+-cum — 1. (43.39) 


l 
Ifc<x x all the coefficients on the right side of (43.39) 


are nonnegative and their sum is equal to unity. Just as in 
the preceding example, it follows from this that the least 
upper bound of the absolute value of the solution does not 
increase when we go from a2 to n-+-1. Thus, thedifference 
scheme constructed in accordance with (43.19) is stable 


with respect to the initial conditions when ¢ ay : 


For c =s44n, where # >0O, this difference scheme is un- 


stable with respect to the initial conditions. To prove this 
assertion, we again set u,—=(— 1)"e; after some simple cal- 
culations, we obtain 


= Kt 
| m| =e (4c — 1)" ee, (43.40) 
__ 2In(1 + 4p) = 
where ae ; i=Jir; 


Proof of the stability of the difference schemes with res- 
pect to the initial conditions in these examples was based 
exclusively on the fact that the sum ofthe absolute values of 


the coefficients in the formulae expressing une? in terms of 
the values of the solution at the nodes of the mth layer did 
not exceed unity. This sum of the absolute values of the co- 
efficients is called the index of the difference scheme. For 
a scheme to be stable with respect to the initial conditions, it 
is sufficient that the index of the scheme not exceed | + Cr, 
where C is some constant. This is true because under this 
condition, for arbitrary t—=a”atT=< 7 


T 
sup |u%|<(1-+Cr)* sup {un |< eC sup Ju >, 
Mm Mm Mm 


from which it follows that the scheme is stable with respect 
to the initial conditions. 

Sometimes, we can investigate the stability with respect to 
the initial conditions by using properties analogous to the 
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maximum principle for solutions of the heat-flow equation. 
As an example, let us consider the difference scheme 


—n-+1 7 n A+ ~n--t-a yy Tn+1 
U, uy, uti — uh, tut, 
t _ h? 


ytd yt tl 9g Um = 9 (mh) 


(n=0, lie, nee m==1, 2,.... mM—1), 


tT 


which approximates the first boundary-value problem for the 
heat-flow equation in the rectangle{OC1f<CT7T,0Cx< 1} 
with the conditions 


u(0O, x)= (x); u(f, 0) ult, 1)=—0. (43.41) 


From the lemma of paragraph 2 of Section 42, we have 
SUD lu |< sup [u?,| 
n,m m 


for an arbitrary value of 7 (Proof of this lemma does not 


depend on the value of ae From this it follows that the 
scheme in question is stable with respectto the initial condi- 


tions for an arbitrary value of 7 : 


5. In addition to particular techniques that are based prima- 
rily on special properties of some difference scheme or 
other, there are two general methods that are used in investi- 
gating stability with respect to initial conditions, namely, the 
method of separation of variables (for boundary-value pro- 
blems with initial and boundary conditions) and the Fourier- 
integral method (for the Cauchy problem). 

Let us give some examples illustrating the method of se- 
paration of variables. 

Consider the difference scheme 
ie ee = Se 


t 2 
; (43.42), 


=0, Um =0, Um=¢ (mh) (43,42), 
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(n=0, Ty aoe, 3 [=| —1 m=I1, 2,..., M—1), 


approximating the first boundary-value problem for the 
heat-flow equation (43.18) with conditions (43.41). In analogy 
with the method of separation of variables for a differential 
equation, we first seek solutions of equation (43.42), satis- 
‘bette zero boundary conditions and possessing the particular 
orm 


um == T (n) X (m). 


If we substitute this expression into (43.42), , weobtain after 
separating the variables 
2h? Tin +ts)—T(n)_ X(m+ 1) — 2X (m+ X(m— 1) __ 


. Tin tl)t+T(n) X (m) \, (43.43) 


where } does not depend on 7” or m. To determine } and 
X (m), we have the following difference boundary-value pro- 
blem, analogous to the Sturm-Liouville problem (see Section 
20): 


X (m +- 1) — 2X (m) +- X (m — 1) = 1X (m) (43.44) 
(m==1,2,..., M—1), 
X (0) = X (M) = 0. (43.49) 


It is natural for us to call those values of \ at which a non- 
trivial solution to the problem (43.44)-(43.45) exists the 
eigenvalues of this problem and the nontrivial solutions 
X(m) themselves the eigenfunctions. 

Let us find the general solution of equation (43.44). In 
analogy with the familar method of solving ordinary linear 
differential equations with constant coefficients, we first 
seek particular solutions of (43.44) of the form 


hk 


X (m) = e** — pkmh —__ q”™ where g = e* 


To determine g from (43.44), we obtain the so-called ohar- 
acteristic equation 


g—(2+i)¢+1=—0. (43.46) 


Suppose that g, and 9, aredistinct roots of (43.46). Then, 
any solution of (43.44) can be represented in the form 


X (m) = C\gl + Cig7, 


where C, and C, are constants. This is true, because, as 
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can easily be verified, every function of this form satisfies 
equation (43.44). Furthermore, it follows immediately from 
(43.44) that an arbitrary solution X(m) of this equation is 
uniquely determined if the values of X(m)are given at two 
adjacent points: X (m, — 1)—=a,and X (m,) = 0. But these last 
conditions can be satisfied if we take C, and C, such that 


Cg + C,q2°* =a, 
Ca + Car =), 


This system is obviously compatible for arbitrary a and 6 
since 9g, 4,- 

By an analogous procedure, we may show that, for g,—g, 
=4q, anarbitrary solution of equation (43.44) can be rep- 
resented in the form 


X (m) = (C, + C,m) q”. 


It is not difficult to verify that if a function of this form 
satisfies the boundary conditions (43.45), it is identically 
equal to zero. Therefore, let us seek a solution to the 
problem (43.44)-(43.45) in the form 


X (m) = Cyqy +C,q:’, 


where 9, = 4,. 
We setqg, = gq. Then, 9,=gq ‘since 9,9, = 1. Consequently, 


X (m)=C\q™ + Ciq-™ 


By using the boundary condition .(0)=0, we see that 
C,—-—C, and 


X (m) = C, (q™ —q°™). (43,47) 
The second boundary condition, X (M)=0, leads to the equa- 
tion 


so that 


q=e “, k=0, 1,..., 2M—1. (43.48) 
l 
If we set C, = we obtain from (43.47) and (43.48) the 
M — 1 eigenfunctions 


nmkm 


X,(m)= sin -, k=1, 2,..., M—1. (43.49) 


Supplement 389 


(The remaining values of & indicated in (43.48) lead to the 
same eigenfunctions up to a factor of-1.) The corresponding 
eigenvalues can be found from the relation}=q-+-q7'— 2, 
which follows from equation (43.46) on the basis of Vieta’s 
formula. We obtain 


TR 


pds oat 
h, = — 4 sin sa 


k=], 2,..., M—1. (48.50) 
Consider the eigenfunctions (43.49) at the nodes ofthe net 
xX == mh,for m= 1, 2,...,M—1). By virtue of the system 
(43.44)-(43.45), these are the eigen vectors of a real sym- 
metric matrix made up of the coefficients of equations 
(43.44). Since all the eigenvalues (43.50) are distinct, the 
eigenfunctions (43.49) are linearly independent. They con- 
stitute a basis in the (M— 1)-dimensional linear space com- 
posed of the functions {/(x)}, which we are considering only 
at the nodes of the net (x= mh,for m=1,2,...,M—1). 
We define a scalar product in this space by 
M—1 


Vs Eph Di f(mh) (mh). (43.51) 


On the basis of a familar theorem in algebra*, the eigen- 
functions (49.49) are mutually orthogonal in the sense of the 
scalar product (43.51); that is, 


(X,, X,),—=Owhen &=4/). 


l 
It is easy to verify that(X,, X,),= o .Therefore, the system 
of functions 


X,(m)=V2sin 4", k=l, 2,..., M—1, (43.52) 


constitutes anorthonormal basis in the space of functions on 
the net. 

Let us now find the functions 7,(2)(fork—=1, 2,..., 
M— 1). From equation (43.43), we obtain 


lta de 
T, (2 + 1) =——*— T, (n). 
ae, 


* See, for example, GEL’FAND, I.M., Lectures on linear algebra, Gos- 
tekhizdat, 121 (1951). 
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Therefore, 
T, (2) = A, (s,)", (43,53) 
where ; 
1+ Dh? de 
‘gS ee (43,54) 
Ll Se hp 


and A, is an arbitrary constant. We note that|s,] < 1 since 
Ap <0. 

Following the basic idea of the method of separation of 
variables, let us seek a solution to the difference boundary- 
value problem (43.42) in the form 


M-1 
tin = 2s 24 (5,)" X,(m), (43.55) 
where the @, are constants to be chosen soas to satisfy the 
initial condition a, = (mh). - 
For this, we need to set a,=(, X,),. 
From equation (43.55), we obtain 
M—-1 


(a", a= ae eee 


since the functions X,, (m) form an orthonormal system. In 
particular, if we set 2 =U, we get 


M—-1 
(a°, a"), = (9, n= 2a | a,|*. 


Since | s,|<1, we have(Z", a”), <(¥, 9),for n > 0. It follows 


from this that the solutionis stable with respect to the initial 
conditions if the change in the initial conditions is measured 


in terms of the norm J (9, 9), and the change inthe solution 
in terms of the norm sup VY (z", 2”),. 


n 
We can investigate the following difference schemes for the 
same boundary-value problem (43.18)-(43.41) in an analogous 
manner by using the method of separation of variables: 


1) dnt =m Bink — 2a fant 
‘ ht (43.56) 


i, = ty = 0, lin = (mh). 
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int ogy — 2 tiny 
2) t — h? (43.57) 


i, = uyn—0, iim = (mh). 


We suggest that the reader prove that the difference 
scheme (43.56) is stable with respect to the initial conditions 


e Tt ° 
for an arbitrary value of Fr and that the scheme (43.57) is 
stable if —- << 


We have already investigated the difference scheme 
(43.56) with the aid of the maximum principle (with a dif- 
ferent choice of norms) and we have shown that it is stable 
with respect to the initial conditions with no restrictions of 


any kind imposed on the value of => .We have also examined 


the difference equations in the scheme (43.57) for the Cauchy 
problem and we showed that the corresponding difference 
scheme is stable with respect to the initial conditions if 
ye — > but unstable if — + where p> 0. 

In the latter case, the difference scheme (43.57) approxi- 
mating the first boundary-value problem is also unstable. 
To prove this assertion, we only need to take »(mh) 
= ¢X,_,(m), where X,y_,(m) is defined by (438.52). The 
corresponding solution of equations (43.57) is of the form 


iin = (Syp_,)" Xy_, (m), 
where 
_ ose _ a9 (M—1)x 


Sy-y=! ze sin 5M 


| 
Since M = — , we have 


as h—+-0. From this, it is easy to show that the scheme is 
unstable with respect to the initial conditions. 

These examples of the application of the method of 
separation of variables dealt with two-layer difference 
schemes. The general idea of the method of separation of 
variables remains the same for many-layer schemes, but 
several new phenomena need to be taken into account, 
which we shall very briefly illustrate with the examples 


At 
sual —[} Ae 
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of two schemes for the wave equation (43.24). 
First, let us consider the explicit scheme 


PPh 297" -n—1 it — 21 
Um Un tip, ana im + Bp m—~\. 
lim = 9, (mh); (43.58), 
im a n° 
i” = itty = 0. (43.98), 


We take as our norm for the right members of the initial 
conditions (43.58), and (43.08), the expression 


| (9, Po)n ale (Y,, 91 )a: 


We shall measure the solution in terms of the norm 
sup V (z", w”),. 


Let us first use the method wot separation of variables to 
find a solution of the form am ==T(n)X (m) satisfying the 
boundary conditions (43.58),. To determine } and X (m), 
we again obtain the eigenvalue problem (43.44)-(43.45), the 
solution of which is given by formulae (43.49)-(43.50). To 
find the function 7,(7) we have the difference equation 


T,(n+1)—(2 +7 " T, (n) + T, (n — 1) <0. (43.59) 


We again seek a solution of the boundary-value problem 
(43.58) in the form 
M-—-1 2 
iim = 2 T, (a) X, (m). 


By using the orthonormality of the system of functions 
X ,(m)}, we obtain from the initial conditions (43.58), and 
(43. 08) the initial conditions for 7, (n): 


T,(0)= apg’, ay =(9,, X,)p3 (43.60) 
T, (1) — Tp 0 E 
eS ea — al), at = (9, X,),. (43.61) 


We introduce the fundamental system of solutions 


{Tz (2), TE (n)} 
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TY) (1) — TY) (0 
TY (0) = 1, il Ae Ly 


T 


43.62 
Ty (1) — TIP () 


T 


Then, 
L (71) — a TS (0) (71) - a TY (n (n), 


an = Dae aT! (n y+ af? T; Ee (71)) x (m). 


R=1 


Since the system of functions 1X, (™)} is orthonormal, we 
have 
M—1 
(a",u"), = 2 (ak TR” (n) + ay’ Th? (n))?. (43.63) 
=1 
Let us define 
P,(n, h)== max {| Te TE? ( , | 7P (72) |} 


and 
Pin, hh)= be P, (1, h). 


From the inequality (a +- 6)’ < 2 (a’ + 6?) and (43.63), we have 


(2", a"), < 2S jan” |* | Tr? (a) | of? | 72? (ny) 


M~-1 


<2[P(n, h)]? & | (| ag” |? | af? |). 


On the basis of (43.60) and (43.61), we have 


V (2, 2"), <V2P(A, AVV (Gy, Pode TE (Grr Prdge (43.64) 


It follows from (43.64) that the difference scheme (43.58) 
is stable with respect to the initial conditions with the choice 
of norms mentioned above if the quantity P(n, h) is bounded 
for all sufficiently small positive values of A for alla 
satisfying the inequalities O<cnt< 7. 

On the other hand, it is easy to show that if P(n, hk) is 
unbounded, the scheme (43.58) cannot be stable with respect 
to the initial conditions. 
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Thus, investigation of the stability of this scheme reduces 
to investigation of the fundamental system of solutions 
{Te (n), T® (n)} of the difference scheme (43.59) that we con- 
structed above. 

In the present case, it is comparatively easy for us to 
make this investigation since Ty (n) and TW (n) are simply 
expressed in terms of the roots of the corresponding char- 
acteristic equation 


$— (2+ hy) Saf 1 =0. 


We give the results of this investigation: the difference 
scheme (43.58) is stable with respect to the initial conditions 
if = =c <1 (c=const) and is unstable if _ —c3el. 

Now, let us consider the implicit difference scheme for 
the same boundary-value problem 


—n+1 —n ~R—1 
a —2a, +4, 


2 


= (ini ec es Unt = 2a FF =n) (43.65) 
1 re ee aa aaa . 

i, — a 
lim =, (mh); — “=f, (mh); uo == um = 0. 
This scheme can be investigated in the same way as the 
scheme (43.58). It turns out that the scheme (43.65) is 
stable with respect to the initial conditions for arbitrary 
values of —. 

We can use the method of separation of variables to in- 
vestigate the three-layer difference schemes constructed 
for the heat-flow equation (43.18) in accordance with the 
approximating formulae (43.22) and (43.23). In these 
schemes, the value of the solution on each layer is de- 
termined with the aid of the values of the solution on the 
two preceding layers. The role of the initial conditions is 
played by the values of the solution on the zeroth and first 
layers. We write the difference initial conditions defining 
i>, and um in accordance with (43.28): 


— Um ) 
hae ()=(fim) 8 
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The functions »,,and >, must be determined in such a way 
that the difference initial condition (43.66) will approximate 
the initial condition 


{(u) =u (0, x) =, (x) 


for the solution of the differential equation. 
In accordance with subsection 1, we call the function 


—_ 4 _ on mh) — 9, = 

‘ B" u(t, mh) —,(m) 
the error approximation for the difference initial condition 
(43.66). The condition for the approximation to exist con- 
sists in the requirement that the approximation error ap- 
proaches zero askh—+Q. In order to give this condition a 


precise meaning, we need to choose a norm for measuring 
B,. For example, we may take the norm 


V (BY, Ba (8, By: 


This norm can also beused for measuring the difference ini- 
tial conditions. As in the preceding examples of this para- 
graph, the change in the solution will be measured in terms 
of the norm 


sup (u”, u” )a- 
n 
With this choice ofnorms, itis easy to obtain the following 
results. The explicit difference scheme 
dg! — in ings — 2 tin 
Qt _ h? 
Um = 9, (), Un =, (m), us = uy= 0 
is unstable with respect to the initial conditions for all values 


of 7 = const. The implicit difference scheme 


Um =p (m), Um =, (m), u—=uy—=O0 


is stable to the initial conditions for arbitrary values of - : 
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6, We can apply the Fourier-integral method to investigate 
the stability with respect to the initial conditions in the case 
of the Cauchy problem. This method is convenient for equa- 
tions whose coefficients do not depend on the variable x 
(in particular, for equations with constant coefficients). Just 
as with the method of separation of variables, the Fourier- 
integral method makes it possible to reduce the investigation 
of stability to a study of the solutions of some ‘ordinary’ 
difference equation (that is, a difference equation containing 
only one variable index). 

The basic idea of the method consists in investigating the 
solutions of the difference scheme that correspond to the 
initial functions of the form e'**, where & is a real para- 
meter. With the aid of suchsolutions, we immediately obtain 
necessary conditions for stability. By using the Fourier 
integral* , which enables us to express arbitrary initial condi- 
tions interms of functions ofthe form e'**, wecan also obtain 
sufficient conditions for stability. Here, we confine ourselves 
to a derivation of the basic necessary condition for stability 
in the case of two-layer schemes. | 

We shall call the function e'** e'*""_ Let us try to find 
a solution of the difference scheme corresponding to the 
initial function wu), = e'*"“in the form 


un—=T(n, k, h)el*™" (43.67) 


To determine the function 7(m, &, hk) weobtain a difference 
equation involving the variable n. If, for a given k=, the 
function 7(n, k, h)will be bounded for sufficiently small 4 
and allan such that nt <= 7,==const, this means that the 
scheme is stable on the harmonic ethox, If 7(n, k, A)is uni- 
formly bounded for all & under the conditions imposed on 
A and a”, this means that the difference scheme is uni- 
formly stable on all harmonics. 

With the norms|| u° | = sup | u,, [andl] u, |[== Sup | Ui | for the 


scheme to be stable with respect to the initial "conditions, it 
is Obviously necessary that it be uniformly stable on all 
harmonics. It is fairly easy to test whether this condition 
is satisfied, and, for that reason, it is widely used in prac- 
tice for investigating difference schemes. 


* The reader may acquaint himself with the Fourier integral by con- 
sulting SHILOV, G.E., Mathematical analysis, Special course, Fiz- 
matgiz, Chapter VII (1960). 
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Let us consider some simple examples. Let us find 
T(n, k, hk) for the difference scheme (43.32). When we sub- 
stitute (43.67) into (43.32), we obtain 


T(n, k, h)=[s(k, A)]", where s(k, A) = 1+ — Seite, 


Let us show that the condition for uniform boundedness is 
not satisfied for7(n, k, hk) for any constant value of > We 
set kha. Then, 


2 
Eo —— jt - = (1 — cos a) | + gz sin’ a. 
For 4= > we have 
€\ t? 
Is P= ( Laie +} Re: 

Therefore, the values of 7(n, k, A) are not bounded and 
the scheme (43.32) is not stable with respect to the initial 
conditions for any value of +: , 

Now, let us consider the scheme (43.33). Inthe case of this 


scheme, T(n, k, h)==[s(k, h)]", where 
5 tT , 
s(k, h)=1—F +e. 
From this, we get 


ls? = | 1— 4 (1 — cos a)” 4 sin* a. (43.68) 


Ifj=c¢<1,it follows from (43.68) that|s(&, 4)|<1 and, 
consequently, the values of 7 (a, &, k) areuniformly bounded. 


However, if = =c >1,then, for «=mT we have 


|s [*==(1 — 2c)? >1-+-y, 


where #, >0 does not depend on &. For the corresponding 
value of &,the function 7(”, %, 4) increases in absolute value 
without bound as n—+oo. Therefore, the scheme (43.33) is 
unstable with respect to the initial conditions when c>1. 
Let us now consider an implicit difference scheme for the 
same problem (43.31) constructed according to (43.16) (a 
second-order approximation error withrespectto t andh). 
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For this scheme, 


t a 
s(k, h)= aes 
as is easily verified. Therefore, |s|==1 and the values of 


T(n, k, h)are uniformly bounded for an arbitrary value of 
t 


come iy 
By a similar procedure, we can also investigate three- 
layer schemes. 


7. The concept of a correct difference scheme is connected 
not only with the question ofthe convergence of the solutions 
of the difference schemes but also with the question (very 
important in practice) of the effect of rounding-off errors 
on the approximate solution obtained by means of the dif- 
ference scheme. In practice, all calculations are made 
with rounding-off, which has some effect or other on the 
solution of the difference scheme. Obviously, only those 
schemes are of practical interest for which the small 
errors incurred in the process of numerical solutions of 
the difference equations do not lead to significant deviations 
from the exact solution of these equations. 

We shall give some simple examples that illustrate the 
theoretical distinction between correct and incorrect dif- 
ference schemes from the point of view of increase in the 
error incurred by rounding-off. Let us look atthe difference 
schemes corresponding to the first boundary-value problem 
for the heat-flow equation (43.18). 

Let us give an estimate of the rounding-off error for the 
explicit difference scheme constructed in accordance with 


(43.39) for <5 .ouppose that the error made on each 


individual layer as a result of rounding-off in the calcula- 
tion of us, does not exceed ¢ in absolute value. Let us first 
assume that this error is made only on the a,th layer and 
that no rounding-off errors are made on any of the other 


1 
layers. For the scheme in question with a the error 


—€ admitted onthe n,th layer causes a change from the exact 
solution of the difference scheme (on the following layers) 
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that does not exceed ¢. This follows immediately from equa- 
tion (43.39) since, in view of the linearity of the difference 
equations, the difference between the exact and approximate 
solutions is also a solution of equation (43.39) forn >a, . 
To get an estimate ofthe rounding-offerrorin the general 
case in which errors in rounding-off are madein all layers, 
it willbe sufficient, by virtue ofthe linearity of the difference 
equations, to add the errors in rounding-offthat are made on 
the individual layers. For t< J, the number of layers is 


T 
bounded by the quantity —. Therefore, the total error in 
rounding-off does not exceed at in absolute value. 


The rounding-off error will not increase as h—0 if 
é == O(t) = O(h*). Let us denote by pg the maximum rounding- 
off error that is incurred in carrying out the elementary 
arithmetic operations performed in evaluation art! from 
formula (43.39). It follows from this formula that ¢=O/(p) 
Therefore, whenp==O(h’)the rounding-off error will be 
bounded as 4-+0.(We note that, for the implicit scheme 
constructed from formula (43.20), we obtain the condition 
¢ = O(h?), in exactly the same way, though the error ¢ in 
terms of p has a more complicated form. This estimate 
depends on the chosen method of solving the system of 
algebraic equations connecting the values of ‘unt with the 
(a-+- 1)st layer.) 

Suppose now that we have 


{ ] 
poate 


with # >Oin the scheme constructed from (43.39). (This 
scheme is unstable with respect to the initial conditions.) 
As was shown in subsection 4, an error of the form(— 1)é 


t 
made on the initial layer will cause anerror on the n =-— th 


layer (where t<7T that is equal in absolute value to the 
Kt 
quantity ee"? where K is a constant. For the rounding-off 


error not to increase as h-~0, ¢ must decrease extremely 


fast as h—-0, specifically, as fast as Pa 


We now give a numerical example illustrating a possible 
rapid increase in the errors in unstable schemes. Suppose 


that i is equal to unity in the scheme constructed from 
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(43.39). Then, an error of the torm (— 1)” increases three 
times as we go from 2 to a-+1. After twenty steps, if 
increases 37° ~3.5-10° times. If the calculations are per- 
formed with a relative accuracy of 107°, the results obtained 
on the 20th layer will not, in general, contain a single ac- 
curate digit. 

The question of the accumulation of rounded-off errors that 
are made in the calculation of the solution of difference 
equations has as yet received little study. 


8, The examples that we have been considering of the sim- 
plest boundary-value problems for differential equations and 
the difference schemes corresponding to them give only a 
general idea of the basic concepts associated with the method 
of nets and the most important methods of investigating 
difference schemes. 

A large number of studies have now beenmade on different 
general questions dealing with the theory of difference 
schemes. Certain particular classes of schemes have been 
studied and individual schemes that are important for practi- 
cal applications have been investigated in detail*. 

The investigation of the stability of difference schemes 
occupies the leading place in these studies. As a rule, 
it is difficult to obtain effective (thatis,more or less easily 
verified) sufficient conditions for convergence. It is usually 
comparatively easy to findnecessary conditions. In practice, 
great significance is attached tosimple and at the same time 
strong (that is, almost sufficient) necessary conditions for 
stability. There are methods that make it possible to obtain 
such conditions for certain rather general classes of 
schemes (for example, the Fourier-integral method for dif- 
ference schemes withconstant coefficients, which was briefly 
expounded above). 

However, it should be noted that the difference schemes 
that are applied in practice do not in the majority of cases 
admit a complete rigorous investigation with the aid of 
general methods that are known at the present time. In parti- 
cular, this applies to schemes corresponding to linear dif- 
ferential equations with variable coefficients of a general 
form. The studies that have been made on the stability of 


* See RICHTMYER, R.D., Difference methods for initial value pro- 
blems, New York, Interscience (1957). 
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such schemes use specific properties of each particular 
scheme and they cannot be used as models for investigating 
the various types of schemes that are used in actual com- 
putation. 

Also, we encounter cases in which the application of 
general methods of investigation is theoretically possible 
but which involve such great theoretical difficulties that 
these methods are not suitable in practice. (For example, 
considerable difficulties in calculating eigenvalues may be 
encountered in the investigation of stability by the method 
of separation of variables.) 

Therefore, so-called practical techniques of investi- 
gating the stability of difference schemes have been found 
and have been widely used. Theoretically, these techniques 
have not been rigorously justified or have been justified 
only for particular cases but they have been quite well veri- 
fied in practice. 

One of these techniques is theso-calledmethodof freez- 
ing coefficients. According to this method, linear difference 
equations with variable coefficients are replaced with the 
same equations with constant coefficients equal to values 
of the corresponding variable coefficients at some point 
(t,, x,) belonging to the region in question. If, for an arbitrary 
choice of points(f,, x,), the scheme consisting of the equa- 
tions with constant coefficients turns out to be stable, the 
original scheme (with variable coefficients) is assumed to be 
stable. 

There are also a number of other practical techniques 
of investigating the stability of difference schemes. 

Clarification of the limits of applicability and rigorous 
justification of these practical techniques of investigation 
of stability of difference schemes are of considerable in- 
terest. 

Along with the development of general methods of in- 
vestigating difference schemes, the development of rational 
methods of construction of difference schemes for certain 
classes of problems that often arise in applications is of 
great importance. Of especial interest are difference 
schemes that are suitable for finding approximations of 
discontinuous and nonsmooth solutions of linear and (especi- 
ally) nonlinear differential equations. 

Questions that are interesting from a theoretical stand- 
point and important in practice arise in the numerical solu- 
tion of partial differential equations in the casein which the 
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number of independent variables exceeds two. Ordinary dif- 
ference schemes analogous to those that we considered above 
lead in this case to a net consisting of a very great number 
of nodes. Here, the amount of calculation increases sharply 
and so does the amount of information that we need to store 
in the memory devices of a computing machine. Therefore, 
exact estimates of the information necessary for obtaining 
a solution of prestated accuracy are ofgreatimportance for 
the development of methods of approximate solution ofmany- 
dimensional problems, and newmethods of constructing per- 
fected difference schemes making it possible to decrease the 
number of computations are of great importance. 
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